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inleiding

Er zijn verschillende olympiades waar de Vlaamse top mag aan deelnemen: BxMO, IMO
en later misschien nog RMM en EGMO .

De vragen op die olympiades vragen vooral wat ervaring om te kunnen concurreren met de andere
landen.

In deze PDF worden alle voorbeelden gegeven die in 99, 99 procent van de gevallen voorkomen,
zodat men weet wat er in een combinatoriek-, algebra-, getaltheorie- of meetkundevraag gebruikt
kan worden.

Soms gebruikt men natuurlijk de verschillende onderwerpen gemixt, wat de juiste benodigdheden
niet altijd triviaal te vinden maakt.

Het is dus niet enkel theorie, maar vaak ook mogelijke soorten van vragen die als voorbeeld geven
die via Olympia becommentarieerd wordt (verbetering, hints ),
indien een onopgeloste vraag door de lezer wordt ingezonden (aan te raden).

Veel succes en plezier met de mooie problem-solving die te ontdekken valt.

werking

De bedoeling is dat volgende onderwerpen worden doorlopen door de theorie door te nemen en
dan de oefeningen te proberen.
Het is belangrijk dat men de voorbeelden en theorie goed snapt en de tijd durft te nemen om lang
genoeg te proberen de oefeningen op te lossen voor de echte ervaring.
Via de link kan men de vraag terugvinden op Olympia met de oplossing en indien zonder, kan
men zelf de oplossing indienen, die dan ook gecontroleerd , waarna enkele opmerkingen, hints als
hulp worden gegeven.
Indien een onderwerp onduidelijk is, kan men een link naar completer bestand vinden over dat
onderwerp met meer voorbeelden
( soms ook al theorie die verder in het hoofdstuk stond of een competitievraag die ook in de
vragenlijst stond, die dan natuurlijk niet zelf meer moet worden ingezonden als ze er nog niet
opgelost was).
Het kan gebeuren dat zo’n bijlage in het Engels is en heel algemeen/moeilijk en delen bevat die
minder interessant zijn.

De volgorde van de onderwerpen apart kan men kiezen en makkelijk terug vinden:

combinatoriek
algebra en analyse
getaltheorie
meetkunde

Bij raad, opmerkingen of vragen ivm de bundel,
kan men dit via olympia@problem-solving.be melden.
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1 problem-solving algemeen

Problem-solving is iets meer dan gewoon uitrekenenen.

Merk trouwens op dat een vraag met identieke oplossing niet steeds even makkelijk is:

Bewijs dat 2k een veelvoud geeft dat enkel bestaat uit enen en tweeen.
Men kan hier direct een inductie op het aantal factoren 2 uitvoeren.

Bewijs dat 2k een veelvoud geeft dat geen nullen bevat.
Wanneer men dit wil bewijzen voor een getal als 245 , zit er niet direct een logica achter omdat er
heel veel mogelijkheden zijn.

Soms kan een extra voorwaarde de vraag dus zelfs vergemakkelijken en moet men zich niet laten
afschrikken door lange vragen.

We leggen kort uit hoe men een problem-solving-vraag kan oplossen a.h.v. een gekend bestand en
eenvoudig IMOLL-voorbeeld.

Voorbeeld 1.1. n is een natuurlijk getal.
Een tango wordt gedanst op de getallenlijn.
Iedere danser maakt een stap naar links of rechts (van x naar x+ 1 of x− 1)
De 2 personen starten in 0 en maakt dan n stappen gelijktijdig op het ritme.
Er zijn 3 regels waar ze zich moeten aan houden:
(1) Iedere danser moet eindigen in 0.
(2) Als ze op dezelfde plaats staan, geven ze elkaar een kus (niet bij start en einde)
(3) Iedere danser moest even veel linkse punten als rechtse punten verdienen.
Hierbij scoort men het aantal linkse punten gelijk aan het aantal stappen dat men al naar rechts
had genomen bij een stap naar links.
Analoog als men naar rechts stapt, krijgt men het aantal stappen die al naar links genomen had,
als rechtse punten erbij.

(a Voor welke waarden van n is een tango mogelijk?

(b) Bewijs dat iedere tango minimum 1 kus bevat.

stap 1: het begrijpen

Deze lange, saaie vraag mag al enkele keren gelezen worden om dan a en b apart te interpreteren.
Werken met kleine waarden kan handig zijn om de derde voorwaarde goed te begrijpen.

stap 1: het begrijpen

stap 2: ideeen krijgen

Merk alvast op dat bij moeilijkere vragen men meerdere ideeen zal moeten durven afgaan en van
stap 3 of 4 naar stap 2 kan moeten terugkeren.

Bij (a) elimineren we eenvoudig dat n oneven is en merken op dat 2 niet werkt, maar 4 wel bij de
kleine waarden.
We kunnen L,R schrijven als de linkse en rechtse punten resp. die gescoord worden en merken
op dat we de danspassen van 1 persoon mogen observeren.
Als we n = 2A schrijven, maken we A stappen naar links en A naar rechts.
Een unie van 2 dansen is hier een nieuwe geldige tango, de viervouden zullen dus werken.
We zullen dus nog enkel moeten bewijzen wat het kleinste getal is van de vorm 4t+ 2 dat werkt of
bewijzen dat A altijd even moet zijn.

Bij (b) weten we uit het ongerijmde dat beide dansers verschillend starten bij een tegenvoorbeeld.
De linkse speler zal dus altijd aan de linkerkant van de andere danser blijven tot het einde, als ze
elkaar niet kruisen (pariteit toont aan dat ze niet met een verschil van 1 plaats van elkaar kunnen
staan).

stap 3: ideeen uitwerken

(A) Na wat voorbeelden, zien we dat de L+ R = A2, dit bewijst dat 2|A2 zodat de vraag opgelost
wordt.
We moeten dit dus nog aantonen:
Als we de ide stap naar rechts, als jde stap nomen, betekent dit dat er j − i keer al naar links
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gestapt werd.
R =

∑
jr − ir waarbij

∑
jr een som is van A elementen van 1 tot n = 2A , maar

∑
ir is gekend

als 1 + 2 + · · ·+A = A(A+1)
2 .

Analoog voor de stappen naar links: L =
∑
jl − il .

Nu is
∑
jr +

∑
jl gekend, omdat dit de stappen van 1 tot n waren.

Hieruit volgt A2 = 2A(2A+1)
2 − 2A(A+1)

2 = L+R = 2L, we hebben dus dat 2|A zodat 4|n.
Iedere viervoud werkt, laat de danser volgend patroon herhalen: links, rechts, rechts, links.
Hij scoort dan 2(k− 1), 2k punten naar links wanneer hij voor de kde keer ons patroon danst en 2
keer 2k − 1 punten naar rechts.
Dit toont aan dat er op zijn minst 1 mogelijkheid is voor een tango als 4|n.
Antwoord: (a) is enkel mogelijk als 4|n.
(B) We gaan verder met onze veronderstelling uit het ongerijmde dat er geen kus is:
De linkse speler 1 zijn score voor links zal lager liggen dan de rechtse speler 2’ linkse score.
Dit omdat bij de jde stap (n > j > 0), het aantal stappen naar rechts lager lag bij speler 1 dan bij
speler 2 omdat speler 2 rechts van speler 1 is.
Dat betekent dat de ide stap naar links eerder was bij speler 1 dan bij speler 2 en speler 1 bij die
stap minder punten scoorde.
Op het einde geeft speler 1 minder linkse punten Pl1 dan speler2 linkse punten had (Pl2.
Analoog scoort speler 1 meer punten naar rechts of Pr1 > Pr2
Omdat de linkse en rechtse scores gelijk zijn, geldt Pr2 = Pl2 voor speler 2, zodat Pr1 > Pr2 =
Pl2 > Pl1 waardoor Pr1 > Pl1, contradictie omdat speler 1 ook de derde regel volgde.
Uit de contradictie weten we dat onze veronderstelling fout was en de b-vraag toch klopte.

stap 4: controle

We controleren onze oplossing aandachtig en kijken of er geen fouten ingekropen zijn, tot slot zor-
gen we dat de oplossing ergens duidelijk staat en geen belangrijke stappen vergeten op te schrijven
waren.

Bij functievergelijkingen bevoorbeeld moet de oplossing duidelijk gecontroleerd staan (zonder de
benaming triviaal).

4



Polya’s Problem Solving Techniques

In 1945 George Polya published the book How To Solve It which quickly became
his most prized publication. It sold over one million copies and has been translated
into 17 languages. In this book he identifies four basic principles of problem solving.

Polya’s First Principle: Understand the problem

This seems so obvious that it is often not even mentioned, yet studens are often
stymied in their efforts to solve problems simply because they don’t understand it
fully, or even in part. Polya taught teachers to ask students questions such as:

• Do you understand all the words used in stating the problem?

• What are you asked to find or show?

• Can you restate the problem in your own words?

• Can you think of a picture or diagram that might help you understand the
problem?

• Is there enough information to enable you to find a solution?

Polya’s Second Principle: Devise a plan

Polya mentions that there are many reasonable ways to solve problems. The skill
at choosing an appropriate strategy is best learned by solving many problems. You
will find choosing a strategy increasingly easy. A partial list of strategies is included:

• Guess and check • Look for a pattern
• Make an orderly list • Draw a picture
• Eliminate possibilities • Solve a simpler problem
• Use symmetry • Use a model
• Consider special cases • Work backwards
• Use direct reasoning • Use a formula
• Solve an equation • Be ingenious
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Polya’s Third Principle: Carry out the plan

This step is usually easier than devising the plan. In general, all you need is
care and patience, given that you have the necessary skills. Persist with the plan that
you have chosen. If it continues not to work discard it and choose another. Don’t be
misled, this is how mathematics is done, even by professionals.

Polya’s Fourth Principle: Look back

Polya mentions that much can be gained by taking the time to reflect and look
back at what you have done, what worked, and what didn’t. Doing this will enable
you to predict what strategy to use to solve future problems.

So starting on the next page, here is a summary, in the master’s own words, on
strategies for attacking problems in mathematics class. This is taken from the book,
How To Solve It, by George Polya, 2nd ed., Princeton University Press, 1957, ISBN
0-691-08097-6.
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1. UNDERSTAND THE PROBLEM

• First. You have to understand the problem.

• What is the unknown? What are the data? What is the condition?

• Is it possible to satisfy the condition? Is the condition sufficient to deter-
mine the unknown? Or is it insufficient? Or redundant? Or contradictory?

• Draw a figure. Introduce suitable notation.

• Separate the various parts of the condition. Can you write them down?

2. DEVISING A PLAN

• Second. Find the connection between the data and the unknown. You
may be obliged to consider auxiliary problems if an immediate connection
cannot be found. You should obtain eventually a plan of the solution.

• Have you seen it before? Or have you seen the same problem in a slightly
different form?

• Do you know a related problem? Do you know a theorem that could be
useful?

• Look at the unknown! Try to think of a familiar problem having the same
or a similar unknown.

• Here is a problem related to yours and solved before. Could you use it?
Could you use its result? Could you use its method? Should you introduce
some auxiliary element in order to make its use possible?

• Could you restate the problem? Could you restate it still differently? Go
back to definitions.

• If you cannot solve the proposed problem, try to solve first some related
problem. Could you imagine a more accessible related problem? A more
general problem? A more special problem? An analogous problem? Could
you solve a part of the problem? Keep only a part of the condition, drop
the other part; how far is the unknown then determined, how can it vary?
Could you derive something useful from the data? Could you think of
other data appropriate to determine the unknown? Could you change the
unknown or data, or both if necessary, so that the new unknown and the
new data are nearer to each other?

• Did you use all the data? Did you use the whole condition? Have you
taken into account all essential notions involved in the problem?
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3. CARRYING OUT THE PLAN

• Third. Carry out your plan.

• Carrying out your plan of the solution, check each step. Can you see clearly
that the step is correct? Can you prove that it is correct?

4. LOOKING BACK

• Fourth. Examine the solution obtained.

• Can you check the result? Can you check the argument?

• Can you derive the solution differently? Can you see it at a glance?

• Can you use the result, or the method, for some other problem?
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2 combinatoriek + algemene problem-solving

2.1 basis

dubbeltellen

Men kan bepaalde eigenschappen combinatorisch bekijken om eigenschappen elegant te bewijzen.

* Het is belangrijk dat men dus de klassieke formules om te tellen kent:
k elementen in volgorde plaatsen met keuze uit n elementen kan op n!

(n−k)! manieren,

indien elementen meerdere keren mogen voorkomen, hebben we nk manieren om rijen te vormen
van k elementen
indien de volgorde niet belangrijk is, hebben we

(
n
k

)
= n!

(n−k)!k! manieren om k elementen te

selecteren uit n waarden
het aantal permutaties van een set {a1, a2, · · · , as} waarbij ai ki keer voorkomt en er in totaal n
elementen zijn, is gelijk aan n!

k1!k2!···ks!
Deze linken op 2 manieren aan een zelfde probleem, kan leiden naar een contradictie of een onge-
lijkheid.

extremaalprincipe

Men bekijkt het kleinste of grootste element van een verzameling en door naar bepaalde eigen-
schappen te kijken of bewerkingen uit te voeren,
zien we dat er een groter/ kleinere waarde is, zodat ons extremum fout is, waardoor er ∞ veel
elementen waarden zijn OF de vraag onmogelijk is.

We kunnen een oneindige afdaling doen bvb. om te zien dat er geen enkele waarde is die voldoet.

identiteiten

a3 + b3 + c3 − 3abc = (a+ b+ c)(a2 + b2 + c2 − ab− ac− bc)
n4 + 4x4 = (n2 + 2x2 − 2xn)(n2 + 2x2 + 2xn) ( identiteit van Sophie-Germaine)(
m
n

)
≡∏i=k

i=0

(
mi
ni

)
(mod p) met

m = mkp
k +mk−1pk−1 + · · ·+ p0 en n = nkp

k + · · ·+ n0 (indentiteit/stelling van Lucas)

ap+ bq met ggd(p, q) = 1 en a, b ∈ N kan alle waarden groter dan pq− q− p aannemen, pq− p− q
is de grootste waarde die niet zo te schrijven is. (postzegelidenteit)

n! ∼
√

2πn · (ne )n (stelling/ identiteit van Stirling) [ vrij juist voor grote waarden](
2p−1
p−1

)
≡ 1 (mod p3) en

(
ap
bp

)
≡
(
a
b

)
(mod p2) (Wolstenholme’s )
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Het principe van inclusie exclusie (PIE)

Zij A1, A2, · · · , An eindige verzamelingen. Dan geldt

|A1 ∪A2 ∪ ... ∪An| =
|A1|+ |A2|+ · · ·+ |An|
−|A1 ∩A2| − |A1 ∩A3| − · · · − |An−1 ∩An|
+|A1 ∩A2 ∩A3|+ |A1 ∩A2 ∩A4|+ · · ·+ |An−2 ∩An−1 ∩An|
· · ·
+(−1)n+1|A1 ∩A2 ∩ · · · ∩An|

Voorbeeld 2.1. Bepaal alle oplossingen voor x5 + 2y5 = 4z5 in Z.
Bewijs. We zien dat (0, 0, 0) een oplossing is en er niet exact 1 of 2 elementen 0 kan zijn.

We bekijken nu een andere oplossing (x, y, z)

We merken op dat x even is, maar dan is 4|4z5 − x5 zodat 4|2y5 en dus 2|y.
Vervolgens geldt dat 32|LL en dus moet het rechterlid dit ook zijn, zodat 2|z.
(x2 ,

y
2 ,

z
2 ) is dus ook een oplossing, analoog wordt ( x2n ,

y
2n ,

z
2n ) ook een oplossing.

De 3 getallen worden dus steeds kleiner met oneindige afdaling, maar dan kunnen ze niet geheel
blijven waaruit we concluderen dat er geen andere oplossng was.
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1. Zij n een oneven natuurlijk getal groter dan 1 en c1, c2, . . . , cn gehele getallen.

Voor iedere permutatie a = (a1, a2, . . . , an) van {1, 2, . . . , n} definiren we S(a) =

n∑

i=1

ciai.

Bewijs dat er - voor iedere a - een permutatie b 6= a van {1, 2, . . . , n} bestaat zodat n! een
deler is van S(a)− S(b).

link

2. We definieren p(n) als het aantal manieren om n te schrijven als de som van positieve getallen
∈ N. Bewijs dat p(n)− p(n− 1) gelijk is aan het aantal manieren om n te schrijven als een
som van positieve getallen ∈ {2, 3, 4, 5 · · · }.
link

3. Definieer

an =
n2 + 1√
n4 + 4

voor n = 1, 2, 3, . . . en stel bn = a1a2 . . . an. Toon aan dat

bn =

√
2n2 + 2√

n2 + 2n+ 2

en dat
1

(n+ 1)3
≤ bn√

2
− n

n+ 1
≤ 1

n3
.

link

4. Zij T de verzameling van alle geordende drietallen (p, q, r) van natuurlijke getallen. Vind
alle functies f : T → R zodat

f(p, q, r) =





0 als pqr = 0,

1 + 1
6 (f(p+ 1, q − 1, r) + f(p− 1, q + 1, r)

+f(p− 1, q, r + 1) + f(p+ 1, q, r − 1);

+f(p, q + 1, r − 1) + f(p, q − 1, r + 1)) als pqr 6= 0.

link

5. Beschouw de verzameling S = {1, 2, · · · , 280}. Bepaal het kleinste positieve gehele getal
n met de eigenschap dat in elke uit n elementen bestaande deelverzameling van S er 5
elementen te vinden zijn die paarsgewijs onderling ondeelbaar zijn. link

6. n, k ∈ N en S is een verzameling van n punten in een vlak.

Dit op zo’n wijze dat er geen 3 punten collineair zijn en ieder punt A minimum k punten
heeft die op een zelfde afstand van A liggen.

Bewijs dat k < 0.5 +
√

2n

link
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2.2 bedekkingen

Soms wordt in een vraag de mogelijkheid om iets te bedekken gevraagd.

Door een kleuring te gebruiken (enkele vakken in groepen verdelen) en eigenschappen zoals de
pariteit te bekijken per object,
probeert men te bewijzen dat het al dan niet kan.

Voorbeeld 2.2. Bewijs dat een m ∗ nrechthoek enke volledig bedekt kan worden met d ∗ 1-blokken
als d|m en/ of d|n.

Bewijs. Het is triviaal dat d|mn moet gelden.

Bekijk het rechthoek als de unie van roosterpunten, zodat (1, 1), (1, n), (m,n), (m, 1) de hoekpunten
zijn.

Kleur (i, j) met een kleur t ≡ i+ j (mod d) zodat t ∈ {1, 2, ·, d} zit.

Het is duidelijk dat ieder d ∗ 1 blokje nu ieder kleur exact 1 keer bedekt.

Er moet dus gelden dat ieder kleur even vaak voorkomt, wat niet zo is:

Zij m = kd + p en n = dl + q , dan bevat het m ∗ dl bord ieder kleur even vaak, alsook het
kd ∗ q-bord.

Het overige p ∗ q bord kan onmogelijk ieder kleur even vaak hebben.
Omdat d|pq moeten ggd(d, q) en ggd(d, p) > 1 zodat het volgende geldt:

Als p+ q ≤ d komt het kleur d er niet voor of slechts 1 keer terwijl pq > d.
Als p+ q > d komt het kleur d er q + p+ 1− d keer voor, terwijl kleur d− 1 er q + p+ 2− d keer
voorkomt.
Contradictie en dus komt niet ieder kleur even vaak voor en is er geen bedekking mogelijk.
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1. We hebben een 9 ∗ 9schaakbord waarvan er 46 vakjes gekleurd worden in’t rood, bewijs dat
er een 2 ∗ 2vierkant kan worden gevonden waarvan er minimum 3 rood zijn. link

2. We verdelen een vierkant in enkele rechthoeken die heel het vierkant bedekken zonder over-
lapping. Bewijs dat als iedere lijn // met een zijde van het vierkant het binnenste van een
rechthoek snijdt, niet alle rechthoeken aan de omtrek van het vierkant grenzen. link

3. Op een 10 ∗ 10 bord wordt een gebied van 4n vakjes gekleurd. Er geldt dat het kan bedekt
worden met n 2 ∗ 2-vierkantjes. Bij een andere bedekking, kan men er n van volgende
tetramino’s plaatsen:

•
• •
•

Wat is de minimale waarde die n kan aannemen? Kan je alle mogelijke waarden van n
vinden?link

4. Bepaal alle m × n rechthoeken die kunnen bedekt worden met “haken” zoals aangegeven
in de figuur, die bestaan uit 6 eenheidsvierkanten (zie figuur met de 6 gevulde vierkantjes).
Rotaties en spiegelingen van haken is toegelaten. De rechthoek dient bedekt te zijn zonder
gaten noch overlappingen en geen enkel stuk van een haak mag buiten de rechthoek vallen.

• • •
• •

•
link

5. Bepaal het maximaal aantal kruisjes

•
• • •
•

dat men kan plaatsen in een 10 ∗ 11 rechthoek. link

6. We hebben een 999 ∗ 999 bord waarop we een stuk plaatsen die op de volgende manier
beweegt: het kan naar een ander vlakje gaan van het bord als de 2 vierkanten een zijde
gemeenschappelijk hebben en iedere stap staat loodrecht op de vorige (men stapt dus nooit
in 1 keer over een 1 ∗ 3rechthoek). Men wil een zo lang mogelijke cyclus maken,waarbij men
ieder vlakje slechts 1 keer bewandelt en eiindigt bij het eerste vlakje (een gesloten kring dus).
Hoeveel vakken kan die cyclus maximaal bevatten?

link

7. Een trapvormige doos met 3 treden van breedte 2 is gemaakt uit 12 eenheidskubusjes. (
zoals de 6 bolletjes, maar met dikte 2)
Bepaal alle natuurlijke getallen n waarvoor het mogelijk is om een kubus met zijde n te
maken als je slechts beschikt over dergelijke bouwstenen.

link

•
• •

• • •

8. We hebben een 2011 ∗ 2011-tafel die we bedekken met een eindig aantal 52 ∗ 52 doeken .
In ieder van de 20112 vakjes schrijven we het aantal doeken die weer op plaatsten.
Wat is het grootste aantal gelijke cijfers 6= 0 dat we kunnen hebben? link

13

http://olympia.problem-solving.be/node/2055
http://olympia.problem-solving.be/node/1890
http://olympia.problem-solving.be/node/2079
http://olympia.problem-solving.be/node/150
http://olympia.problem-solving.be/node/2081
http://olympia.problem-solving.be/node/1899
http://olympia.problem-solving.be/node/235
http://olympia.problem-solving.be/node/2080


2.3 inductie

Bij inductie wordt een uitdrukking bewezen voor alle natuurlijke getallen vanaf k, dit door het te
bewijzen voor k. (inductiebasis IB)
Vervolgens als het geldt voor n, bewijst men dat het ook geldt voor n+ 1.

Bij volledige inductie bewijst men bij de tweede stap dat de vraag geldt voor n + 1 als het waar
was ∀i ∈ {k, k + 1 · · · , n}

Voorbeeld 2.3. (kleine stelling van Fermat) Er geldt dat np ≡ n (mod p) als p priem is ∀n ∈ N.

Bewijs. Voor n = 0 en 1 is de vraag de triviaal. (IB)

Als de vraag geldt voor n, bewijzen we dat (n+ 1)p ≡ n+ 1 (mod p).

Lemma: Er geldt dat p|
(
p
i

)
als 0 < i < p omdat i!, (p− i)! geen factoren p bevatten.

(n+ 1)p = np + 1 +
∑p−1
i=1

(
p
i

)
ni ≡ np + 1 ≡ n+ 1 (mod p) door de inductiebasis en ons lemma.

Met inductie geldt de stelling van Fermat nu voor alle getallen n ∈ N.
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vb.’en
1. n ∈ N, bepaal alle getallen x waarvoor geldt dat

0 = 1 + x+
x(x+ 1)

2!
+ · · ·+ x(x+ 1) · · · (x+ n)

(n+ 1)!

link

2. k is een vast natuurlijk getal.
Een winkelketen wil zoveel mogelijk sombrero’s verkopen.
Iedere klant kan 2 anderen een sombrero doen kopen na zijn aankoop (het telt niet als de
klant door iemand anders al overhaald was).
Iedere klant die zo (direct of via keten) minimum k personen een sombrero liet kopen, wint
een DVD. Bewijs dat wanneer men n sombrero’s verkocht, men maximaal n

k+2 DVD’s geeft
moeten weggeven.

link

3. n > 0 is een natuurlijk getal .
Op een balans willen we gewichten van 20, 21, · · · 2n−1 kilo plaatsen zodat ieder gewicht elk
op zijn beurt wordt geplaatst op zo’n wijze dat de rechtste schaal nooit zwaarder weegt dan
de linkse.
Hoeveel manieren zijn er hiervoor?

link

4. Bewijs dat ∀n ∈ N0 de verzameling {2, 3 · · · , 3n + 1} verdeeld kan worden in n triplets die
de zijden van een stompe driehoek zijn.

link

5. Voor elk positief geheel getal n wordt S(n) als volgt gedefinieerd: S(n) is het grootste positieve
gehele getal zodanig, dat voor elk natuurlijk getal k ≤ S(n) het getal n2 te schrijven is als
de som van k kwadraten van positieve gehele getallen. (a) Bewijs dat S(n) ≤ n2 − 14 voor
alle n > 4. (b) Bepaal een getal n waarvoor geldt S(n) = n2− 14. (c) Bewijs dat er oneindig
veel positieve gehele getallen zijn waarvoor geldt S(n) = n2 − 14.

link

6. Zijn A1, . . . , An twee aan twee verschillende deelverzamelingen van {1, 2, . . . , n}. Bewijs dat
er een element x ∈ {1, 2, . . . , n} is zodat de verzamelingen Ai \{x} allemaal verschillend zijn.

link

7. In het gecoordinatiseerde vlak beschouwt men een eindige verzameling roosterpunten V .
Is het mogelijk alle punten van V met 1 van beide kleuren, rood of wit, te kleuren zo,
dat aan de volgende voorwaarde is voldaan: voor elke rechte D evenwijdig aan 1 van de
coordinaatassen is de absolute waarde van het verschil tussen het aantal rode punten en het
aantal witte punten dat op D ligt kleiner dan of gelijk aan 1.

link

8. Bepaal alle gehele getallen n > 0 waarvoor er natuurlijke getallen a1, a2 · · · an bestaan zodat

1

2a1
+

1

2a2
+ · · ·+ 1

2an
=

1

3a1
+

2

3a2
+ · · ·+ n

3an
.

link
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2.4 invariantie en contradictie

Wanneer men wil bewijzen dat iets niet kan bij een combinatorische vraag, zijn er enkele manieren
die vaak werken:

I Men zegt vanuit het ongerijmde dat de vraag wel kan opgelost worden en door de eigen-
schappen van de oplossing te bekijken,
bekomt men een contradictie waardoor er geen oplossing kon zijn (het ongerijmde was fout)

II Men bekijkt een eigenschap die invariant is in de vraag, waarbij die eigenschap bij de start
en het einde verschillend is, waaruit volgt dat we het einde nooit kunnen bereiken.

III Men gebruikt een eigenschap die monotoon is bij iedere stap met een minimaal verschil,
wanneer de eigenschap begrensd is, zijn er slechts een eindig aantal oplossingen.

opmerking Natuurlijk moet je opletten als je blijft proberen te bewijzen dat het niet werkt, dat
er niet gewoon wel een oplossing was.

Voorbeeld 2.4. We hebben de getallen van 1 tot 20129 in een pot gestoken.
Iedere keer als we 2 getallen x en y eruit halen, worden ze vervangen door (x−1006)(y−1006)+1006
en steken dit ene getal terug in de pot.
Welk getal kunnen we vinden als er slechts 1 getal meer in de pot zit?

Bewijs. Merk op dat het getal 1006 en x vervangen wordt door 1006 en dit getal invariant blijft
(in de pot terug wordt gestoken).

Dit getal blijft dus in de pot en zal het laatste getal 1006 zijn.

We beginnen eens extra vroeg aan de oefeningen:
1. 5 Lege emmers met een inhoud van 2 liter staan op de hoekpunten van een regelmatige

vijfhoek. Assepoester en haar boze stiefmoeder voeren afwisselend een stap uit.
De stiefmoeder mag bij haar stap telkens 1 liter water verdelen over de 5 emmers zoals ze
wil.
Daarna mag Assepoester 2 emmers die naast elkaar staan kiezen en ledigen.
Indien een emmer kan overlopen door de stiefmoeder wint ze, in het andere geval Assepoester,
wie heeft een winnende strategie? link

2. Men heeft 6 dozen B1 tot B6 met in elke doos 1 munt. Men voert hierop handelingen uit, 2
soorten zijn toegestaan:

-handeling type 1: men neemt uit doos Bi 1 munt en legt er 2 in doos B(i + 1) ( dit kan
voor i ∈ {1, 2, 3, 4, 5} ) -handeling type 2: men neemt uit doos Bi1 munt en wisselt dan de
inhoud van dozen B(i+ 1) en B(i+ 2) (dit kan voori ∈ {1, 2, 3, 4})
Is het mogelijk na een eindig aantal handelingen de dozen B1 tot B5 leeg te krijgen en in
doos B6 20102010

2010

munten.

Opmerking: in deze internationale competitie is ab
c

= a(b
c) ter verduidelijking.link
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1. Zij r ≥ 2 een vast natuurlijk getal, en zij F een oneindige familie van verzamelingen, allemaal
van grootte r, en geen twee ervan zijn disjunct. Bewijs dat er een verzameling bestaat van
grootte r − 1 die iedere verzameling uit F snijdt.link

2. We hebben n dubbelkleurige stenen die we plaatsen in een rij. Bij de start wijzen ze allen
met hun witte kant naar boven en in iedere stap kiezen we een witte steen met 2 buren ,
waarna we de buren omdraaien en de witte steen wegnemen. (de stenen zijn zwart-wit bvb)
Bewijs dat we n− 2 beurten lang kunnen spelen aesa 3 6 |n− 1. link

3. Een verzameling A van gehele getallen noemen we somvol als elk element a ∈ A de som is
van twee (niet noodzakelijk verschillende) elementen b, c ∈ A. Een verzameling A van gehele
getallen noemen we nulsomvrij als 0 het enige gehele getal is dat niet te schrijven is als
de som van de elementen van een eindige, niet-lege deelverzameling van A. (waarbij ieder
element van A max 1 keer mag voorkomen) Bestaat er een somvolle, nulsomvrije verzameling
van gehele getallen?link

4. Aan elk hoekpunt van een regelmatige vijfhoek wordt een geheel getal toegevoegd zo, dat de
som van deze vijf getallen strikt positief is.
Indien aan drie opeenvolgende hoekpunten respectievelijk de getallen x, y en z toegevoegd
zijn waarbij y < 0, dan is de volgende bewerking toegelaten: het drietal (x, y, z) wordt ver-
vangen door het drietal (x+ y,−y, y + z).
Deze bewerking wordt hernomen zolang ten minste 1 van de 5 getallen strikt negatief is.
Bepaal of deze procedure noodzakelijkerwijs stopt na een eindig aantal van deze bewerkin-
gen.link

5. Een stapel van n kiezelsteentjes wordt in een vertikale kolom geplaatst. Deze configuratie
is volgens de volgende regels opgesteld. Een kiezelsteentje kan verplaatst worden als het
bovenaan een kolom ligt die minstens twee kiezelsteentjes meer bevat dan de kolom rechts
ervan (als daar geen kiezelsteentjes liggen, mag je dit beschouwen als een kolom met 0
kiezelsteentjes). In iedere fase kies je een kiezelsteentje dat beweegbaar is, en verplaats je
het naar de top van de kolom rechts ervan. Als er geen kiezelsteentjes meer verplaatst kunnen
worden, noemen we dat een finale configuratie. Voor iedere n, toon aan dat, ongeacht welke
keuzes er gemaakt worden in iedere fase, de finale configuratie uniek is. Omschrijf deze
configuratie in termen van n. link

6. We hebben een eindig aantal punten in het vlak waarvan er geen 3 collineair zijn, die we met
S noteren. Een windmolen is een proces dat begint met een rechte l die door 1 punt P ∈ S
gaat. De lijn draait et de klok meer om het draaipunt P to er voor’t eerst een ander pnt
van S op deze lijn ligt, dat nieuwe punt wordt het nieuwe draaipunt. We zeggen dat Q een
klap van de molen krijgt. De lijn draait nu met de klok mee om Q en de windmolen draait
zo oneindig door. Laat zien dat we punt P van S en een lijn l door P kunnen kiezen zodat
er een windmolen ontstaat waarbij elk punt van S ∞ veel klappen van de molen krijgt. link

7. ∀n ∈ N wordt h(n) voor n > 1 berekend als volgt (r is het laatste cijfer van n):
als r = 0 dan is h(n) = n

10
als r > 0 wordt R het grootste getal rechts met enkel digits ≥ r en L de rest.

h(n) = L
︷ ︸︸ ︷
R− 1

︷ ︸︸ ︷
R− 1 (het getal door L te laten volgen door 2 keer R− 1)

Bewijs dat er een k bestaat zodat hk(n) = 1.link
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2.5 duivenhokprincipe (DVH-principe)

Zijn n, k ∈ N0.
Als men n duiven verdeelt over k duivenhokken, dan bestaat er een duivenhok dat minstens
bn−1k c+ 1 duiven bevat.

Voorbeeld 2.5. Binnen een cirkel met straal 16 liggen 650 gegeven punten.
Definieer een ring als het vlakdeel dat begrepen is tussen twee concentrische cirkels met stralen 2
en 3 respectievelijk.
Bewijs dat men een ring kan plaatsen zodat minstens 10 van de 650 punten bedekt worden door
deze ring.

Bewijs. Maak de cirkel met straal 16 nog iets groter tot een straal van 16.
Teken rond ieder van de 650 punten een ring.
De som van de oppervlakten van de ringen is 650 ∗ 5π = 3250π en deze liggen allen in de cirkel
met oppervlakte 361π.
Toevallig is 3250 = 9 ∗ 361 + 1 zodat er wegens ’t DVH-principe een punt is dat in 10 ringen ligt.
Wanneer men nu een ring legt met centrum dat punt, waren er min. 10 centra van die 650 punten
op een afstand tussen 2 en 3 zodat ze op onze geplaatste cirkel liggen.
Hiermee is het gevraagde bewezen.
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Terug een oefenreeks met een Nederlandstalige bijlage bij problemen.1. Bewijs dat iedere deelverzameling met 55 elementen uit {1, 2, · · · , 100}minimum 2 elementen
heeft met verschil 9.link

2. (i) 15 stoelen worden geplaatst rond een cirkelvormige tafel met bijhorende naamkaartjes
voor de 15 gasten. De gasten merken deze kaartjes echter niet op, en het blijkt dat niemand
op de juiste plaats zit. Toon aan dat de tafel zodanig gedraaid kan worden dat er tegelijkertijd
twee mensen wel op de juiste plaats zitten. (ii) Geef een voorbeeld van een schikking waarbij
1 iemand op de juiste plaats zit en elke rotatie van de tafel ervoor zorgt dat er maximum 1
op de juiste plaats zit.

link

3. Gegeven zijn tien verschillende positieve gehele getallen van twee cijfers.
Bewijs dat men ze kan verdelen over twee verzamelingen zo, dat de som van de getallen in
de ene verzameling gelijk is aan de som van de getallen in de andere verzameling.link

4. Op een n∗n-bord worden alle getallen uit {1, 2, · · · , n2} geplaatst op een apart vakje. Bewijs
dat er 2 vakjes zijn die met een zijde aan elkaar grenzen zodat het verschil tussen hun waarden
≥ n is. link

5. Bart en Ria spelen het volgende spel. Bart schrijft n verschillende natuurlijke getallen op
een papier, met n een natuurlijk getal. Ria mag enkele van deze getallen wegstrepen (ze
mag er ook geen enkel wegstrepen, maar ze mag ze zeker niet allemaal wegstrepen). Daarna
mag Ria voor elk van de overblijvende getallen een + of een zetten en de som bepalen van
de getallen die ze op deze manier bekomt. Als deze som deelbaar is door 2003 dan wint Ria.
In het andere geval wint Bart.
Voor welke waarden van n heeft Bart een winnende strategie, en voor welke waarden van n
heeft Ria een winnende strategie? link

6. Gegeven is een verzameling M van 1985 verschillende gehele getallen groter dan nul. Geen
van die getallen heeft een priemdeler groter dan 26.
Bewijs dat M vier getallen bevat waarvan het product de vierde macht is van een geheel
getal. link

7. 6 Vragen werden gesteld op een IMO, zodat ieder paar van problemen door meer dan 40
Niemand kon alle vragen.
Bewijs dat er minimum 2 deelnemers 5 vragen oplosten. Geldt dit ook als we ≥ 0.4 hebben?
link

8. x1, x2, . . . , xn zijn reeele getallen zodat x21 + x22 + . . . + x2n = 1. Bewijs dat, ∀k ∈ N zodat
k ≥ 2, er gehele getallen a1, a2, · · · an bestaan, niet allen gelijk aan 0, zodat |ai| lek1 voor
alle i en zodat

|a1x1 + a2x2 + . . .+ anxn| ≤
(k − 1)

√
n

kn − 1
.

link

9. 21 meisjes en 21 jongens deden mee in een wiskunde-competitie. Het bleek dat iedere deel-
nemer maximum zes problemen had opgelost, en voor iedere 2 deelnemers bestaande uit een
jongen en een meisje, was er minstens n probleem dat zowel door de jongen als het meisje was
opgelost. Toon aan dat er een probleem was dat opgelost werd door minstens drie jongens
en drie meisjes.

link

10. Zij p een oneven priemgetal en n een natuurlijk getal. In het cordinatenvlak liggen er acht
verschillende punten met gehele cordinaten op een cirkel met diameterlengte pn. Bewijs
dat er een driehoek bestaat met zijn hoekpunten onder de gegeven punten zodanig dat de
kwadraten van de lengtes van zijn zijden natuurlijke getallen zijn die deelbaar zijn door pn+1.

link
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2.6 winnende strategieen

Bij een vraag moeten we bewijzen dat iemand een winnende strategie heeft bij een spel,
dit kan door een kleuring of modulorekenen of andere elegante eigenschappen die worden uitgebuit.

stelling van Zermelo

Deze stelling zegt dat ieder spel tussen 2 personen waar toeval niet in meespeelt, geen gelijkspel
mogelijk is en de spelers elk op hun beurt een zet doen:
1 van de 2 spelers geeft dan een winnende strategie.

Voorbeeld 2.6. (QED-competitie )

ALbert en Philip bestellen een zak met 2011 frieten. Albert start met het eten van enkele frieten
en eet om zijn beurt met Philip. Ze vorken 1, 2, 5 frietjes op per keer. Degene die de laatste friet
opeet, betaalt de rekening. Bewijs dat Philip zijn portemonnee kan laten zitten.

Bewijs. Als Albert 1 frietje neemt, neemt Philip er 2.
Nam Albert er 2 of 5 neemt Philip er 1. Op die manier is er na Philip’s beurt steeds een 3voud
opgegeten, zodat hij niet de 2011de friet at.
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vb.’en
1. Het Y 2K spel wordt gespeeld op een 1×2000 rooster als volgt: twee spelers schrijven elk op

beurt een S of een O op een leeg vakje. De eerste speler die eerst drie opeenvolgende vakjes
kan maken met SOS wint het spel. Als alle vakjes gevuld zijn zonder SOS te produceren,
dan eindigt het in een gelijkspel. Als de ene speler begint, bewijs dan dat de andere speler
een winnende strategie heeft.link

2. Arne en Bart spelen op een 8× 8 schaakbord volgend spel: beginnend met Arne kleuren ze
om de beurt een nog niet gekleurd veld, Arne in het rood en Bart in het blauw. De winnaar
is degene die als eerste een 2 × 2 vierkant helemaal in zijn eigen kleur kan kleuren. Bewijs
dat Bart altijd kan voorkomen dat Arne wint. link

3. We beschouwen een polynoom f(x) = x4 + a3x
3 + a2x

2 + a1x+ a0.

Albert Einstein en Homer Simpson spelen een spel waarbij ze om hun beurt 1 v.d. coeffi-
cienten a0, a1, . . . , a4 een waarde geven in de vorm tn waarbij t op voorhand bepaald is en
n ∈ N. Albert start.
Na 5 zetten is het spel gedaan, wanneer alle coefficienten ingevuld zijn.
Als f(x) een reele wortel geeft, wint Homer, indien het 4 complexe wortels zijn , wint Albert.
Voor welke waarden van t geeft Albert een winnende strategie? link

4. Een rij van 2009 kaarten, die elk een gouden en een zwarte zijde hebben, ligt op tafel. Bij
het begin liggen alle kaarten met hun gouden zijde naar boven. Twee spelers, spelen een spel
waarbij afwisselend 50 opeenvolgende kaarten worden gekozen waarvan de meest linkse kaart
met goud boven lag en draait hierbij die 50 kaarten om. Bepaal of dit spel altijd eindigt en
wie er een winnende strategie heeft/ altijd kan winnen? link

5. We beschouwen een polynoom f(x) = x2012 + a2011x
2011 + · · ·+ a1x+ a0.

Albert Einstein en Homer Simpson spelen een spel waarbij ze om hun beurt 1 v.d. coeffi-
cienten a0, a1, . . . , a2011 een waarde geven. Albert start.
Na 2012 zetten is het spel gedaan, wanneer alle coefficienten ingevuld zijn.
Homer wil dat f(x) deelbaar is door m(x) en Einstein wint als dit niet zo is.
(a) Wie kan winnen als m(x) = x− 2012?
(b) Wat als m(x) = x2 + 1? link

6. Het liegebeestspel wordt gespeeld door 2 spelers A en B.
Bij de start kiest A natuurlijke getallen x,N met 1 ≤ x ≤ N en zegt enkel de waarde N aan
B.
Speler B mag nu enkel vragen stellen door een set S te geven aan A en vragen of x in S zit.
(hij mag meerdere keren de zelfde verzameling geven)
A antwoordt met ja of nee , maar mag liegen op zo’n wijze dat tussen iedere k + 1 opeen-
volgende vragen, hij minstens 1 keer eerlijk antwoordde.
B mag zoveel vragen (eindig natuurlijk) stellen en moet dan een set X geven met n gehele
getallen. Als x ∈ X wint B en anders verliest hij.
Bewijs dat
1 Als n ≥ 2k, B een winnende strategie heeft.
2 Als k groot genoeg is, er is een natuurlijke n ≥ 1.99k zodat B geen winnende strategie
heeft. link
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2.7 meetkunde binnen de combinatoriek

Het gebeurt vaak dat er interessante vraagjes over een meetkundige constructie plaats vindt op
een grote olympiade.

Men kijkt naar specifieke eigenschappen die vaak logisch zijn en simpel te bewijzen zijn in een
lemma.

Een logische stelling is de volgende

Stelling 2.7. (tapijtenstelling)

Wanneer enkele tapijten die samen de oppervlakte van de kamer hebben gelegd worden, is de
oppervlakte die dubbel gelegd werd, gelijk aan de oppervlakte die niet bedekt werd.
Indien iets m > 2 keer belegd werd, moet je wel m− 1 keer de oppervlakte rekenen.
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Enkele goede voorbeelden zijn belangrijk om het principe te verstaan:
1. ABCD is een vierhoek zodat M,N de middens zijn van [AD], [BC].
BM,CM,AN,DN snijden de vierhoeken in 7 delen, het deel dat grenst aan [AB], [CD] is
II, III en de vierhoek in’t midden heeft opp. I.
Bewijs dat I = II + III. link

2. In het vlak liggen 100 punten, geen drie op n lijn. Beschouw alle mogelijke driehoeken met
drie van deze punten als hoekpunten.
Bewijs dat ten hoogste 70 procent van deze driehoeken scherphoekig is. link

3. Zij n ≥ 5 een natuurlijk getal. Vind het grootste natuurlijk getal k zodat er een veelhoek
bestaat met n hoekpunten (convex of niet, maar niet zelf-snijdend!) die k interne 90◦ hoeken
heeft. link

4. Beschouw een vlak met Carthesiaans cordinatenstelsel. Voor ieder punt met gehele cordi-
naten, teken een schijf rond dit punt (met dat punt als midden dus) en straal 1/1000. (i)
Bewijs dat er een gelijkzijdige driehoek bestaat met zijn drie hoekpunten in het inwendige
van verschillende schijven. (ii) Toon aan dat iedere gelijkzijdige driehoek met zijn drie hoek-
punten in het inwendige van verschillende schijven een zijde heeft met lengte meer dan 96.
link

5. Zij n ≥ 3 een natuurlijk getal. Zij C1, C2, . . . , Cn eenheidscirkels in het vlak, met middens
O1, O2, . . . , On respectievelijk. Als geen enkele rechte meer dan twee van de cirkels snijdt,

bewijs dan dat
∑

1≤i<j≤n
1

OiOj
≤ (n−1)π

4 . link

6. In een vlak hebben we n rechthoeken met parallelle zijden. De zijden van verschillende
rechthoeken liggen op verschillende rechten. De grenzen van de rechthoeken snijden het
vlak in verschillende (samenhangende) regio’s. Men zegt dat een regio aangenaam is als die
minstens n van de hoekpunten van de originele rechthoeken op zijn grenzen heeft. Bewijs
dat de som van het aantal hoekpunten van alle aangename regio’s minder is dan 40n (niet-
convexe regio’s zijn toegelaten, de rest van het vlak buiten je figuur telt ook als regio).
link

7. Tien gangsters staan op een vlakke ondergrond, en de onderlinge afstanden tussen hen zijn
allemaal verschillend.
Om klokslag twaalf schiet iedere gangster de dichtstbijzijnde andere gangster neer. Wat is
het minimumaantal vermoorde gangsters?
Kan je trouwens ook als combinatoriekvraag bewijzen dat het maximum niet 10 is? link

8. Dertien vogeltjes strijken neer op een plat vlak zodanig dat er van elk vijftal vogeltjes min-
stens 4 op dezelfde cirkel zitten. Bewijs dat er een cirkel bestaat waar minstens 6 vogeltjes
op zitten. Kan men dit resultaat nog scherper stellen? link

9. Ieder paar overstaande zijden van een convexe zeshoek heeft de volgende eigenschap: de

afstand tussen hun middens is gelijk aan
√
3
2 keer de som van hun lengtes. Toon aan dat alle

hoeken van de zeshoek gelijk zijn. link

10. Beschouw een convexe veelhoek P . Aan elke zijde b van P associren we de oppervlakte van
de grootste driehoek met b als zijde, die volledig binnen P ligt. Bewijs dat de som van deze
oppervlakten minstens dubbel zo groot is als de oppervlakte van P . link
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2.8 grafentheorie

Een graaf bestaat uit een verzameling V van knopen of vertices, en uit een eindige verzameling E
van zijden of edges. Alle zijden zijn paren van knopen. Twee knopen X,Y zijn verbonden als er
zijde {X,Y } (XY ) is.

Hierbij geven we wat uitleg over de terminologie:

• Een propere graaf is een een graaf waarbij iedere zijde verbonden is met een andere zijde en
geen enkel punt met zichzelf verbonden is.

• Een gerichte graaf is een graaf waarbij de zijden gericht zijn.

• Een complete graaf Kn is een propere graaf met n punten waarbij iedere 2 punten verbonden
zijn met 1 zijde.

• Een k-partiete graaf is een graaf waarvan de set met de punten kan worden verdeeld in k
disjuncte deelgrafen waarbij in iedere deelgraaf er geen enkele zijde is die 2 punten uit die
deelverzameling verbindt.

In een bipartite (letterlijk: ”2-delige”) graaf is de verzameling van knopen V opgesplits in
twee delen: V1 en V2. De enige toegelaten zijden gaan verbinden knopen van V1 met knopen
van V2. Er zijn dus geen zijden met twee knopen inV1, noch met twee knopen in V2.

• De graad van een knoop k (notatie d(k) of deg(k)) is het aantal keren dat k een eindpunt is
van een zijde, er geldt uiteraard dat

∑
d(x) = 2|E|

• een pad is een opeenvolging van verschillende punten die met elkaar verbonden zijn via
zijden, indien het start- en eindpunt a en b zijn, is de afstand d(a, b) gelijk aan het aatal
zijden bij het kortste pad van a naar b.

• indien bij een pad het eind- en beginpunt hetzelfde is, noemen we het een cyclus

• een graaf is verbonden als voor ieder paar punten er een pad is, die de 2 punten verbindt

• een verbonden graaf zonder cycels heet een boom, een boom heeft exact n − 1 zijden en
minimum 2 punten met afstand 1.

• Een Hamiltoncykel is een cykel die ieder punt exact 1 keer bevat

• een Eulerpad is een pad waarbij alle zijden tot het pad behoren
Een Eulercycel is een cycel die alle zijden aandoet.

• een planaire graaf is een graaf waarbij de zijden met lijnen kunnen worden getekend die
elkaar niet snijden, zo’n graaf met n punten heeft maximaal 3n− 6 punten
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stellingen van Euler

Een simpele, samenhangende graaf bevat een Euler-cykel dan en slechts dan als de graad van alle
knopen even is.

Een verbonden, planaire graaf met v knopen, e zijden en f gebieden (gebeid= deel van het vlak
omringd door zijden), houdt zich aan de regel v + f = e + 2, dat geldt dan ook voor de convexe
veelvlakken, waarbij f voor het aantal vlakken staat.

stelling van Turan

Als een simpele graaf met n = t(p− 1) + r punten met 0 ≤ r < p− 1 meer dan

(p− 2)n2 − r(p− 1− r)
2(p− 1)

zijden heeft, bestaat er een Kp die een subgraaf is.

stelling van Hall Neem een bipartiete graaf met X,Y de subgrafen die inwendig geen zijden
bevatten:

indien voor elke deelverzameling S van X, de elementen van S samen met minimum |S| elementen
van Y verbonden zijn, dan is er een matching die alle elementen van X matcht.

Hierbij is |X| ≥ |Y | en bedoelen we met een matching dat ieder punt van X met een uniek punt
van Y verbonden is met een zijde ( een punt in Y is maximaal 1 keer verbonden).

stelling van Kuratowskil

Een graaf is planair aesa het K5 en k3,3 niet bevat.

stelling van Ramsey

Deze stelling zegt dat een complete graaf met minimum R(n1, · · · , nc) waarvan de zijden in c
kleuren 1, 2 · · · c gekleurd worden, dan bestaat er een complete subgraaf met ni punten waarvan
alle zijden in kleur i gekleurd zijn.

Gekende voorbeelden zijn R(3, 3) = 6, R(3, 3, 3) = 17 en in het algemeen is de bovengrens ;
R(3, 3, · · · , 3︸ ︷︷ ︸

k

) ≤ bk!ec+ 1

Zij die dit te kort uitgelegd vonden of er meer over willen weten, kunnen deze bijlage doornemen
.
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1. Bewijs dat in een groep van 6 personen er 3 personen te vinden zijn die elkaar niet kennen
of elkaar wel kennen.

link

2. Bewijs dat als we een graaf beschouwen die een boom is, er een punt is die tot alle langste
paden behoort.

link

3. De volgende handeling is toegestaan op een eindige graaf: kies een willekeurige cykel van
lengte 4 (als er zijn),
en kies een willekeurig boog in die cykel, en verwijder die van de graaf.
Voor een vast natuurlijk getal n ≥ 4, vind het minimum aantal bogen van een graaf dat
verwijderd kan worden door herhaaldelijk deze handeling uit te voeren op de complete graaf
met n knopen.

link

4. Zij n een even natuurlijk getal.
Toon aan dat er een permutatie x1, x2, . . . , xn van 1, 2, . . . , n bestaat
zodat voor iedere 1 ≤ i ≤ n het getal xi+1 is n van de getallen 2xi, 2xi−1, 2xi−n, 2xi−n−1
(met xn+1 = x1).

link

5. Bekijk n ≥ 2 punten op de omtrek van een cirkel met straal 1. Zij q het aantal lijnstukken
met de eindpunten in die n punten, met lengte groter dan

√
2. Bewijs dat 3q ≤ n2.

link

6. De leden van een internationaal genootschap komen uit 6 verschillende landen. De ledenlijst
bevat 1978 namen, genummerd van 1 tot en met 1978. Bewijs dat er ten minste 1 lid is wiens
nummer gelijk is aan de som van de nummers van twee van zijn landgenoten of tweemaal zo
groot als het nummer van 1 van zijn landgenoten.

link

7. Voor een eindige graaf G, stel f(G) gelijk aan het aantal driehoeken en g(G) het aantal
viervlakken gevormd door de bogen van de graaf G. Vind de kleinste constante c zodat

g(G)3 ≤ c · f(G)4

voor elke graaf G.

link

8. Op een planeet hebben we 2N landen met N ≥ 4. Ieder land heeft een vlag met N stroken
die naast elkaar liggen. Geen 2 landen hebben er eenzelfde vlag.
Een verzameling van N vlaggen is divers als we ze kunnen leggen tot een N ∗ Nvierkant
zodat alle N velden/stroken op de hoofddiagonaal dezelfde kleur hebben. Vind het kleinste
aantal vlaggen dat we nodig hebben, zodat we er steeds N kunnen vinden die een diverse
verzameling kunnen vormen. link

9. P1, · · ·Ps zijn rekenkundige rijen van gehele getallen. De volgende condities gelden: a) ieder
geheel getal behoort tot minstens 1 rekenkundige rij b) iedere rij bevat minimum 1 getal dat
geen enkele andere rij bevat Met n noteren we het kgv van de verschillen van de s rijen en
schrijf n = pa11 · · · pakk als priemfactorontbinding. Bewijs dat s ≥ 1 +

∑k
i=1 ai(pi − 1).

link
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2.9 veeltermen en complexe getallen gebruiken

1. wortels en ontbinding:

Een niet-constante veelterm van graad n heeft exact n complexe nulpunten (niet noodzakelijk
verschillend).

Indien P (αi) = 0 voor i als n + 1 waardenis, dus allen een wortel een wortel zijn van een
veelterm met graad P , dan is die veelterm de nulveelterm.

2. complexe wortels:

∀n ∈ N is ωn = e
2πi
n een eenheidswortel, omdat ωnn = 1 en 0 = 1 + ωn + · · ·+ ωn−1n =

ωnn−1
ωn−1

3. rational root theorem:

Zij f(X) = anX
n + an−1Xn−1 + · · · + a1X + a0 een veelterm met gehele cofficinten en als

geldt dat de breuk p
q een wortel van f is met ggd(p, q) = 1, dan geldt dat p|a0 en q|an.

4. delingsalgoritme:

Zij f(X) een veelterm met domeinRmetR = Q,Rof C dan zijn er veeltermen p(X), q(X), r(X) ∈
R[X] zodat f(X) = p(X)q(X) + r(X) met de graad van r kleiner dan die van f , hierbij zijn
q, r uniek in functie van p.

5. Vieta :

f(X) = anX
n + an−1Xn−1 + · · ·+ a1X + a0 heeft de n nulpunten z1 tot zn, dan geldt dat

(−1)ian−i
an

=
∑
sym zj1zj2 · · · zji

6. veeltermvergelijkingen:

Voor alle veeltermen met gehele cofficinten geldt dat a− b|P (a)− P (b) als a, b verschillende
gehele getallen zijn.

Een veelterm construeren, kan dus veel informatie geven en eist wat oefenen.
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Enkele voorbeelden, indien er nog wat problemen zijn, kan volgende veeltermen en irreducibili-
teitsbijlage helpen door meet voorbeelden te zien.

1. Zij P ∈ Z[X] een niet-constante veelterm van graad n.

Bewijs dat er maximaal n+ 2 gehele a-waarden bestaan zodat P (a)2 = 1.

link

2. Er geldt dat de veelterm P (x) = Xn + an−1Xn−1 + · · · + a1X + a0 ∈ Z[X] de n wortels
an−1, an−2 · · · a1 geeft. Vind alle mogelijkheden voor P (x). link

3. Zij n, k natuurlijke getallen zodat de veelterm x2k − xk + 1|x2n + xn + 1. Bewijs dat x2k +
xk + 1|x2n + xn + 1 ook geldt. link

4. Zij a1, a2, a3, a4, a5 reele getallen zodat ∀k ∈ {1, 2, 3, 4, 5} geldt dat
a1
k2+1 + a2

k2+2 + a3
k2+3 + a4

k2+4 + a5
k2+5 = 1

k2

Vind dan de waarde van a1
37 + a2

38 + a3
39 + a4

40 + a5
41 ?

link

5. Zij P (x) een veelterm van graad n > 1 met gehele cofficinten en k is strikt natuurlijk. We
beschouwen de veelterm Q(x) = P (P (· · ·P (x))) · · · ) waarin P k keer voorkwam.
Bewijs dat er maximaal n gehele getallen bestaan waarvoor geldt dat Q(t) = t.

link

6. Bewijs dat de verzameling van alle reele getallen x die voldoen aan de ongelijkheid

k=70∑

k=1

k

x− k ≥ 1.25

de vereniging is van een aantal disjuncte intervallen, waarbij de som van de lengtes van die
intervallen gelijk is aan 1988.

link

7. Zij a, b, c, d, e, f 6 strikt natuurlijke getal waarvoor geldt dat abc+ def alsook ab+ bc+ ca−
(df + de+ ef) deelbaar zijn door S = a+ b+ c+ d+ e+ f. Bewijs dat S meer dan 2 delers
heeft. link

8. Een woord is een eindig rijtje letters uit een of ander alfabet.
Een woord heet repeterend als het bestaat uit twee of meer dezelfde woorden die achter
elkaar geplakt zijn (zo zijn ababab en abcabc repeterend, maar ababa en aabb niet).
Bewijs dat als een woord de eigenschap heeft dat elke verwisseling van twee aangren- zende
letters zorgt dat het woord repeterend wordt, dan alle letters van het woord hetzelfde moeten
zijn.
(Merk op dat je twee aangrenzende letters die hetzelfde zijn, ook mag verwisselen, waarbij
het woord dus onveranderd blijft.) link

9. Bewijs dat er een convexe 1990-hoek bestaat met de volgende eigenschappen: (1) alle hoeken
zijn gelijk; (2) de lengten van de zijden zijn een permutatie van de getallen 12, 22, 32 · · · 19902

link
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2.10 irreducibiliteit

defenitie

Een veelterm f(x) ∈ R[x] is reducibel als er niet-constante veeltermen g, h ∈ R[X] bestaan zodat
f(x) = g(x)h(x), in het andere geval is f irreducibel.

lemma van Gauss f is irredubel over Z aesa ze irreducibel is over Q.
criterium van Eisenstein

Zij f(x) = fnx
n + fn−1xn−1 + · · ·+ f1x+ f0 een veelterm over Z.

Als er een priemgetal p bestaat zodat p|fk ∀k ∈ {0, 1, · · · , n− 1} , p 6 |fn en p2 6 |f0 ,
dan is f(x) irreducibel over Z.
uitbegreid criterium van Eisenstein

Zij f(x) = fnx
n + fn−1xn−1 + · · ·+ f1x+ f0 een veelterm over Z.

Als er een priemgetal p bestaat zodat p|fk ∀k ∈ {0, 1, · · · , t} , p 6 |ft+1 en p2 6 |f0 ,
dan geeft f(x) een irreducibele deler van graad ≥ t+ 1 over Z.
criterium van Eisenstein voor veeltermen in 2 variabelen

Zij f(x) =
∑i=n
i=0 Pi(x)yi en veronderstel dat Q(x)|Pi(x) voor i ∈ {0, 1, 2, 3, 4 · · · , n − 1} ,Q(x) 6

|Pn(x) en Q(x)2 6 |P0(x), hierbij zijn Pi, Q veeltermen met gehele coefficienten die constant mogen
zijn.
Hierbij moest Q(x) een priem/ irreducibele veelterm zijn.
Dan is f irreducibel.

reductie mod p

Zij f(x) = fnx
n + fn−1xn−1 + · · · + f1x + f0 een veelterm over Z en p een priemgetal. Als

g(x) = gnx
n + gn−1xn−1 + · · ·+ g1x+ g0 de veelterm is met p|gi− fi en gi ∈ {0, 1, · · · , p− 1}. Als

p 6 |fn en g(x) is irreducibel, is f(x) dat ook.
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1. Bewijs dat f(X) = Xn + 5Xn−1 + 3 voor n > 1 irreducibel is in de gehele getallen. link

2. Bewijs dat volgende polynoom onontbindbaar is in Z[x, y]

x200y5 + x51y100 + x106 − 4x100y5 + x100 − 2y100 − 2x6 + 4y5 − 2

link

3. Zij a1, a2 · · · an verschillende gehele getallen en beschouw de veelterm P (x) = (x − a1)(x −
a2) · · · (x− an)− 1 Toon aan dat P (x) irreducibel is over Z.
Bewijs dat ook

∏
(x− ai)2 − 1 irreducibel is over Z. link

4. Als geldt dat a ∈ Q, bewijs dat dan geldt dat

X2n(X + a)2
n

+ 1

irreducibel is in Q[X] voor iedere natuurlijk getal n. link
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2.11 genererende functies

Een genererende functie is een veelterm genoteerd als ga(z) =
∑
a∈A z

a waarbij A een deelverza-
meling is van Z.
f(X) = a0 + a1X + a2X

2 + · · · noemen we de genererende functie van (an)n

De technieken die gebruikt worden:

• Een gelijkheid van rijen bewijzen, kan dan door te bewijzen door te tonen dat de genererende
functies gelijk zijn.

• Het aantal manieren waarop iets kan, wordt dan makkelijker bepaald als de som en product
van verschillende functies.

• De som sn = a1 + a2 + · · ·+ an kunnen we in de genererende functie genereren als f(X)
1−X

• snake-oilmethod: de som van een bepaalde som berekenen we door de sommen in een rij
te steken en de genererende functie van die rij te bepalen, hiervoor proberen we een juiste
monische macht te plaatsen, waarna we gekende formules kunnen toepassen

We geven hier de belangrijke genererende functies/Taylorreeksen:

1. 1
(1−x)k+1 =

∑
n≥0

(
n+k
n

)
xn

2. (1 + x)a =
∑
k≥0

(
a
k

)
xk

3. ex =
∑
n≥0

xn

n!

4. ln 1
1−x =

∑
n≥1

xn

n!

5. sinx =
∑
n≥0(−1)n x2n+1

(2n+1)!

6. cosx =
∑
n≥0(−1)n x2n

(2n)!

7. Bgtanx =
∑
n≥0(−1)n x2n+1

(2n+1)

Merk op dat een functie zoals

sinh(x) =
ex − e−x

2
= 0.5[

∑

n≥0

xn

n!
+
∑

n≥0

(−x)n

n!
] =

∑

n≥0

x2n+1

(2n+ 1)!

Analoog is

cosh(x) =
ex + e−x

2
=
∑

n≥0

x2n

(2n)!

Voor velen is dit heel erg nieuw en kan een uitgebreid bestand helpen.
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Zoals altijd kan een voorbeeld iets abstracts verduidelijken en hier is dat zeker nodig:

Voorbeeld 2.8. Er geldt dat n ∈ N , we hebben 2 verschillende rijen van n positieve getallen
a1, a2, . . . , an en b1, b2, . . . , bn zodat de sommen
a1 + a2, a1 + a3, . . . , an−1 + an en b1 + b2, b1 + b3, . . . , bn−1 + bn
dezelfde zijn op een permutatie na. Bewijs dat n een macht van2 is.

Bewijs. We schrijven de genererende functies als F (x) = xa1 + xa2 + · · · + xan en G(x) =
xb1 + xb2 + · · ·+ xbn .
We zien dat

F 2(x)−G2(x) =




n∑

i=1

x2ai + 2
∑

16i6j6n
xai+aj


−




n∑

i=1

x2bi + 2
∑

16i6j6n
xbi+bj




= F (x2)−G(x2).

Omdat F (1) = G(1) = n, hebben we dat 1 een nulpunt is van zekere graad k, (k ≥ 1) v.d. veelterm
F (x)−G(x).
Dus F (x)−G(x) = (x− 1)kH(x), zodat

F (x) +G(x) =
F 2(x)−G2(x)

F (x)−G(x)
=
F (x2)−G(x2)

F (x)−G(x)
=

(x2 − 1)kH(x2)

(x− 1)kH(x)
= (x+ 1)k

H(x2)

H(x)

We zien voor x = 1 nu dat

2n = F (1) +G(1) = (1 + 1)k
H(x2)

H(x)
= 2k,

zoda n = 2k−1.
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1. Bewijs dat voor elk natuurlijk getal n geldt dat
∑n
k=1

(
n+k−1
2k−1

)
= F2n

link

2. Zij p een oneven priemgetal. Bepaal het aantal deelverzamelingen A van de verzameling
{1, 2, · · · 2p} waarvoor geldt: (1) A bevat precies p elementen; (2) de som van alle elementen
in A is deelbaar door p.

link

3. De veeltermen a(x), b(x), c(x), d(x) voldoen aan a(x5) + xb(x5) + x2c(x5) = (1 + x + x2 +
x3 + x4)d(x). Toon aan dat a(1) = 0.

link

4. (Fn)n≥1 is de Fibonaccirij met F1 = F2 = 1, Fn+2 = Fn+1 + Fn(n ≥ 1), en P (x) is een
veelterm van graad 990 die voldoet aan P (k) = Fk, voor k = 992, ..., 1982. Bewijs dat
P (1983) = F1983 − 1.

link

5. We noemen een rij a0, a1, · · · , an van rele getallen m-gebalanceerd voor een natuurlijke m ≥ 1
als de sommen
a0 + am + · · ·∑i=[n/m]
i=0 aim+1

· · ·∑i=[n/m]+1
i=1 aim−1

allen gelijk zijn ([] staat hier voor de entierfunctie)
Zij a0, a1 · · · a49 een gebalanceerde rij voor iedere m ∈ {3, 5, 7, 11, 13, 17}.
Bewijs dat a0 = · · · = a49 = 0.

link

6. Zij m,n ≥ 2 natuurlijke getallen en a1, a2, . . . , an gehele getallen, waarvan er geen enkele een
veelvoud is van mn−1. Toon aan dat er gehele getallen e1, e2, . . . , en bestaan, niet allemaal
gelijk aan 0, met |ei| < m voor alle i, zodat e1a1 + e2a2 + · · ·+ enan een veelvoud is van mn.

link

7. Zij n een positief geheel getal groter dan 1. Voorts zijn er n in een cirkel geplaatste lampen
L0, · · · , Ln−1. Op elk moment is iedere lamp AAN of UIT. Een reeks stappen S0, S1 · · ·
wordt uitgevoerd. Stap Sj heeft alleen invloed op de toestand van Lj (de toestand van alle
andere lampen blijft onveranderd) en wel als volgt: (1) als Lj−1 AAN is, dan verandert Sj de
toestand van Lj van AAN naar UIT of van UIT naar AAN; (2) als Lj−1 UIT is, dan verandert
Sj de toestand van Lj niet. De lampen zijn mod(n) genummerd, dat wil zeggen Ln = L0

etcetera. In het begin zijn alle lampen AAN. Bewijs dat (a) er een positief getal M(n)
bestaat zodanig, dat na M(n) stappen alle lampen weer AAN zijn; (b) als n = 2k, k ∈ N ,
alle lampen weer AAN zijn na n2 − 1 stappen; (c) alsn = 2k + 1, k ∈ N alle lampen weer
AAN zijn na n2 − n− 1 stappen.

link

8. n, k zijn natuurlijke getallen zodat k ≥ n en 2|k − n. We hebben 2n lampen geordend van 1
tot 2n. In het begin zijn alle lampen uit. Bij iedere stap doen we een lamp branden of doven
we een brandende lamp. (we wisselen de status van 1 lamp) Het aantal manieren bestaande
uit k stappen om alle lampen van 1 tot n te doen branden en de andere gedoofd te laten,
noemen we N. ( de lampen van n+ 1 tot 2n mogen aan zijn geweest, maar zijn bij het einde
uit) Het aantal manieren die behoren tot N , maar waarbij de lampen n + 1 tot 2n allen
gedurende de k stappen gedoofd bleven, noemen we M. Bepaal N

M .

link
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uitzonderlijke stellingen

Enkel bij een vraag 3 of 6 kan eens een heel uitzonderlijke stelling voorkomen die nodig is om de
vraag op te lossen. Hier enkele voorbeelden (maar bij een IMO-training of dergelijke zelden nodig
natuurlijk).

Vandermonde determinant

Als we een matrix hebben van de vorm Vn =

∣∣∣∣∣∣∣∣∣

1 x1 x21 · · · xn−21 xn−11

1 x2 x22 · · · xn−22 xn−12
...

...
...

. . .
...

...
1 xn x2n · · · xn−2n xn−1n

∣∣∣∣∣∣∣∣∣
Dan geldt dat Det(Vn) =

∏
1≤i<j≤n (xj − xi)

basis galoistheorie

z = a+ b
√
d geeft geconjugeerde z′ = a− b

√
d en norm N(z) = zz′ = a2 − db2. (a, b ∈ Z)

i is de imaginaire eenheid en ω = −1+
√
3i

2 .

Ieder element van Z[i],Z[ω] is uniek te schrijven als het product van priemgetallen.

Z[i] geeft als priemgetallen de waarden x waarvoor geldt dat N(x) priem is of |x| ≡ 3 (mod 4) en
als eenheden ±1,±i.
Z[ω] geeft als priemgetallen de waarden x waarvoor geldt dat N(x) priem is of |x| ≡ 2 (mod 3)
en als eenheden ±1,±ω,±(1 + ω).

Indien dit te kort, is kan men kijken op ’t IMOmath bestand hierover
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CNS

f(z1, z2, · · · , zk) is een polynoom is F [z1, z2, · · · , zk].

De graad van f, degf =
∑
ti (ti ≥ 0)

Veronderstel dat de coefficient van
∏
ztii in f 6= 0 .

Als S1, s2, · · · , Sk deelverzamelingen zijn van F zodat |Si| > ti ∀i ∈ {1, 2 · · · , k} ,
dan bestaan er si ∈ Si zodat f(s1, s2, · · · , sk) 6= 0

Voorbeeld 2.9. We kijken naar het roostervierkant met punten uit {1, 2, 3, 4, 5}2 in het vlak van
R2. Wat is het minimum aantal cirkels dat we moeten tekenen om alle 25 punten te bedekken?

Bewijs. Ten eerste moet men een configuratie met 5 cirkels vinden.

Stel uit het ongerijmde dat het werkt met 4 cirkels.
We defenieren P (x, y) :=

∏4
i=1

(
(x− ai)2 +(y − bi)2−r2i

)
, als het product van de 4 voorstellingen

van de cirkels.
Er geldt dat deg(P ) = 8 =

(
|S| − 1

)
+
(
|S| − 1

)
en de coefficient van x4y4 is niet gelijk aan 0.

(t1 = t2 = 4)

Stel S1 = S2 = {1, 2, 3, 4, 5}, dus |S1| = |S2| > t1 = t2 zodat CNS zegt dat er s1, s2 bestonden
zodat P (s1, s2) 6= 0 , contradictie.

voor zij die het te abstract vonden, maar meer over CNS willen weten.
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1. Bepaal alle oplossingen in natuurlijke getallen van m,n die voldoen aan

m+ n− 3mn

m+ n
=

2011

3
.

link

2. De rij a0, a1, a2, . . . wordt gedefinieerd als a0 = 2, ak+1 = 2a2k − 1 met k ≥ 0. Bewijs dat als
een oneven priemgetal p|an, dat dan 2n+3|p2 − 1. link

3. n ∈ N en we beschouwen de verzameling

S = {(x, y, z) | x, y, z ∈ {0, 1, . . . , n}, x+ y + z > 0} .

Bepaal het minimum aantal vlakken die alle punten van S bevat, maar niet het punt (0, 0, 0)

link
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Diverse combinatoriekvragen

De meeste soorten van combinatoriekvragen konden opgelost worden met 1 van vorige methodes.

Het blijft echter creatief denken en daarom is oefenen nog steeds belangrijker dan de uitzonderlijke
stellingen.

1. Zij a0, a1, a2, . . . een stijgende rij van natuurlijke getallen zodat ieder natuurlijk getal op een
unieke manier kan uitgedrukt worden in de vorm ai + 2aj + 4ak met i, j, k niet noodzakelijk
verschillend.
Bepaal a1998. link

2. Gegeven zijn 9 punten in de ruimte met al hun verbindingslijnen, waarbij geen vier punten
in een vlak liggen.
Een aantal verbindingslijnen wordt blauw gekleurd, een aantal rood en de overige blijven
ongekleurd.
Bepaal de kleinste waarde van n ∈ N met de eigenschap dat als precies n verbindingslijnen
gekleurd zijn,
de verzameling van gekleurde verbindingslijnen een driehoek bevat waarvan de zijden dezelfde
kleur hebben.

link

3. In een eindige rij, geldt er dat iedere opeenvolgende a elementen een strikt negatieve som
heeft en iedere opeenvolgende b elementen een strikt positieve som.
Hoeveel elementen kan de rij maximaal hebben? link

4. In een groep van 120 personen zijn er sommige koppels bevriend.
Een zwak kwartet is een verzameling van vier personen waarvan er precies 1 koppel bevriend
is.
Wat is het maximum aantal zwakke kwartetten? link

5. Een buitenaards ras heeft drie geslachten: male, female en emale.
Een getrouwd tripel bestaat uit drie personen, van elk geslacht 1, die allemaal van elkaar
houden.
Een wezen mag hoogstens tot n getrouwd tripel behoren. We gaan er verder van uit dat
houden van een wederzijds gevoel is.
Het ras zendt een expeditie uit om een andere planeet te koloniseren. Er gaan n males,
n females en n emales mee. Elk lid van de expeditie houdt van minstens k personen van
elk van de andere twee geslachten. De bedoeling is om zoveel mogelijk getrouwde tripels te
vormen.
(a) Toon aan dat als n even is en k = n

2 , het zelfs niet altijd mogelijk is om 1 getrouwd
tripel te vormen.
(b) Toon aan dat als k ≥ 3n

4 , het altijd mogelijk is om n disjuncte getrouwde tripels te
vormen en zo alle expeditieleden te trouwen. link

6. n Jongens a1, a2, · · · an en n meisjes m1,m2, · · · ,mn zijn op een feestje. Jongens schudden
geen handen met elkaar, net zoals de meisjes geen andere vrouwtjes een hand gaven. ai
gaf nooit een hand aan mi ∀i ∈ {1, 2 · · · , n}. We willen de 2n gasten verdelen in t groepen
zodat: 1. In iedere groep is het aantal jongens gelijk aan ’t aantal meisjes. 2. In iedere groep
schudden geen 2 personen een hand aan elkaar.

m is het aantal koppels (ai,mj) die elkaar een hand gaven. Bewijs dat het mogelijk is de
groepn te verdelen met t ≤ max(2, 2mn + 1). link

Algemene Combinatoriekvragen
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3 algebra

3.1 ongelijkheden

Stelling 3.1. (AM-GM-HM) Voor n ∈ N a1, ..., an > 0 geldt:

a1 + a2 + · · ·+ an
n

≥ n
√
a1a2 · · · an ≥

n
1
a1

+ · · ·+ 1
an

.

de triviale benodigdheden

* Kwadraten zijn positief

* ontbindingen

* maximum/minimum beschouwen van de variabelen

* zorgen dat de gelijkheidsgevallen niet verdwenen zijn en in die gevallen nog gelijkheid blijft
gelden
( men mag dus de vraag niet te veel vereenvoudigen dat de laatste stappen niet waar meer zijn)

Voorbeeld 3.2. (IMC 1999) Gegeven reële getallen x1, ..., xn > −1, met x31 + x32 + ...+ x3n = 0.
Bewijs dat

x1 + ...+ xn ≤
n

3
.

Oplossing. Merk op dat

x3 − 3

4
x+

1

4
= (x+ 1)

(
x− 1

2

)2

Voor x = xi is (x+ 1)
(
x− 1

2

)2 ≥ 0, aangezien xi > −1. Tellen we dit nu op voor alle xi dan komt
er

(x31 + ...+ x3n)− 3

4
(x1 + ...+ xn) +

n

4
≥ 0

3

4
(x1 + ...+ xn) ≤ n

4

Na deling door 3
4 geeft dit het te bewijzen.
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1. Bewijs dat ∀a, b, c ∈ R+
0 er geldt dat a

bc + b
ac + c

ab ≥ 2
a + 2

b − 2
c en zeg wanneer er gelijkheid

geldt.

voorbeeld

2. Bepaal alle drietallen (x, y, z) die voldoen aan (x+ y)2 = z (x+ z)2 = y (y + z)2 = x

voorbeeld

3. ABC is een driehoek met P,Q,R ∈ [BC], [AC], [AB]. TB:

min {[AQR] , [BRP ] , [CQP ]} ≤ 1

4
· [ABC]

link

4. Gegeven dat x, y, z positieve rele getallen zijn die voldoen aan xyz = 32,
vind de maximumwaarde van

x2 + 4xy + 4y2 + 2z2.

link

5. Vindt alle positieve getallen zodat a+ b = ab en a
b2+4 + b

a2+4 ≥ 0.5.

klik

6. (*)

a, b, c > 0 zodat 1
a +

1

b
+

1

c
= a+ b+ c. Bewijs dat 1

(2a+b+c)2 + 1
(a+2b+c)2 + 1

(a+b+2c)2 ≤ 3
16

klik

7. (*)

Zij a, b, c rele getallen zodat ab+bc+ca ≤ 3abc. Bewijs dat
√

a2+b2

a+b +
√

b2+c2

b+c +
√

c2+a2

c+a +3 ≤
√

2
(√
a+ b+

√
b+ c+

√
c+ a

)

klik

8. (*)

Zij n ≥ 3 en a2, a3, · · · , an > 0 zodat

i=n∏

i=2

ai = 1.

TB:
i=n∏

i=2

(1 + ai)
i > nn.

klik

9. (enkel passend)

Bestaat er een polynoom P (x) met 2012 reeele nulpunten zodat

P (a)3 + P (b)3 + P (c)3 ≥ 3P (a)P (b)P (c)

geldt ∀a, b, c,∈ R|a+ b+ c = 0?

http://olympia.problem-solving.be/node/2018
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Stelling 3.3. (Cauchy-Schwarz [CS] ) Voor a1, · · · , an, b1, · · · , bn ∈ R geldt:

(a21 + a22 + ...+ a2n) · (b21 + b22 + ...+ b2n) ≥ (a1b1 + ...+ anbn)2.

Gelijkheid treedt op als en slechts als ρ

(
a1 a2 · · · an
b1 b2 · · · bn

)
≤ 1.

( de waarde ai
bi

constant is voor alle i)

Dit kan uiteraard worden vervormd in andere vormen zoals:

(Cauchy-Schwarz in Engelvorm) Voor a1, ..., an ∈ R en b1, ..., bn > 0 geldt:

(
a21
b1

+
a22
b2

+ · · ·+ a2n
bn

)
≥ (a1 + a2 + · · ·+ an)2

b1 + b2 + ...+ bn
.

hints:

* homogeniseren; zorgen dat de graad van iedere veelterm gelijk is om passende voorwaarden te
mogen stellen en de gewone stellingen te kunnen toepassen

* substituties: vervangen van de variabelen door een combinatie van nieuwe variabelen om de
ongelijkheid te vereenvoudigen

Voorbeeld 3.4. a, b, c > 0

TB:

(a2 + 2)(b2 + 2)(c2 + 2) ≥ 3(a+ b+ c)2

Bewijs. Er zijn 2 variabelen in [0, 1], [1,∞] wegens het duivenhokprincipe. Stel dat dit a, b zijn.

Dan is (a2 + 2)(b2 + 2) ≥ 3(a2 + b2 + 1) omdat (a2 − 1)(b2 − 1) ≥ 0.

(a2 + b2 + 1)(1 + 1 + c2) ≥ (a+ b+ c)2 vervolledigt het bewijs.
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oefenen
1. Vind alle oplossingen x, y, z ∈ R+ : 1

x + 1
y + 1

z = 2010 x+ y + z = 3
670

klik

2. P1, P2, . . . , Pn is een permutatie van {1, . . . , n}. Bewijs dat
∑n−1
i=1

1
Pi+Pi+1

> n−1
n+2 . klik

3. De strikt positieve rele getallen p, q, r voldoen aan p+q+r = 1. Bewijs dat 7(pq+qr+rp) ≤
2 + 9pqr.klik

4. Zij a, b, c > 0 met abc = 1. Bewijs dat

1

a3(b+ c)
+

1

b3(a+ c)
+

1

c3(b+ a)
≥ 1.5

klik

5. Zij a, b, c drie positieve rele getallen. Bewijs dat

(
a

b
+
b

c
+
c

a

)2

≥ (a+ b+ c)

(
1

a
+

1

b
+

1

c

)
.

klik

6. Zij x, y, z ∈ R+
0 met xyz ≥ 1. Toon aan dat

x5 − x2
x5 + y2 + z2

+
y5 − y2

x2 + y5 + z2
+

z5 − z2
x2 + y2 + z5

≥ 0.

klik hier

7. (*)

Bewijs dat voor alle positieve reele getallen a, b, c geldt dat

a√
a2 + 8bc

+
b√

b2 + 8ca
+

c√
c2 + 8ab

≥ 1.

klik hier

8. (*)

x, y, z ∈ R+ zodat x + y + z = xy + yz + zx Bewijs dat 1
x2+y+1 + 1

y2+z+1 + 1
z2+x+1 ≤ 1 en

zeg wanneer er gelijkheid geldt.

klik

9. (*)

a, b, c ∈ R 1
a2+1 + 1

b2+1 + 1
c2+1 = 2 TB: ab+ bc+ ac ≤ 1.5

klik
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Stelling 3.5. (Holder)

Zij P1, p2, · · · , pk ∈ R+ > 0 en neem k rijen van n positieve, rele getallen met aij het element van
de ide rij en jde kolom en s = 1

1
p1

+···+ 1
pk

Dan geldt er dat

k∏

i=1

pi

√
apii1 + · · ·+ apii1 ≥ s

√√√√
n∑

j=1

as1ja
s
2j · · · askj

Stelling 3.6. (Minkowski) Zij p > r ∈ R+ > 0 en neem k rijen van n positieve, rele getallen met
aij het element van de ide rij en jde kolom. Dan geldt er dat

r

√√√√
n∑

j=1

(

k∑

i=1

apij)
r
p ≥ p

√√√√
k∑

i=1

(

n∑

j=1

arij)
p
r

Stelling 3.7. ( gelijkheid bij gelijkheid)

Wanneer men wil bewijzen dat het extremum optreedt, wanneer alle termen gelijk zijn, is het
voldoende uit het ongerijmde een contradictie te bekomen.

Voorbeeld 3.8. a1 + a2 + · · ·+ an = 1 Vind het minimum van
∑i=n
i=1

√
a2i + 1

a2i
?

Bewijs. Stel dat het minimum optreedt bij (a, b, x3, x4, · · · , xn) in te vullen voor (a1, a2, · · · , an)
met a 6= b
(merk op dat we kunnen permuteren en dus vanaf er 2 getallen niet gelijk zijn)

Het is voldoende te tonen dat (a, b)→ (a+b2 , a+b2 ) zorgt dat de uitdrukking kleiner wordt.√
a2 + 1

a2 +
√
a2 + 1

a2 > 2
√

(a+b2 )2 + 1
( a+b2 )2

kwadraten en AM −GM,CS toont aan dat de ongelijkheid strikt geldt als a 6= b.

Er geldt dus dat als het minimum optreedt, alle elementen gelijk zijn; ai = 1
n en dus wordt het

minimum
√
n4 + 1.

***

merk op dat deze vraag ook een direct gevolg is van Minkowski .

Voor zij dit niet zo direct zien, kan men zich tot de moeilijke stellingen-bijlage wenden.

42



niks beter dan zelf aan de slag te gaan
1. Vind alle α, β > 0 zodat geldt ∀x1, x2, · · · , xn, y1, · · · , yn > 0 dat (

∑
xαi )

1
α (
∑
yβi )

1
β ≥∑xiyi

klik

2. Als a, b, c > 0 en ab+ bc+ ca = 1, bewijs dan dat

3

√
1

a
+ 6b+

3

√
1

b
+ 6c+

3

√
1

c
+ 6a ≤ 1

abc
.

klik
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Stelling 3.9. (Gewogen Jensen) Zij I een interval, ai ∈ I, ki ∈ R+
0 en f tweemaal afleidbaar.

Als f convex is op I, dan is

k1 · f(a1) + · · ·+ kn · f(an)

k1 + · · ·+ kn
≥ f

(
k1a1 + · · ·+ knan
k1 + · · ·+ kn

)
.

Als f concaaf is op I, dan is

k1 · f(a1) + · · ·+ kn · f(an)

k1 + · · ·+ kn
≤ f

(
k1a1 + · · ·+ knan
k1 + · · ·+ kn

)
.

Gelijkheid treedt op als en slechts als ofwel alle ai gelijk zijn, ofwel de functie een rechte is.

gevolgen

Stelling 3.10. (gewogen AM-GM) Voor alle ai, ki > 0 geldt dat

k1a1 + k2a2 + · · ·+ knan
k1 + k2 + · · ·+ kn

≥ k1+...+kn

√
ak11 a

k2
2 · · · aknn .

Stelling 3.11. (gewogen QM-AM) Voor alle ai, ki > 0 geldt dat

√
k1a21 + k2a22 + · · ·+ kna2n

k1 + · · ·+ kn
≥ k1a1 + k2a2 + · · ·+ knan

k1 + k2 + · · ·+ kn
.

Stelling 3.12. (gewogen GM-HM) Voor alle ai, ki > 0 geldt dat

k1+...+kn

√
ak11 a

k2
2 · · · aknn ≥

k1 + · · ·+ kn
k1
a1

+ k2
a2

+ · · ·+ kn
an

Stelling 3.13. (Gewogen Power-Mean Ongelijkheid) Als i > j dan is:

fi(km, am) ≥ fj(km, am),

gelijkheid als en slechts als alle am gelijk zijn. Hierbij staat

fj =
j

√
k1a

j
1 + · · ·+ kna

j
n

k1 + k2 + · · ·+ kn

met f0 het gewogen GM, en f±∞ gewoon minimum en maximum resp.
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1. Zij r1, r2, . . . , rn rele getallen groter of gelijk aan 1. Bewijs dat

1

r1 + 1
+

1

r2 + 1
+ · · ·+ 1

rn + 1
≥ n

n
√
r1r2 . . . rn + 1

.

klik
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Stelling van Karamata

Deze stelling is de algemenere stelling van Jensen en tonen we hier op zijn algemeenst en zodoende
zeer sterke ongelijkheid, de werkelijke stelling van Karamata zegt normaal enkel dat

als x1, x2, · · · , xn y1, y2, · · · , yn majoriseert, dat dan geldt dat

f(x1) + f(x2) + · · ·+ f(xn) ≥ f(y1) + f(y2) + · · ·+ f(yn) als f convex is over het interval [x1, xn].

De volgende veralgemening die we geven noemen we de uitgebreidde stelling van gewogen Kara-
mata.

Stelling 3.14. (stelling van Karamata)

gewogen majorisatie:

Zij x =

(
x1 x2 ... xn
a1 a2 ... an

)
en y =

(
y1 y2 ... ym
b1 b2 ... bm

)
2 gewogen ”reeksen”, dan majoriseert

x de ”reeks”y als geldt dat

a1 + a2 + ... + an = b1 + b2 + ... + bm, a1x1 + a2x2 + ... + anxn = b1y1 + b2y2 + ... + bmym,
x1 ≥ x2 ≥ ... ≥ xn and y1 ≥ y2 ≥ ... ≥ ym, alsook

voor alle indices u and v en alle α, β ∈ R waarvoor geldt dat 0 ≤ α ≤ 1 en 0 ≤ β ≤ 1 gekozen
zodat
a1 + a2 + ...+ au−1 + αau = b1 + b2 + ...+ bv−1 + βbv, geldt dat
a1x1 + a2x2 + ...+ au−1xu−1 + αauxu ≥ b1y1 + b2y2 + ...+ bv−1yv−1 + βbvyv.

We schrijven dit als (x) � (y)

Nu zegt de uitgebreidde stelling van gewogen Karamata :

Neem de gewogen ”reeks”

(
x1 x2 ... xn
a1 a2 ... an

)
die de gewogen ”reeks”

(
y1 y2 ... ym
b1 b2 ... bm

)
ma-

joriseert.

Zij I een interval die de getallen x1, x2, ..., xn, y1, y2, ..., ym bevat en f een functie die tweemaal
afleidbaar is. Als f convex is op I, dan is

a1f (x1) + a2f (x2) + ...+ anf (xn) ≥ b1f (y1) + b2f (y2) + ...+ bmf (ym).

Bij een concave functie geldt dit in de andere richting.

hint

Probeer een schets/grafiek te maken om andere eigenschappen van de functie te bekomen die
handig zijn om de vraag op te lossen.

46



1. Zij I een interval en f : I → R een convexe functie. D.w.z. ∀a, b ∈ I en ∀λ ∈ [0, 1] geldt

f(λa+ (1− λ)b)) ≤ λf(a) + (1− λ)f(b).

Bewijs dan dat ∀a, b, c ∈ I met a < b < c geldt dat

f(b) + f(a+ c− b) ≤ f(a) + f(c).

klik

2. Er geldt dat a+ b+ c = 1 waarbij a, b, c ∈ R+.
Vind het maximum van 1

a2−4a+9 + 1
b2−4b+9 + 1

c2−4c+9 .

klik

3. Als n ≥ 2 een natuurlijk getal is en 0 ≤ a1 ≤ a2 ≤ . . . ≤ a2n+1 zijn reele getallen, bewijs
dan dat

n
√
a1 − n

√
a2 + n

√
a3 − . . .− n

√
a2n + n

√
a2n+1 ≤ n

√
a1 − a2 + a3 − . . .− a2n + a2n+1.

klik
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Stelling 3.15. (Orde-ongelijkheid voor sommen) Zij a1 ≥ ... ≥ an ≥ 0, b1 ≥ ... ≥ bn ≥ 0,
c1 ≥ ... ≥ cn ≥ 0, · · · ,x1 ≥ ... ≥ xn ≥ 0 dan geldt voor alle permutaties σ, τ :

∑∏




a1 a2 · · · an
b1 b2 · · · bn
c1 c2 · · · cn
· · ·
x1 x2 · · · xn



≥
∑∏




a1 a2 · · · an
bσ(1) bσ(2) · · · bσ(n)
cτ(1) cτ(2) · · · cτ(n)
· · ·
xτ(1) xτ(2) · · · xτ(n)



.

Stelling 3.16. (Chebychev) Zij a1 ≥ ... ≥ an ≥ 0, b1 ≥ ... ≥ bn ≥ 0, c1 ≥ ... ≥ cn ≥ 0,
· · · ,x1 ≥ ... ≥ xn ≥ 0 k gelijkgesorteerde rijen, dan geldt :

(

n∑

i=1

ai)(

n∑

i=1

bi) · · · (
i=n∑

i=1

xi) ≤ nk−1
n∑

i=1

aibi · · ·xi.

Stelling 3.17. (Orde-ongelijkheid voor producten) Zij a1 ≥ ... ≥ an ≥ 0, b1 ≥ ... ≥ bn ≥ 0,
c1 ≥ ... ≥ cn ≥ 0, · · · ,x1 ≥ ... ≥ xn ≥ 0 dan geldt voor alle permutaties σ, τ :

∏∑




a1 a2 · · · an
b1 b2 · · · bn
c1 c2 · · · cn
· · ·
x1 x2 · · · xn



≤
∏∑




a1 a2 · · · an
bσ(1) bσ(2) · · · bσ(n)
cτ(1) cτ(2) · · · cτ(n)
· · ·
xτ(1) xτ(2) · · · xτ(n)



.
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terug een rij helpers om in te oefenen

1. Zij x1 ≤ ... ≤ xn en y1 ≤ ... ≤ yn. Bewijs dat voor elke permutatie σ geldt dat

n∑

i=1

(xi − yi)2 ≤
n∑

i=1

(xi − yσ(i))2.

klik

2. Zij ak > 0 ∈ N met alle ak verschillend. Bewijs dat

n∑

k=1

ak
k2
≥

n∑

k=1

1

k
.

klik

3. Zij x1, . . . , xn rele getallen zodat |x1 + · · ·+ xn| = 1 en |xi| ≤
n+ 1

2
voor alle i. Bewijs dat

er een permutatie σ bestaat zodat

∣∣∣∣∣
n∑

i=1

ixσ(i)

∣∣∣∣∣ ≤
n+ 1

2
.

klik
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Stelling 3.18. (Schur) ∀a, b, c, r > 0 ar(a− b)(a− c) + br(b− a)(b− c) + cr(c− a)(c− b) ≥ 0 met
gelijkheid a.e.s.a a = b = c

of f(a)(a− b)(a− c) + f(b)(b− a)(b− c) + f(c)(c− a)(c− b) ≥ 0 met f een strikt stijgende functie.

Stelling 3.19. (Muirhead) Als (a1, a2, · · · , an) � (b1, b2, · · · , bn), en xi > 0, dan geldt: ∀xi ∈
R+ :

∑
sym x

a1
1 · · ·xann ≥

∑
sym x

b1
1 · · ·xbnn

minder belangrijke stellingen:

Stelling 3.20. (Bernoulli) ∀xi ≥ −1 met alle xi hetzelfde teken geldt dat
∏n
i=1(1 + xi) ≥ 1 +∑n

i=1 xi

Stelling 3.21. (Maclaurin) Zij Sk = ai1ai2···aik
(nk)

( gemiddelde van de termen van de ontbinding

van (1 + a1)(1 + a2) · · · (1 + an) met graad k) Dan geldt dat fi ≥ fj als i ≤ j met fi = i
√
si

Stelling 3.22. (Newton) Bij de eig. van Maclaurin geldt ook dat S2
k ≥ Sk−1Sk+1
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1. Zij x, y, z positieve reele getallen zodat xyz = 1. Bewijs dat

x3

(1 + y)(1 + z)
+

y3

(1 + z)(1 + x)
+

z3

(1 + x)(1 + y)
≥ 3

4
.

klik

2. Zij a0, a1, a2, . . . een willekeurige oneindige rij van positieve getallen. Toon aan dat de onge-
lijkheid 1 + an > an−1

n
√

2 opgaat voor oneindig veel natuurlijke getallen n. klik

3. a, b, c > 0 zodat min(a+ b, b+ c, a+ c) >
√

2 en a2 + b2 + c2 = 3. Bewijs dat

a

(b+ c− a)2
+

c

(b− c+ a)2
+

b

(c+ a− b)2 ≥
3

(abc)2
.

klik
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Stelling 3.23. (extremeaaltechniek)

Als een functie f convex of lineair is in alle variabelen x1, · · · , xn ,
geldt dat het maximum optreedt wanneer alle variabelen gelijk zijn aan het minimum of maximum.

Voorbeeld 3.24. (IMOLL Peter Vandendriessche)

Zij n ≥ 2 een natuurlijk getal en zij x1, . . . , xn, y1, . . . , yn ≥ 0. Toon aan dat

x21 + · · ·+ x2n +

(
y1 + · · ·+ yn

n

)2

≥ n

√
(x21 + y21)(x22 + y22) · · · (x2n + y2n).

Bewijs. Merk eerst op dat de ongelijkheid homogeen is.

Veronderstel dat we een tegenvoorbeeld hebben (x1, x2, · · · , xn, y1 · · · , yn).

Schrijf Si = x2i + y2i > 0.

De ongelijkheid wordt

F (y1, y2, · · · , yn) = S1 − y21 + · · ·+ Sn − y2n + (
y1 + y2 + · · ·+ Yn

n
)2 ≥ n

√
S1 · S2 · · ·Sn.

Stel alle variabelen yj vast voor j ∈ {1, 2, · · · i− 1, i+ 1, i+ 2 · · ·n} en laat yi varieren.

Het rechterlid is constant, maar als we f(yi) = S1− y21 + · · ·+Sn− y2n + (y1+y2+···+Ynn )2 schrijven,
geldt f”(yi) = −2 + 2

n2 < 0 zodat het linkerlid concaaf is in yi.
Dit betekent dat het linkerlid minimaal is als yi ∈ {0,

√
Si} wanneer we het extremaalprincipe

toepassen.

We bekijken nu F (0, 0, 0, 0 · · · , 0), F (
√
S1, 0, · · · , 0), F (

√
S1,
√
S2, 0, · · · , 0), · · · , F (

√
S1,
√
S2, · · · ,

√
Sn)).

Vervolgens passen we AM −GM toe op (xi) en op (yj), de rijen van de getallen die positief zijn
( (xj), (yi) zijn 0).

Fixeer nu de rij (yj) en we bekijken (xi) met
∑
x2i = N , met AM −GM zien we dat het linkerlid

constant is en het rechterlid maximaal, wanneer alle xi gelijk zijn.

Analoog zetten we (xi) vast en schrijven
∑
yi = N zodat het linkerlid constant is en het rechterlid

maximaal als alle yi gelijk zijn.

We vinden dus het extremum als er j keer geldt dat x vast is, en n− j keer y.

Er valt nu te bewijzen dat

jx2 + (
n− j
n

y)2 ≥ n
√

(x2)j(y2)n−j

Voor j = n is het triviaal, in het ander geval kunnen we AM −GM teopassen:

j × x2 + (n− j)× (n− j)y2
n2

≥ n n

√
(n− j)n−j

(n2)n−j
(x2)j(y2)n−j

Het volstaat nu nog te bewijzen dat nn (n−j)n−j
(n2)n−j ≥ 1

Schrijf n− j = nα , verkrijgen we dat er te bewijzen valt dan n1−ααα ≥ 1
Als n ≥ e geldt dit altijd ( enkel α = 1 trviale gelijkheid met de afgeleide ) en als n = 2 kon
t = 0, 1, 2 handmatig gecheckt worden.
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oefenen
1. Als k ≥ v, w, x, y, z ≥ h > 0, toon dan aan dat

(v + w + x+ y + z)

(
1

v
+

1

w
+

1

x
+

1

y
+

1

z

)
≤ 25 + 6

(√
h

k
−
√
k

h

)2

.

Wanneer treedt gelijkheid op?

klik

2. (*)

Voor iedere i ∈ {1, 2, · · · , n} geldt dat xi > 0, xiyi > z2i waarbij alle getallen reel zijn. Bewijs

dat: n3

(
∑n
i=1 xi)(

∑n
i=1 yi)−(

∑n
i=1 zi)

2 ≤
∑n
i=1

1
xiyi−z2i

** Op de IMO was dit voor het specifieke

geval n = 2.

klik
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de laatste loodjes bij onze ongelijkheden

Stelling 3.25. (Lagrange multipliers)

Zij gegeven dat f(a1, ..., an) = r dan kan men extremums van de functie g(a, b · · · , x) bekomen
door het oplossen van g(a1, ..., an) + λ[f(a1, ..., an)− r] af te leiden naar 1 variablele,
wiens afgeleide 0 moet zijn om een extremum te bekomen, waardoor bij symmetrische functies de
juiste waarde van λ het gevraagde simple aantoont.

Stelling 3.26. (EMV-stelling) Zij f een continu functie en [f ] is de som van de afgeleiden in
iedere variabele. De ongelijkheid f(x1, x2, ..., xn) ≥ 0 met xi ≥ 0 geldt als :

(i).f(x1, x2, ..., xn) ≥ 0 if x1x2...xn = 0. (ii).[f ] ≥ 0 ∀x1, x2, ..., xn ≥ 0.

(geldt niet noodzakelijk in omgekeerd)

Voorbeeld 3.27.

a4 + b4 + c4 + d4 + 2abcd ≥ a2(b2 + c2 + d2) + b2(c2 + d2)) + c2d2

Equivalent met F =
∑
cyc a

4 + 2abcd−∑cyc a
2b2 ≥ 0

Bewijs. i d = 0 , dan AM −GM geeft dat het klopt.
ii [F ] = 4

∑
cyc a

3 + 2
∑
cyc abc− 2

∑
cyc ab(a+ b) ≥ 0 (sommatie van Schur-ongelijkheden)
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1. a, b, c, d ∈ R : a+ b+ c+ d = 19 en a2 + b2 + c2 + d2 = 91.Vind het maximum dat mogelijk
is voor de uitdrukking 1

a + 1
b + 1

c + 1
d?

klik
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Diverse Ongelijkheden oefeningen

1. Zij a1, a2, . . . , an positieve rele getallen zodat a1 + a2 + · · ·+ an ≤ 1. Bewijs dat

a1a2 . . . an(1− (a1 + a2 + · · ·+ an))

(a1 + a2 + · · ·+ an)(1− a1)(1− a2) . . . (1− an)
≤ 1

nn+1
.

klik

2. a2 + b2 + c2 = 2abc+ 1 geldt voor de positieve getallen a, b, c.

Vind het maximum dat (a− 2bc)(b− 2ca)(c− 2ab) kan aannemen.

klik

3. Gegeven zijn reele getallen a1, a2, · · · , an.
Definieer di = max{aj |1 ≤ j ≤ i} −min{aj |i ≤ j ≤ n} voor elke i tussen 1 en n en laat
d = max{di|1 ≤ i ≤ n}.
(a) Bewijs dat voor alle getallen x1 ≤ x2 ≤ · · · ≤ xn ∈ R geldt dat

max{|xi − ai||1 ≤ i ≤ n} ≥
d

2

[1]

(b) Bewijs dat er zo’n rij (xn)n was zodat er gelijkheid geldde in [1].

klik
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3.2 polynoom vergelijkingen

Bij zowel polynoom- als functievergelijkingen zijn er 2 grote dingen die men moet doen:

*aantonen dat de andere mogelijkheden niet voldoen

* bewijzen dat de gevonden functies altijd voldoen aan je vergelijking.

Bij veeltermvergelijkingen geeft men het voordeel dat men de hoogstegraadsterm kan bekijken en
hieruit conclusies trekken en als dit begrensd is, de volledige polynoom te kunnen invullen. (wat
men niet kan bij een functievergelijking)
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oefeningen
1. Vind alle veeltermen P (x) met rele cofficinten die voldoen aan

P (a− b) + P (b− c) + P (c− a) = 2P (a+ b+ c)

voor alle drietallen a, b, c van rele getallen met ab+ bc+ ca = 0.

klik

2. Bewijs dat iedere monische veelterm van graad n met rele cofficinten het rekenkundig ge-
middelde is van twee monische veeltermen van graad n met n rele wortels.

klik

3. Vind alle rele veeltermen p(x, y) zodanig dat p(x, y)p(u, v) = p(xu + yv, xv + yu) voor alle
x, y, u, v ∈ R.

klik

4. Vind alle polynomen a+ b+ c|P (a) +P (b) +P (c) met gehele cofficinten als a+ b+ c 6= 0 en
alle 3 gehele getallen zijn.

klik

5. Bepaal alle homogene veelteren F (x, y) ∈ R[X] zodat f(1, 0) = 0 en zodat ∀a, b, c ∈ R geldt
dat f(a+ b, c) + f(b+ c, a) + f(a+ c, b) = 0. klik

In het algemeen kan men HIER oefeningen over veeltermen bekijken.
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3.3 functievergelijkingen

Het is vooral creatief zijn en volgende middelen kunnen helpen:

* waarden zoeken die de functievergelijking reduceren tot iets dat gemakkelijk aantoont dat be-
paalde oplossingen niet kunnen voldoen/ met kleine waarden op ideen komen,
transformaties uitvoeren die de voorwaarden behouden maar de vergelijking behouden en eventueel
een goed gevalsonderscheid

* kijken naar sur-,bi- of injectiviteit:

injectieve functies beelden alle originelen op verschillende functiewaarden af, dus a 6= b⇒ f(a) 6=
f(b)

surjectieve functies: er is geen enkele waarde uit het codomein die geen functiewaarde is

bijectiviteit: injectiviteit en surjectiviteit ineen

* f(x) = g(x)+h(x) stellen, dit kan helpen als er slechts 1 functie g is die voldoet, bij het invullen
van g(x) + h(x) kan men men proberen aan te tonen dat h(x) de nulfunctie is.

* dek- of fixpunten zoeken, dit zijn waarden die gelijk zijn aan hun functiewaarden: f(x) = x
Dit is vooral handig bij functies waar het aantal fixpunten klein is, aangezien anders niet veel te
concluderen valt.

* fn+1(x) op meerdere manieren opvatten, waardoor bepaalde dingen duidelijk komen: f(fn(x)) =
fn(f(x))

* eventueel in een bepaalde basis kijken naar de getallen en voorwaarden in functie van die repre-
sentatie te bekomen.

* de waarden zoeken waarvoor geldt dat f(x) = 0 , indien dit slechts 1 waarde is, helpt het vaak
deze waarde elders in te vullen om de vergelijking te verkorten.

* bij polynoomvergelijkingen de hoogstegraadsterm vinden om de algemene formule kort te kunnen
gebruiken.

* de Cauchy-vgl’en:

f(x+ y) = f(x) + f(y) geeft enkel de opl. f(x) = cx
f(xy) = f(x) + f(y) ”f(x) = cln|x|
f(xy) = f(x)f(y) ”f(x) = xc of ≡ 0.
f(x+ y) = f(x)f(y) ”f(x) = cx

met x, y ∈ R
als er geweten is dat de functie 1 van volgende eigenschappen geeft:

monotoom/continu/stijgend of dalend/begrensd

* kijk eventueel ook naar de moduloresten in het domein/codomein
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1. Zoek alle functies fR→ R zodat er geldt dat

f([x]y) = f(x)[f(y)].

*** Hierbij wordt met [x] de entierfunctie bedoelt die een getal afrond naar beneden op zijn
geheel deel.

klik

2. Vind alle functies fR→ R die voldoen aan

f(xy)(f(x)− f(y)) = (x− y)f(x)f(y)

voor alle rele x, y.

klik

3. Vind alle functies fN→ N, zodat ∀a, b ∈ N geldt dat er een niet-ontaarde driehoek bestaat
met lengten a, f(b) en f(b+ f(a)− 1).

klik

4. fQ+ → Q+ voldoet aan f(f(x)2y) = x3f(xy)∀x, y ∈ Q+ (verzameling van strikt positieve
rationale getallen). klik

5. Vind alle functies fR→ R waarvoor geldt dat f(yf(x+ y) + f(x)) = 4x+ 2yf(x+ y) voor
allex, y ∈ R.

klik

6. Zij f een functie R → R, bewijs dat er x, y ∈ R bestaan waarvoor geldt dat f (x− f(y)) >
yf(x) + x

klik

7. Bepaal alle functies fR→ R zodat voor alle x, y ∈ R geldt dat

f(x− f(y)) = f(f(y)) + xf(y) + f(x)− 1.

klik

8. Bepaal alle functies f : Z→ Z die voldoen aan de gelijkheid

f(a)2 + f(b)2 + f(c)2 = 2[f(a)f(b) + f(a)f(c) + f(c)f(b)]

∀a, b, c ∈ Z zodat a+ b+ c = 0. klik

9. Nind alle functies fR→ R die voldoet aan ∀x, y ∈ R f (xf(x+ y)) = f (yf(x)) + x2

klik

10. fR→ R f(x+ y) ≤ yf(x) + f(f(x))∀x, y ∈ R TB: f(x) = 0 ∀x ≤ 0.

klik

Voor meer voorbeelden om te proberen, kun je hier f-vgl.’en vinden.
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Het gebeurt vrij regelmatig dat een functievergelijking moet opgelost worden met eigenschappen,
lemma’s en werkwijzes uit de getaltheorie.

Functievergelijkingen in meerdere functies zijn speciale, waarbij terug elegant moet gedacht wor-
den.

Het focussen op de vorm van 1 v.d. functies is soms handig, maar ook ongelijkheden en inductie
kunnen helpen.

Het is hier terug belangrijker voorbeelden te zien, omdat er niet echt veel specifieke theorie over
is.

1. ∀a, b ∈ N geldt (a−b)|f(a)−f(b) waarbij f geen constante functie is. Bewijs dat er oneindig
veel priemgetallen zijn, die een deler zijn van een functiewaarde.

klik

2. f, gN→ Nf(g(n)) = f(n) + 1, g(f(n)) = g(n) + 1, n ∈ N TB: f(n) = g(n)∀n ∈ N
klik

3. Vind alle surjectieve functies die voldoen aan p|f(m + n) a.e.s.a. p|f(m) + f(n) waarbij
m,n ∈ N zijn.

klik

4. Vind alle paren (f, g) van functies R→ R zodat

g(f(x+ y)) = f(x) + (2x+ y)g(y)

∀x, y ∈ R. klik

5. Vind alle paren (f, g) van functies N→ N zodat

fg(n)+1(n) + gf(n)(n) = f(n+ 1)− g(n+ 1) + 1

∀n ∈ N. Hierbij is fk(n) = f(f(· · · f(n))) · · · )︸ ︷︷ ︸
k∗f

. klik

6. Zij N0 de verzameling van de natuurlijke getallen zonder 0. Zoek alle functies gN0 → N0

zodat (g(m) + n)(g(n) +m) een volkomen kwadraat is∀m,n ∈ N0

klik

7. fZ → N voldoet aan f(m − n)|f(m) − f(n)∀m,n ∈ Z. Bewijs dat als f(m) ≤ f(n) dat
f(m)|f(n).

klik
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3.4 rijen

Een onderwerp met geen specifieke theorie.

Vaak komt er iets voor uit de algemene combinatoriek aan te pas zoals inducties, contradictie en
dergelijke.

Een recursie op stellen en dergelijke komt niet puur voor.

Er is dus niks beter dan er goede voorbeelden van te zien:

1. Vind het kleinste natuurlijk getal met de volgende eigenschap: er bestaat geen rekenkundige
rij van 1999 rele getallen die precies n gehele getallen bevat.

klik

2. Definieren we een rij van rijen als volgt: R1 = 1 en als Rn−1 = (a1, . . . , as), dan is
Rn = (1, 2, . . . , a1, 1, 2, . . . , a2, 1, 2, . . . , . . . , 1, 2, . . . , as, n). Bijvoorbeeld, R2 = (1, 2) en
R3 = (1, 1, 2, 3). Bewijs dat als n ≥, dan is de k-de term van links in de rij Rn gelijk
aan 1 als en slechts als de k-de term van rechts in de rij Rn verschillend is van 1.

klik

3. Zij a1, a2, · · · een rij van positieve rele getallen. Veronderstel dat er een natuurlijk getal s
is zodat an = max{ak + a(n−k)|1 ≤ k ≤ n − 1} voor alle n > s. Bewijs dat er natuurlijke
getallen l en N bestaan met l ≤ s en zodat an = al + a(n−l) voor alle n ∈ N.

klik

4. Zij s1, s2, s3, . . . een strikt stijgende rij van natuurlijke getallen zodat de subrijen ss1 , ss2 , ss3 , . . .
en ss1+1, ss2+1, ss3+1, . . . beiden rekenkundige rijen zijn. Bewijs dat de rijs1, s2, s3, . . . zelf
een rekenkundige rij is.

klik

5. Zij n een natuurlijk getal en zij a1, a2, · · · , an verschillende natuurlijke getallen zijn. Er zijn
n−1 getallen tussen 1 en

∑i=n
i=1 ai−1 gekozen in de verzameling M waar mensen hem willen

vangen. De sprinkhaan start in het punt 0 en maakt n sprongen met de lengten a1 tot an,
bewijs dat hij die volgorde kan kiezen zodat hij nergens wordt gevangen in een punt van M.

klik

Verder kan men zoeken voor RIJvoorbeelden voor extra problemen indien gewenst.
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4 getaltheorie

4.1 basis

De basis bij getaltheorie bestaat uit o.a. de eenduidige priemontbinding, kgv, ggd, aantal delers
en dergelijke kennen en toepassen.

De stelling van Bezout-Bachet zegt in het algemeen dat voor veeltermen P1, P2, · · · in Z[x]
geldt dat hun ggd te schrijven is in de vorm

∑
PiQi waarbij Qi ∈ Q[x].

De stelling van Euler zegt dat nφm ≡ 1 (mod m) als ggd(n,m) = 1.
Als m =

∏
pkii is φ(m) =

∏
(pi − 1)pki−1i .

Herbij is a ≡ b (mod m) aesa m|a− b
chinese reststelling (CRS) Als m1 tot mk gehele getallen die paarsgewijs relatief priem zijn

en a1 tot ak zijn gehele getallen.
Dan bestaat er 1 oplossing x modulo

∏
mi zodat x ≡ ai (mod mi) ∀i ∈ {1, 2 · · · , k}.

stelling van Wilson Voor ieder priemgetal geldt (p− 1)! ≡ −1 (mod p).

hint Werken met lineaire veelvouden helpt vaak.

Voorbeeld 4.1. Bewijs dat de breuk 21n+4
14n+3voor geen enkel natuurlijk getal n vereenvoudigbaar is.

Bewijs. Merk op dat 3(14n+ 3)− 2(21n+ 4) = 1 en dus is het ggd = 1.

Voorbeeld 4.2. Er zijn oneindig veel getallel n ∈ N zodat n2 + 1|n! (en oneindig veel die hier
niet aan voldoen ook, zie verder)

Bewijs. Schrijf n = 2x2, dan hebben we n2 + 1 = 4x4 + 1 = (2x2 + 2x+ 1)(2x2 − 2x+ 1).
We willen dat 2x2 + 2x + 1 niet priem is, door x ≡ 1 (mod 5) met x > 1 te nemen, geldt dat
(2x2+2x+1)

5 , 5, (2x2 − 2x+ 1) kleiner zijn dan n = 2x2 en dus allen verschillende delers zijn van n!.
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Indien er nog vragen waren over de basis, is volgende bestand altijd handig om te helpen in dit
getaltheorie-hoofdstuk (voor dit deel vooral de eerste 2 pagina’s : getallenleer

1. Bepaal het grootste natuurlijk getal n met de eigenschap dat n deelbaar is door alle positieve
natuurlijke getallen kleiner dan 3

√
n. link

2. Zij f een tweedegraadspolynoom met gehele cofficinten, waarbij 5|f(k) voor alle k ∈ Z. Toon
aan dat alle cofficinten van f deelbaar zijn door 5. link

3. Zij x, y, z ∈ Z met 29|x4 + y4 + z4. Toon aan dat 294|x4 + y4 + z4. link

4. Vind de kleinste x ∈ N zodat 7x25−10
83 geheel is. link

5. Zij τ(n) de functie die n ∈ N afbeeldt op het aantal verschillende positieve delers van n.
Bewijs dat er oneindig veel natuurlijke getallen a bestaan zodat de vergelijking τ(an) = n
geen natuurlijk oplossing n heeft. link

6. We noemen een getal alternatief als al zijn cijfers afwisselend oneven en even zijn. Vind alle
natuurlijke getallen n zodat n een alternatief veelvoud heeft. link

7. Zijn er ∞ veel oplossingen voor n! + 1|(2012n)!? link

8. an + n|bn + n,∀n ∈ N, bewijs dat a = b. link
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4.2 priemgetalstellingen

stelling van Euclides

Er zijn oneindig veel priemgetallen.

postulaat van Bertrand

Voor iedere n ∈ N0 is er een priemgetal tussen n en 2n

stelling van Dirichlet

Als ggd(a, b) = 1 bestaan er oneindig veel priemgetallen van de vorm an+ b met n ∈ N.
stelling van Green-Tao

Er bestaan rekenkundige rijen van iedere lengte die bestaan uit enkel priemgetallen.

In formulevorm bestaan er a, b, n ∈ N zodat a, a+ b, a+ 2b, · · · , a+ (n− 1)b allen priem zijn.

Stelling 4.3. ( LTE: Lifting The Exponent Lemma)

Er zijn enkele gevallen die we hier opsommen, die samen het totale LTE geven. Hierbij wordt
met het symbool vp(x) het (exacte) aantal factoren p bedoeld in het getal x. bvb. v3(63) = 2.

Zij p een priemgetal number en x, y ∈ Z die geen veelvoud zijn van p. Dan geldt dat

a) ∀n ∈ N als

• p 6= 2 en p | x− y, dan
vp(x

n − yn) = vp(x− y) + vp(n).

• p = 2 en 2 | x− y, dan

v2(xn − yn) = v2(x− y) + v2(x+ y) + v2(n)− 1.

b) ∀n ∈ N die oneven zijn en zodat p | x+ y, geldt er dat

vp(x
n + yn) = vp(x+ y) + vp(n).

Stelling 4.4. (stelling van Zsigmondy)

De stelling van Zsigmondy voor verschillen, zegt dat als a > b > 0 natuurlijke getallen zijn die
relatief priem zijn en zei f(n) = an − bn met n ∈ N > 0. Dan heeft f(n) een priemfactor die niet
voorkomt in f(k) voor iedere k ∈ {1, 2, · · · , n− 1} uitgezonderd in enkele speciale gevallen:

a+ b = 2z en n = 2, want a2 − b2 = (a− b)(a+ b) en de factor 2 zit in a− b.
a = 2, b = 1 en n = 6 want 63 bevat enkel priemfactoren 23 − 1 = 7, 22 − 1 = 3

de stelling van Zsigmondy voor sommen:

op analoge wijze geeft an + bn namelijk een priemfactor die voor geen enkele kleinere k ∈ N in
ak + bk zit, met uitzondering van a = 2, b = 1, n = 3.

Voorbeeld 4.5. Bewijs dat er oneindig veel priemgetallen zijn van de vorm 4k + 3.

Bewijs. Dit is een voorbeeld van de stelling van Direchlet, dat combinatorisch te bewijzen is:

Uit het ongerijmde zijn het er een eindig aantal n, schrijf dat P1, P2 tot Pn al de priemgetallen
zijn van die vorm.

Bekijk nu 4(
∏
Pi)−1 ≡ 3 (mod 4) dat relatief priem is met de n andere priemgetallen, contradictie

aangezien het niet het product kan zijn met priemgetallen die ≡ 1 (mod 4) zijn.
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Voor meer info over LTE; vollediger LTE-bestand

1. Vind de hoogste waarde van k zodat 1991k een deler is van 19901991
1992

+ 19921991
1990

.

link

2. Paul Erdos bewees in 1932 het zogenaamde postulaat van Bertrand, dit is de volgende
bewering:

”voor ieder natuurlijk getal n > 1 ligt er minstens n priemgetal tussen n en 2n”.

Je mag deze stelling zonder bewijs aannemen. Gebruik nu het postulaat van Bertrand om
volgende stelling te bewijzen: ”Voor elke k ∈ N kan de verzameling {1, 2, . . . , 2k − 1, 2k}
opgedeeld worden in k paren, waarvan de som telkens een priemgetal is.”

Voor k = 4 krijgen we bijvoorbeeld {1, 6} , {2, 3} , {4, 7} en {5, 8}.
link

3. Zij b,m, n natuurlijke getallen zodat b > 1 en m 6= n. Bewijs dat als bm−1 en bn−1 dezelfde
priemdelers hebben, dan b+ 1 dan een macht van 2 is.

link

4. Zij n een positief geheel getal en zij k een oneven natuurlijk getal. Laat bovendien a, b en c
gehele getallen zijn (niet noodzakelijk positief) waarvoor geldt: an+kb = bn+kc = cn+ka:
Bewijs dat a = b = c. link

5. Bepaal alle viertallen (a, b, p, n) van positieve gehele getallen (a > 0, b > 0, p > 0, n > 0),
zodanig dat p een priemgetal is en a3 + b3 = pn.

link

6. Bestaat er een natuurlijk getal n zodat n precies 2000 priemdelers heeft en n|2n + 1?

link

7. Bepaal alle drietallen (a,m, n) van natuurlijke getallen zodat am + 1|(a+ 1)n.

link

8. Vind alle viertallen (p, a, b, c) met p priem en a, b, c > 0 gehele getallen zodat geldt dat
ap + bp = pc.

link

9. Zij p1, p2, . . . , pn verschillende priemgetallen groter dan 3.
Toon aan dat 2p1p2...pn + 1 minimum 4n delers heeft.

link

10. P (x) ∈ Z[X] is een veelterm van graad ≥ 2. Bewijs dat er een natuurlijk getal m bestaat
zodat P (m!) een samengesteld getal is. link

66

http://olympia.problem-solving.be/node/1795
http://olympia.problem-solving.be/node/1690
http://olympia.problem-solving.be/node/329
http://olympia.problem-solving.be/node/1771
http://olympia.problem-solving.be/node/1750
http://olympia.problem-solving.be/node/249
http://olympia.problem-solving.be/node/250
http://olympia.problem-solving.be/node/2060
http://olympia.problem-solving.be/node/189
http://olympia.problem-solving.be/node/2062


4.3 kwadratische stellingen

Fermat’s kerstmisstelling: Voor ieder priemgetal ≡ 1 (mod 4) bestaat er 1 en slechts 1 oplossing
a > b ∈ N zodat p = a2 + b2.

Ieder getal waarvor geldt dat de priemfactoren ≡ 1 (mod 4) een even aantal keer voorkomt, kan
geschreven worden als de som van 2 volkomen kwadraten a2 + b2.

Er zijn exact
∏
p∈P (vp(n) + 1) verschillende oplossing voor a, b waarbij enkel p ∈ P als p ≡ 1

(mod 4).

Ieder getal die niet van de vorm ≡ 7 (mod 8) is, kan worden geschreven als de som van 3 volkomen
kwadraten.

De vierkwadratenstelling toont dat alle getallen kunnen worden geschreven als de som van 4
volkomen kwadraten.

Ieder getal groter dan 100 tot slot kan worden geschreven als de som van exact 5 volkomen
kwadraten (waarmee we bedoelen dat er geen 0 wordt gebruikt zoals bij de anderegevallen kan
zijn)

som-van-n-machtenfeit

Zij p een priemgetal, dan geldt voor ieder geheel getal a dat de congruentie xn1 + xn2 + ...+ xns ≡
a(mod p) een oplossing geeft als s ≥ n.

lemma in kwadratische vergelijking mod p Als a, b onderling priem zijn met p

* als er geldt dat p|a2 −D · b2, dan geldt dat D een kwadraatrest is modulo p.

* ax2 + bx+ c ≡ 0 (mod p) heeft 1 +
(
b2−4ac

p

)
oplossingen modulo p

Stelling 4.6. (Pellvergelijkingen)

De vergelijking x2 − dy2 = 1 heeft oneindig veel oplossingen als d ∈ N en geen volkomen kwadraat
is. Deze oplossingen zijn van de vorm (xn, yn) met

xn = (x1+y1
√
d)n+(x1−y1

√
d)n

2 en yn = (x1+y1
√
d)n(x1−y1

√
d)n

2
√
d

uitgebreide pellvgl:

als x2 − ky2 = −1 een oplossing heeft ( dit kan als k ≡ 1 (mod 4))

Dan noemen we de primitieve oplossing (x0, y0) zoals bij de normale pellvgl.

We hebben dat xm + ym
√
k = (x0 + y0

√
k)2m+1 voor m ≥ 1.

Bij x2 − ky2 = n noteren we (a0, b0) als primitieve oplossing van deze vergelijking,

en (xm, ym) de mde oplossing van x2 − ky2 = 1 ,

dan moeten we am + bm
√
k = (a0± b0

√
k)(xm± ym

√
k) uitwerken voor de andere oplossingen van

de eerste pellvergelijking: am, bm.

Extra info te vinden via Pellvergelijking-bijlage

Stelling 4.7. (priemdelers van (ap − 1)-lemma)

Dit lemma zegt dat als q|ap−1a−1 waarbij p, q beide priemgetallen zijn, dat dan geldt dat p = q of
q ≡ 1 (mod p).

extraatje: de vergelijking P (x) = xp−1 − 1 heeft p− 1 wortels in Zp2 .

Stelling 4.8. (Mihaleiscu)

De vergelijking ym = xn + 1 heeft enkel de oplossing 32 = 23 + 1 bij de voorwaarden m,n, x, y ∈
N > 1
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1. Toon aan dat de verzameling van de natuurlijke getallen die niet kunnen voorgesteld worden
als de som van verschillende volkomen kwadraten eindig is. link

2. Bewijs dat er oneindig veel natuurlijke getallen n bestaan zodat p = nr, met p en r res-
pectievelijk de halve omtrek en de straal van de ingeschreven cirkel een driehoek met gehele
zijdelengtes.

link

3. Zij p een priemgetal. Bewijs dat er een priemgetal q bestaat zodat voor ieder natuurlijk
getal n geldt dat np − p niet deelbaar is door p. link
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4.4 Vieta-jumping

De methode van Vieta-jumping (vaak root-flipping genoemd) is toepasbaar op een zeer herken-
bare klasse van problemen, die vaak van een bijzonder hoge moeilijkheidsgraad zijn. De problemen
waarop deze methode werkt zijn meestal gekarakteriseerd door het concept van deelbaarheid van
natuurlijke getallen en het veelvuldig voorkomen van kwadraten.

Het basisidee is geworteld in Fermat’s methode van de oneindige afdaling. Er wordt een fictieve
oplossing gekozen die een bepaalde grootheid minimaliseert, maar waarvoor de te bewijzen eigen-
schap niet geldt. De gegeven relatie wordt dan als een kwadratische vergelijking in een van de
variabelen herschreven. Met behulp van de formules van Vieta wordt vervolgens een oplossing
geconstrueerd die de grootheid nog kleiner maakt. De methode algemeen omschrijven is weinig
nuttig, ze laat het duidelijkst haar kracht zien wanneer we ze leren kennen in de context van con-
crete problemen. De problemen die met deze methode oplosbaar zijn, zijn naast zeer herkenbaar
ook zeer dun gezaaid. We beginnen met het klassieke voorbeeld, waar overigens een verhaal aan
verbonden is.

Voorbeeld 4.9. Zijn x en y natuurlijke getallen zodat xy een deler is van x2 + y2 + 1.
Bewijs dat

x2 + y2 + 1

xy
= 3.

Oplossing. Stel x2+y2+1
xy = k. Fixeer nu k en beschouw de verzameling

A =

{
(x, y) ∈ N2 | x2 + y2 + 1

xy
= k

}
.

Neem nu de het koppel (X,Y ) in A dat de minimale waarde van x+ y oplevert. Als er meerdere
koppels zijn neem er dan willekeurig een van.

Veronderstel dat X > Y en beschouw nu de volgende vergelijking in t:

t2 + Y 2 + 1

tY
= k ⇐⇒ t2 − kY t+ Y 2 + 1 = 0

We weten dat t = X een oplossing is van deze vergelijking, en uit de formules van Vieta halen we
dat

x2 = kY −X =
Y 2 + 1

X

ook een oplossing is. Uit x2 = kY − X halen we dat x2 een geheel getal is. Verder leiden we

af dat x2 = Y 2+1
X < X en dat bovendien x2 positief is. Uit al deze informatie besluiten we dat

(x2, Y ) ∈ A, en dat bovendien x2 + Y < X + Y , hetgeen een contradictie is.

Uit het voorgaande leiden we af dat de oplossing die x + y minimaliseert noodzakelijk x = y

moet hebben. We krijgen dat k = 2X2+1
X2 en dus dat X = 1. Hieruit volgt het gestelde.
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1. (klassieker )

Gegeven zijn positieve gehele getallen a en b waarvoor geldt dat ab + 1 een deler is van

a2 + b2. Bewijs dat a2+b2

ab+1 het kwadraat van een geheel getal is. link

2. Voor welke natuurlijke waarden van n heeft de vergelijking

a+ b+ c+ d = n
√
abcd

oplossingen met a, b, c, d natuurlijke getallen? link

3. a, b ∈ N. Bewijs dat 4ab− 1|(4a2 − 1)2 aesa a = b. link

4. Bepaal alle koppels natuurlijke getallen (a, b) zodat

a2

2ab2 − b3 + 1

een natuurlijk getal is.

link

5. Bestaat er een natuurlijk getal m zodat de vergelijking

1

a
+

1

b
+

1

c
+

1

abc
=

m

a+ b+ c

oneindig veel oplossingen heeft in natuurlijke getallen a, b, c? link

6. k ∈ N TB: (4k2 − 1)2 hebben een deler van de vorm 8kn− 1 aesa k even is. link
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4.5 orde en kleinste elementen

De orde van een bewerking is het kleinste aantal keer dat je het moet gebruiken om tot het
eenheidelement te komen.

Bij machten zeggen we dat de orde o het kleinste natuurlijke getal is zodat ao ≡ (mod b)
(ggd(a, 0) = 1)

Kijken naar ordes en de kleinste priemdelers, kan vele vragen helpen op te lossen.

Primitieve wortels g mod m zijn getallen die orde φm hebben.

Een getal m geeft enkel een primitieve wortels als m v.d. vorm 2pk, pk, 2 of 4 met p priem.

Als a een primitieve wortel is mod. p, dan is a of a+ p de primitieve wortel voor pk met k ≥ 2.
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1. (a) Zij n > 1 een natuurlijk getal en a ∈ Z zodat n|an− 1. Bewijs dat de kleinste priemdeler
van n een deler van a− 1 is. (b) Vind alle natuurlijke n n2|3n + 1

link

2. Bepaal alle gehele getallen n > 1, zodanig dat 2n+1
n2 een geheel getal is.

link

3. Vind alle koppels natuurlijke getallen (x, p) met p een priemgetal, x ≤ p en xp−1|(p−1)x+1.
link

Bij problemen bij het kiezen van het juiste element dat men moet beschouwen als orde, deler etc,
help getal kiezen
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4.6 kwadraatresten

Het legendresymbool werkt als volgt:

(
n
p

)
=





0 als p|n
1 als n een kwadraatrest is van p, nl. er bestaat een x ∈ N bestaat zodat x2 ≡ n (mod p)

-1 als n geen kwadraatrest is modulo p

Euler’s criterium zegt dat
(
n
p

)
= n

p−1
2 waardoor

(
n
p

)(
m
p

)
=
(
mn
p

)
direct een gevolg is.

Wegens p|(j−i)(j+i) zien we dat slechts de helft van de getallen tussen 1 en p−1 een kwadraatrest
kunnen zijn.

De kwadratische receprociteitswet zegt dat
(
n
m

) (
m
n

)
= (−1)(m−1)(n−1) als m,n priem zijn.

Met de Chinese reststelling is het gemakkelijk te bewijzen dat voor n =
∏i=m
i=1 pαii a een kwadraat-

rest is, als en slechts als het een kwadraatrest is van iedere Pi.
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Voor meer info, kun je naar de kwadratische resten-bijlage gaan.
1. Zij b een natuurlijk getal groter dan 5. Voor ieder natuurlijk getal n, beschouw het getal

xn = 11 . . . 1︸ ︷︷ ︸
n−1

22 . . . 2︸ ︷︷ ︸
n

5,

geschreven in basis b. Bewijs dat de volgende eigenschap geldt, als en slechts als b = 10:
er bestaat een natuurlijk getal M zodat voor elk natuurlijk getal n > M het getal xn een
volkomen kwadraat is. link

2. Bewijs dat er oneindig veel getallen n bestaan zodat n2 + 1 een priemfactor groter dan
2n+

√
2n heeft.

link

3. a, b > 1 met a 6= b zijn natuurlijke getallen zodat ab geen volkomen kwadraat is, bewijs dat
er een natuurlijk getal n bestaat zodat (an − 1)(bn − 1) geen volkomen kwadraat is.

link
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4.7 willekeurige getaltheorie

Dit omdat geen enkele olympiade zegt welke stellingen je zou kunnen gebruiken: mooie getaltheorie-
vragen
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5 meetkunde

5.1 basis

De grootste brok theorie en herhaling; Kort de basis overlopen en alle naamgeving gebeurt tot op
pagaina 8 voor de volledigheid.

(zij die de baisis kennen, kunnen de rode woorden nog eens herhalen of slaan dit over , doch er
nog interessante eigenschappen tussen zitten )

Een driehoek 4ABC is gelijkbenig met |AB| = |AC| als en slechts als de twee hoeken (”basishoe-
ken”) B en C gelijk zijn.

In gelijkvormige driehoeken 4ABC en4XY Z zijn de overeenkomstige hoeken gelijk en de over-
eenkomstige zijden hebben een constante verhouding (”de zijden zijn evenredig”).
I.e.A = X,B = Y,C = Z, ABXY = BC

Y Z = CA
ZX . Notatie ABC ∼ XY Z

Twee driehoeken 4ABC en 4XY Z zijn congruent (gelijkvormig en de overeenkomstige zijden
zijn even lang) als een van de volgende voldaan is (”congruentiekenmerken”)
Alle overeenkomstige zijden even lang zijn (”ZZZ”)
Twee overeenkomstige zijden even lang zijn, en de ingesloten hoeken gelijk zijn (”ZHZ”)
Twee overeenkomstige hoeken gelijk zijn, en n overeenkomstig paar zijden even lang is (”HZH ën
”ZHH”)

Voor gelijkvomigheid is het voldoende dat de verhouding van de zijden gelijk is ( ZHH wordt dan
HH)

Stelling van Pythagoras: in een rechthoekige driehoek met rechte hoek A geldt |AB|2 + |AC|2 =
|BC|2.
Als twee driehoeken een gemeenschappelijke top hebben, en een basis met dezelfde drager (de
drager van een lijnstuk AB is de rechte AB), dan verhouden hun oppervlakten zich als de lengten
van hun basissen.
Dus: voor driehoekenABC enADE, metB,C,D,E colineair (op dezelfde rechte) geldt [ABC]/[ADE] =
BC/DE.
Dit volgt onmiddellijk uit öppervlakte driehoek = basis * hoogte / 2”. Hierbij staat [ABC] voor
de oppervlakte van de driehoek ABC.
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Nog wat naamkennis herhalen:

* De zwaartelijnen van een driehoek (uit een hoekpunt naar het midden van de overstaande zijde)
snijden elkaar in 1 punt, het zwaartepunt Z van de driehoek, in de theorie staat er G

* De hoogtelijnen van een driehoek (uit een hoekpunt loodrecht op de overstaande zijde) snijden
elkaar in n punt, het hoogtepunt H van de driehoek.

* De middelloodlijnen van een driehoek (de middelloodlijnen van de zijden) snijden elkaar in n
punt, het omcentrum O van de driehoek.

* De bissectrices van een driehoek (de bissectrices van de hoeken) snijden elkaar in n punt, het
incentrum I van de driehoek.

* (de negenpuntscirkel) het centrum van de negenpuntscirkel wordt met E of N dit is het middel-
punt van de cirkel (de negenpuntscirkel) door:
- de middens van de zijden van de driehoek
- de middens van [AH], [BH], [CH]
- de voetpunten van de hoogtelijnen

eig. Vliegers:

*2 paar aangrenzende zijden zijn even lang en *De diagonalen van een vlieger staan loodrecht op
elkaar.

basiseigenschappen over koordenvierhoeken:

*de overstaande hoeken zijn supplementair

*omtrekshoeken op een gelijke boog zijn gelijk, met een waarde die de helft is van de middelpunts-
hoek op de boog.

Op volgende tekening zien we dus duidelijk dat ∠CBF = ∠CDB = ∠CEB = 0.5∠CAB met die
eigenschappen.
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vervollediging naamgeving

• de trilineaire pool en poollijn van een driehoek: zie bovenste tekening op vorige bladzijde. In
een driehoek ABC is er een punt P (de trilineaire pool), AP,BP,CP snijden hun overstaande
zijden in A”, B”, C” dan snijden A′B′, AB en analoog op een rechte, deze noemen we de
trilineaire poollijn ( bestaat door de stelling van Desargues)

Stelling 5.1. (stellingen van Miquel bij vierhoeken)

M is het Miquel punt tov AB,CD,AC,BD wanneer geldt dat X het snijpunt is van de
omgeschreven cirkels , van de snijpunten van ieder triplet lijnen. Stel P = AC ∩ BD,R =
AB∩CD. Er geldt met de stelling dat M op de omgeschreven cirkels van ABP,CPD,RBD
en RAC ligt. De hoogtelijnen van de 4 driehoeken liggen op een rechte (gevolg van de
steinerlijn). De 4 omcentra zijn cyclisch met het Miquelpunt

De stelling van Miquel zegt ook dat als in een driehoek4ABC met D,E, F ∈ [AB], [AC], [CB]
, als 2 van de 3 omgeschreven cirkels �CEF,�ADE,�BDF elkaar snijden in een punt M
inwendig in de driehoek, dan ligt dat punt ook op de derde cirkel.

• ceviaandriehoek:

4A”B”C” is de ceviaandriehoek van 4ABC tov het punt P als

A”, B”, C” gelijk zijn aan AP ∪BC,BP ∪AC en CP ∪AB resp.

• anticeviaandriehoek, als 4A′B′C ′ is de anticeviaandriehoek van 4ABC tov het punt P als

A op de rechte B′C ′ ligt en zo ook C ′, A,′B collineair zijn en C ∈ A′B′

P = AA′ ∪BB′ ∪ CC ′

4ABC de ceviaandriehoek is van A′B′C ′ tov P

Er geldt dat (AA”PA′) = −1 en de cyclische viertallen zijn harmonisch (zie sectie deelver-
houdingen).

Enkele anticeviaandriehoeken van belangrijke punten:

I : excentral triangle

Z: anticomplementaire driehoek

symmediaanpunt: raaklijnendriehoek (driehoek gevormd door de raaklijnen)

• circumceviaandriehoek / circumceviantriangle

In 4ABC is P een inwendig punt (geen hoekpunt), dan is A′B′C ′ de circumceviaandriehoek
als A′ = PA ∪ τ en analoog met τ de omgescreven cirkel. Als O = P is A′ de antipode /
diametraal overgesteld punt van A.

• contactdriehoek (intouchtriangle) voetpuntsdriehoek van I

• aanraakdriehoek: driehoek gevormd door de raakpunten van 4ABC met zijn aangeschreven
cirkels

• isogonaal verwant: 2 punten zijn isogonaal verwant als de rechten door deze punten en een
hoekpunt van de driehoek, symmetrisch zijn tov de bissectrice uit dat hoekpunt en dit voor
ieder hoekpunt (hun overeenkomstige cevianen/ hoektransversalen hebben een omgekeerde
verhouding tot de zijden)

De voetpuntsdriehoeken van 2 isogonaal verwante punten liggen op 1 cirkel, waarvan het
middelpunt het midden is van die 2 punten.

• isotomisch verwantschap:2 punten zijn isotomischl verwant als de loodlijnen op een zijde van
de driehoek, symmetrisch zijn tov de middelloodlijnen uit dat hoekpunt en dit voor iedere
zijde (vb. het punt van Gergonne en het punt van Nagel zijn isotomisch verwant)
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• symmedianen: De symmedianen zijn de spiegelbeelden van de zwaartelijnen in de bissectrices
=de rechten isogonaal verwant met de zwaartelijnen

• Het punt van Lemoine in een driehoek is het snijpunt van de symmedianen. Het punt van
Lemoine is het punt dat de som van de kwadraten van de afstanden tot de zijden van de
driehoek minimaliseert en is isogonaal verwant met het zwaartepunt.

• het punt van Nagel: X,Y, Z zijn de raakpunten van Ia, Ib, Ic met de driehoek 4ABC, dan
is het Na het punt van concurrenctie van AX,BY en CZ.

• rechte van Nagel: Na, I, S (punt van Spieker dat het incentrum is van de middendriehoek)
en Z liggen op deze rechte in de verhouding |NS| : |SZ| : |ZI| = 3 : 1 : 2.

• ( rechte van Euler): H,N,Z,O op 1 rechte liggen in die volgorde en de verhoudingen zijn:
HN : NZ : ZO = 3 : 1 : 2

• het inwendig punt van Gergonne: het snijpunt van de lijnen door de hoekpunten en de raak-
punten van de ingeschreven cirkel aan de overstaande zijden. uitwendig punt van Gergonne:
snijpunten van cevianen door de raakpunten van 1 aangeschreven cirkel

• de Longchapspunt L: het hoogtepunt v.d. anticomplementaire driehoek en is het punt zodat
O het midden is van HL.

• Bevanpunt: omcentrum V van de aangeschreven driehoek/excentral triangle IaIbIc (4 ge-
vormd door aancentra)

voetpuntsdriehoek van V is de aanraakdriehoek

V = het midden van [NaL] en ligt er samen met V ′ (isogonaal verwante punt van V ′)

O is het midden van [IV ]

het spiekerpunt is het midden van [HV ]

• Het punt van Fermat:

In het geval dat de grootste hoek van de driehoek kleiner is dan 120, is de totale afstand
van het punt naar de drie hoekpunten minimaal.

De binnenste hoeken, gevormd door dit punt: ∠AFB,∠BFC,∠CFA zijn alle gelijk
aan 120◦

De omschreven cirkels van de drie gelijkzijdige driehoeken van de constructie snijden in
dit punt

De driehoek, gevormd door de centra van de drie gelijkzijdige driehoeken in de con-
structie is ook een gelijkzijdige driehoek (Stelling van Napoleon) en het centrum van de
omgeschreven cirkel van deze driehoek is het punt van Fermat van de originele driehoek

Als 4ABZ,4ACY,4BCX de uitwendige gelijkzijdige driehoeken zijn, geldt dat F =
CZ ∪ BY ∪ AX. F is het punt waarvoor AP + BP + CP minimaal is, bewijs door Z ′ te
nemen door P 60 te draaien rond A richting Z, waarna PZ ′ = AP en |ZZ ′| = |PB|.

• Brocardpunten: zij O1 het eerste punt van Brocard van driehoek 4ABC, dan geldt dat
∠O1AB = ∠O1BC = ∠O1CA = γ = ∠ABO2 = ∠BCO2 = ∠CAO2 met O2 het tweede
Brocardpunt, dat het isogonaal geconjugeerd punt van O1 is.

• De rechte van Simson

Drie punten zijn collineair als en slechts als de driehoek gevormd door deze drie punten een
oppervlakte heeft die nul is. Ga nu zelf met behulp van eigenschap 3 uit de vorige paragraaf
de volgende stelling na:

De projecties van een punt P op de zijden van ABC zijn dan en slechts dan collineair als P
op de omgeschreven cirkel van ABC ligt.

81



De rechte die de drie projecties van het punt P bevat noemt men de rechte van Simson
van punt P t.o.v. ABC.

Deze stelling zal je soms van pas komen wanneer je een probleem te lijf gaat. Tracht
ook als oefening eens een rechtstreeks bewijs te vinden, dus zonder de uitdrukking voor
de oppervlakte van een voetpuntsdriehoek te gebruiken.

• de Steinerlijn is de lijn l gevormd door een punt P op de omgeschreven cirkel te spiegelen
over AB,BC,AC en gaat door H.
Het is de homothetie met center in P van de Simsonlijn met een factor 2.
Het punt P wordt het antiSteinerpunt van l tov 4ABC genoemd
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De basis om een meetkundevraag op een problem-solving-wedstrijd bestaat uit het volgende;

• isometrieen zoals homotheties, verschuivingen, verdraaiingen

• gelijkvormigheid en congruentie

• de eigenschappen van koordenvierhoeken en omtrekshoeken: omtrekshoeken op eenzelfde
boog zijn gelijk en dus ook de hoeken op dezelfde zijde binnen een koordenvierhoek, wiens
overstaande hoeken een som van 180 graden heeft.

• vectoren.

• angle-chasing: hoekjagen, vaak start men met hoekjagen om hieruit de conclusies i.v.m.
cirkelbogen te kunnen trekken

• constructie van interessante punten die helpen het probleem op te lossen.
Wanneer men iets moet bewijzen dat niet direct meetkundig te interpreteren is, kan een
constructie van een nieuw punt vaak helpen, bvb. als de som van 2 lengtes gelijk moet zijn
aan 1 lengte.
Bij collineairiteit, kan het helpen, wanneer men een nieuw punt P beschouwt, als P,A,B en
P,A,C collineair zijn, zijn A,B,C ook collineair.

• Als het niet duidelijk is, hoe iets te bewijzen valt, moet men het goede idee/ oplossing soms
zien van het meetkundig probleem en dan bewijzen dat die oplossing idd voldoet.

Wie het toch nodig vindt, kan de uitgebreide bijlage basis meetkunde eerst eens doornemen.

Stellingen kennen, is zeker handig, maar toch zal er eerst wat moeten geoefend worden om de
inzichten te hebben.
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1. In 4ABC is Â = 66◦ en |AB| < |AC|. De buitenbissectrice in A snijdt BC in D en
|BD| = |AB|+ |AC|. Bepaal de hoeken van 4ABC. link

2. 4ABC is een scherphoekige driehoek en ω is een cirkel met middelpunt L ∈ [BC] die raakt
aan [AB], [AC] in B′, C ′.
Het omcentrum O van 4ABC ligt op de kleine boog B′C ′ van ω.
Bewijs dat de omcirkel �O en ω snijden in 2 verschillende punten. link

3. Zij ABC een scherphoekige driehoek met omgeschreven cirkel τ en hoogtepunt H. Zij K
een punt op τ aan de andere kant van BC dan A. Zij L het spiegelbeeld van K in de lijn
AB en zij M het spiegelbeeld van K in de lijn BC. Zij E het tweede snijpunt van τ met de
omgeschreven cirkel van driehoek BLM. Bewijs dat de lijnen KH, EM en BC door n punt
gaan. (Het hoogtepunt van een driehoek is het punt dat op alle drie de hoogtelijnen ligt.)

link

4. Gegeven zijn vijf punten A,B,C,Den E zodanig dat ABCD een parallellogram is en BCED
een koordenvierhoek.
Zij l een lijn (een rechte) door A, die het inwendige van het lijnstuk DC snijdt in F en die
de lijn BC snijdt in G. Veronderstel dat |EF | = |EG| = |EC|.
Bewijs dat l de bissectrice is van hoek DAB. link

5. Zij ABCD een convexe vierhoek met AB niet parallel aan CD, en X een inwendig punt
zodat ∠ADX = ∠BCX < 90◦ en ∠DAX = ∠CBX < 90◦.
Als Y het snijpunt is van de middelloodlijnen van AB en CD, bewijs dan dat ∠AY B =
2∠ADX. link

6. Zij AH1, BH2, CH3 de hoogtelijnen van een scherphoekige driehoek ABC.
De ingeschreven cirkel raakt de zijden BC,AC,AB in T1, T2, T3 respectievelijk.
Beschouw de spiegelbeelden van de rechten H1H2, H2H3, H3H1 ten opzichte van de rechten
T1T2, T2T3, T3T1.
Bewijs dat deze beelden een driehoek vormen waarvan de hoekpunten op de ingeschreven
cirkel van ABC liggen.link

7. Zij ABC een driehoek met ∠BAC = 90◦. Zij AP de bissectrice van ∠BAC en BQ de
bissectrice van ∠ABC, met P op BC en Q op AC. Als AB+BP = AQ+QB, wat zijn dan
de hoeken van de driehoek? link

8. ABCD is een convexe vierhoek met Γ1 en Γ2 de incirkels van 4ABC en 4ADC respectie-
velijk.

Stel dat er een cirkel Γ is die raakt aan de (verlengde) zijden BC,AB,AD,CD.

Bewijs dat de gemeenschappelijke uitwendige raaklijnen van Γ1 en Γ2 elkaar snijden op Γ

link
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5.2 lemma’s

In deze paragraaf bekijken we enkele lemma’s van dichterbij die ongewoon vaak hun intrede deden
in IMO-problemen de voorbije jaren. Waar Lemma 1 misschien ook als fundamentele stelling
bestempeld zou kunnen worden, zijn Lemma 2 en vooral Lemma 3 ongemeen belangrijk voor elke
IMO-deelnemer.

Figuur 1: De raakomtrekshoek

Lemma 1 (Raakomtrekshoek) Beschouw een cirkel ω die de punten A en B bevat. De raaklijn
aan ω in A sluit een hoek in met AB die in grootte gelijk is aan een van beide omtrekshoeken op
AB in ω.

(Bewijs als oefening)

Lemma 2 De reflecties van het hoogtepunt H van ABC ten opzichte van de zijden liggen op
de omgeschreven cirkel van ABC.

Het bewijs van dit lemma is eenvoudig en kan als oefening dienen voor de lezer.

Figuur 2: Lemma 2
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Lemma 3 In driehoek ABC noemen we I het middelpunt van de ingeschreven cirkel, en Ia het
middelpunt van de aangeschreven cirkel tegenover A.

• De binnen(resp. buiten)bissectrice van A snijdt de middelloodlijn van BC in het punt D
(resp. het punt E) op de omgeschreven cirkel.

• De cirkel met diameter IIa bevat B en C en heeft D als middelpunt.

• De cirkel door B,C, Ic, Ib geeft E als middelpunt

Dit lemma is allicht het belangrijkste uit deze hele paragraaf, en een van de vaakst terugkerende
lemmata in oplossingen van IMO-problemen.
Het bewijs is een goede oefening angle-chasing, maar he is ook een gevolg van het feit dat ABC
de negenpuntscirkel is van IaIbIc.

Figuur 3: Lemma 3

Lemma 4 In driehoek ABC zijn O en H isogonaal verwant
Bewijs. met angle-chasing: ∠BAH = ∠CAO = 90− α en analoog

uitgebreide bijlage over vele lemma’s
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1. Twee cirkels G1 en G2 snijden in M en N . Zij AB de rechte die raakt aan beide cirkels in A
en B respectievelijk, zodat M dichter bij AB ligt dan N . Zij CD de rechte parallel met AB
die door M gaat en C op G1 en D op G2. De rechten AC en BD snijden in E; de rechten
AN en CD snijden in P ; de rechten BN en CD snijden in Q. Toon aan dat EP = EQ.

link
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Lemma 5 In een driehoek 4ABC met omgeschreven cirkel �O snijden de raaklijnen in B en C
in D, dan geldt dat AD een symmediaan is in de driehoek

Lemma 6 In een driehoek 4ABC met ingeschreven cirkel �I die [BC] raakt in D, is DE de
diameter van �I.
De lijn AE snijdt [BC] in F. Dan geldt dat |BD| = |CF |.
Bewijs. Merk op dat een homothetie uit A die �I naar �Ia afbeeldt, ook E op F afbeeldt.

lemma 7 [AB] en [CD] zijn 2 lijnstukken. Er bestaat dan een spiral similarity (samenstelling van
rotatie met een draaiing) die het ene lijnstuk op het andere afbeeldt.
Zij X = AC ∪BD , dan is O = �ABX ∪ �CDX het centrum van die spiral silmilarity.

lemma 8A In een driehoek 4ABC met incenter I construeren we de mixtilineaire incirkel die
raakt aan [AB], [AC] in X,Y en aan de omcirkel �O in P.
Dan is I het midden van [XY ].

lemma 8B In een driehoek 4ABC met incenterl I en D ∈ [BC] construeren we de cirkel die
raakt aan [AD], [DC] in X,Y en aan de omcirkel �O in P.
Dan is I ∈ [XY ].

lemma 9a De incirkel �I raakt de zijden [AB], [AC], [BC] in F,E,D resp.
Als M het midden is van [BC] geldt dat EF,DI,AM concurrent zijn

lemma 9b De incirkel �I raakt de zijden [AB], [AC], [BC] in F,E,D resp.
Als M het midden is van [BC] en T = CI ∪ EF , geldt dat B,D, I, T, F cyclisch zijn

lemma 10 2 cirkels �I,�O raken elkaar inwendig in P , waarbij �I de kleinste cirkel is.
A,B ∈ �O verschillend van P , AA′, BB′ zijn raaklijnen aan �I met A′, B′ ∈ �I. Dan geldt dat
|AA′|
|AP | = |BB′|

|BP |
Via voorbeelen genoeg met enkel lemma 10 zie je hoe zinvol ieder lemma apart kan zijn.
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De oefensectie:
1. A1, B1, C1 zijn punten die gekozen zijn op de zijdne BC,AC;AB van een driehoek ABC.

De omgeschreven cirkels van AB1C1, A1BC1, A1B1C snijden de omgeschreven cirkel van
4ABC in A2, B2, C2 resp. Punten A3, B3, C3 zijn de spiegelbeelden van A1, B1, C1 tov de
middens van BC,AC,AB resp. Bewijs dat 4A2B2C2 ∼ 4A3B3C3.
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basisstellingen

De bissectricestelling

Figuur 4: De bissectricestelling

Een eigenschap van de bissectrices van een driehoek ABC die in talloze problemen als een zeer
fundamentele stelling opduikt is de volgende:

De binnen- en buitenbissectrice van hoek α snijdt BC in D en E respectievelijk.
Er geldt dat

AB

AC
=
BD

CD
=
BE

CE

Reim’s stelling

Zij ABCD een koordenvierhoek en X,Y op de rechten AC,BD zodat XY//BC, dan is ADXY
cyclisch.
Merk op dat dit ook geldt voor X,Y op AB,CD met XY//BC dat ADXY ook cyclisch is en
dit ook geldt in omgekeerde zin ( 2 koordenvierhoeken, rechte door snijpunten snijdt in 4 punten,
waarvan er 2 bij 2 evenwijdig zijn).
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Voetpuntsdriehoeken Wanneer je in een probleem een punt binnen een driehoek ontmoet, kan
het vaak nuttig zijn om de zogenaamde voetpuntsdriehoek te beschouwen. De voetpuntsdriehoek
van een punt P in een driehoek ABC is per definitie de driehoek gevormd door de loodrechte
projecties van P op de zijden van ABC. Zo zullen bijvoorbeeld de middens van de zijden van
ABC de hoekpunten van de voetpuntsdriehoek van O zijn. De voetpuntsdriehoek heeft enkele
eigenschappen die af en toe tot een zeer korte oplossing van een probleem kunnen leiden.

Eigenschappen In ∆ABC tekent men de voetpuntsdriehoek DEF van P . Er geldt dat

• ∠EDF = ∠CPB − ∠CAB

• |DE| = |CP | · sinC

• Opp(DEF) =
1

4

∣∣∣∣∣1−
|OP |2
R2

∣∣∣∣∣ · Opp(ABC).

Essentieel bestaat het bewijs van de eerste twee eigenschappen uit het optellen van hoeken en
het gebruiken van de sinusregel. De derde eigenschap is minder eenvoudig en verdient speciale
aandacht. We geven eerst een bewijs:

Noem Q het tweede snijpunt van AP en de omgeschreven cirkel van ABC. We merken op dat
BDPF en AEPF koordenvierhoeken zijn, en dus vinden we dat ∠EFD = ∠EFP + ∠PFD =
∠EAP + ∠PBD = ∠CBQ + ∠PBC = ∠PBQ. Voor de oppervlakte van DEF vinden we ten
slotte:

2 ·Opp(DEF ) = |EF | · |DF | . sinEFD
= |AP | · |BP | · sinA · sinB · sinPBQ
= |AP | · |PQ| · sinA · sinB · sinPQB
= |

(
|OP |2 −R2

)
| · sinA · sinB · sinC

Hieruit volgt het gestelde.

Figuur 5: De voetpuntsdriehoek
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1. Zij ABCD een cyclische vierhoek en P,Q,R de voetpunten van de loodrechten uit D op de
rechten BC,CA,AB respectievelijk. Toon aan dat PQ = QR als en slechts als de bissectrices
van ∠ABC en ∠ADC concurrent zijn met AC.

link

2. Van een driehoek ABC is I het middelpunt van de ingeschreven cirkel. De binnenbissectrices
van de hoeken A, B en C snijden de overstaande zijden respectievelijk in A0, B0 en C0. Bewijs

dat 1
4 <

|AI||BI||CI|
|AA0||BB0||CC0| ≤

8
27 link
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5.3 goniometrie

Goniometrische formules onder de knie hebben, biedt soms een voordeel om aan te tonen dat een
uitdrukking klopt, wanneer men een meetkundige vraag uitwerkte met de goniometrische formules.

Het kan ook helpen bij een ongelijkheid met speciale voorwaarden, die aan een goniometrische
substitutie voldoen.

Een voorbeeld hiervan, is xyz = x + y + z, waarna x = tanA, y = tanB, z = tanC soms kan
helpen.

De substitutie van Ravi, zegt dat driehoeksgetallen a, b, c geschreven kunnen worden als x+y, x+
z, y + z waarbij x, y, z > 0.
Dit komt door de raakpunten van de incirkel te beschouwen.

Er bestaan ook enkele formules voor de oppervlakte van een veelhoek in het gecoordinaliseerde
vlak:

Stelling 5.2. (stelling van Pick)

Een roosterveelhoek (iedere hoek ligt op een roosterpunt), bevat I punten inwendig en O punten
op de omtrek, da n is de oppervlakte van deze veelhoek gelijk aan I + O

2 − 1.

Stelling 5.3. (shoelace formule)

P1P2 · · ·Pn is een veelhoek waarbij de coordinaten van punt Pi = (xi, yi) zijn.
Dan geldt dat de oppervlakte = 1

2 |
∑
xiyi+1 −

∑
xi+1yi|.
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1. Vind alle k ∈ N zodat als geldt dat k(ab+ bc+ ca) > 5(a2 + b2 + c2) voor a, c, b > 0, dat dan
geldt dat a, b, c de zijden van een driehoek kunnen zijn.

link

2. Vind alle drietallen x, y, z ∈ R zodat geldt dat

5

(
x+

1

x

)
= 12

(
y +

1

y

)
= 13

(
z +

1

z

)
, xy + yz + zx = 1

link

3. De raaklijnen in B en A aan de omgeschreven cirkel van een scherphoekige driehoek ABC
snijden de raaklijn in C in T en U respectievelijk.
AT snijdt BC in P en Q is het midden van AP .
BU snijdt CA in R en S is het midden van BR. Bewijs dat ∠ABQ = ∠BAS.
Bepaal, in termen van verhoudingen van de zijdelengtes, de driehoek waarvoor deze hoek
maximaal is. link
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5.4 Macht van een punt

Wanneer we een punt P en een cirkel ω met middelpunt O en straal R beschouwen, en we tekenen
een willekeurige rechte door P die ω snijdt in A en B, dan merken we op dat de grootte van
|PA| . |PB| onafhankelijk is van de gekozen rechte. (Bewijs dit) We definiëren PPω :de macht van
P t.o.v. ω als

• − |PA| . |PB| als P binnen de cirkel ligt.

• 0 als P op de cirkel ligt.

• |PA| . |PB| als P buiten de cirkel ligt.

Toon nu aan dat de macht van P t.o.v. ω ook gegeven wordt door |OP |2 − R2. Nu wordt de
betekenis van het minteken in de definitie van de macht van P t.o.v. ω duidelijk, ze was nodig om
de zonet gegeven uitdrukking steeds te doen kloppen.

Machtlijn

Figuur 6: De machtlijn

Wanneer er twee cirkels in het spel zijn zouden we ons kunnen afvragen wat de meetkundige plaats
is van alle punten P die t.o.v. beide cirkels dezelfde macht hebben. Beschouw daartoe twee cirkels
ω1, ω2 met straal r1, r2 en middelpunt O1, O2. Zij P een punt dat gelijke macht ten opzichte
van beide cirkels heeft, en noem H de projectie van P op O1O2. Volgende gelijkheden zijn nu
equivalent:

|O1P |2 − r21 = |O2P |2 − r22
|O1H|2 + |HP |2 − r21 = |O2H|2 + |HP |2 − r22

|O1H|2 − r21 = (|O2O1| − |HO1|)2 − r22
2 · |HO1| · |O2O1| = |O2O1|2 + r21 − r22

Merk op dat de onderste vergelijking enkel afhankelijk is van de positie van H. Het punt P zal
met andere woorden dan en slechts dan een gelijke macht hebben t.o.v. beide cirkels als H dat ook
heeft. Wanneer |O1O2| 6= 0 is de laatste vergelijking een eerstegraadsvergelijking die een unieke H
oplevert (Merk op dat we met geöriënteerde lengtes werken). Bijgevolg is de meetkundige plaats
die we zochten een rechte loodrecht op O1O2. Deze rechte wordt ook wel de machtlijn van beide
cirkels genoemd.

Merk op dat we eenvoudig de machtlijn van twee snijdende cirkels kunnen terugvinden als de
rechte door beide snijpunten (of de gemeenschappelijk raaklijn indien de cirkels raken in een
punt). Ga na waarom dat zo is.
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Machtpunt

Wanneer we drie cirkels beschouwen, dan kunnen we voor elk paar cirkels de machtlijn gaan
beschouwen. Bewijs nu zelf de volgende stelling:

Gegeven zijn drie cirkels ω1, ω2 en ω3. De drie machtlijnen die we krijgen door telkens twee
verschillende cirkels uit de gegeven drie cirkels te beschouwen zijn concurrent.

Het punt van concurrentie van deze 3 machtlijnen wordt vaak het machtpunt van de drie cirkels
genoemd.

Voorbeeld 5.4. (stelling van Cayce)

Zij O1, O2 de centra van cirkelsω1, ω2 met machtlijn l, dan geldt dat |PPω1
−PPω2

| = 2|O1O2| ·d(P, l).

Bewijs. We zeggen dat P aan dezelfde kant als ω2 van l ligt uit symmetrieredenen.

Merk ten eerste op dat we terug de projectie van P op O1O2 kunnen nemen:
P ′ en dat |PP ′ω1

− PP ′ω2
| = |PPω1

− PPω2
|.

Net zoals op de figuur van vorige bladzijde is H = l ∪O1O2.
PP

′
ω1

= |O1P
′|2 − r21 = (|O1H|+ |HP ′|)2 − r21 = |HP ′|2 + 2|O1H||HP ′|+ PHω1

PP
′

ω2
= |O2P

′|2 − r21 = (|O2H| − |HP ′|)2 − r22 = |HP ′|2 − 2|O2H||HP ′|+ PHω2

De leden van elkaar aftrekken en opmerken dat PHω1
= PHω2

geeft nu het gevraagde.
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1. Zijn A,B,C en D vier verschillende punten op een rechte, in die volgorde. De cirkels met
diameters AC en BD snijden in X en Y . O is een willekeurig punt op XY maar niet op AD.
CO snijdt de cirkel met diameter AC opnieuw in N . Bewijs dat AM,DN en XY concurrent
zijn. link

2. In het vlak zijn twee cirkels gegeven die snijden in de punten X en Y . Bewijs dat er vier
punten bestaan met de volgende eigenschap: voor iedere cirkel die de twee gegeven cirkels
raakt in A en B, en die de rechte XY in C en D snijdt, passeert ieder van de rechten
AC,AD,BC,BD door n van deze punten.

link
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5.5 meetkundige relaties

Onder meetkundige relaties verstaan we zowel enkele relaties binnen de meetkunde ivm lengten,
alsook meetkundige plaatsen.

Stelling 5.5. (De cirkel van Apollonius)

Zij [AB] een lijnstuk en k een positief reel getal ongelijk aan 1.

De meetkundige plaats van alle punten P waarvoor geldt |PA||PB| = k is een cirkel met middelpunt

op de rechte AB.

opmerking: indien k = 1 is de meetkundige plaats de middelloodlijn van het lijnstuk, mbv de
bissectricestelling kennen we 3 punten en is de cirkel dus te construeren
extra: wanneer men de 3 Apoloniuscirkels tekent in een driehoek,
zijn hun middelpunten collineair en snijden ze elkaar in 2 gemeenschappelijke punten.

Andere meetkundige plaatsen, kunnen met oppervlakten of met hoeken werken,
bvb. een lijnstuk [AB] is gegeven , alle punten C zodat [4ABC] = Cte liggen op 2 evenwijdige
rechten.
alle punten D zodat ∠ADB = Cte liggen op 2 cirkelbogen.

Stelling 5.6. (Stewart’s relatie)

In een driehoek ABC met een punt P ∈ [BC] geldt dat |AC|2|BP |+ |AB|2|PC| = |BC|(|AP |2 +
|CP ||PB|)
Stelling 5.7. ( Brahmagupta)

De oppervlakte in een vierhoek ABCD : S =
√

(s− a)(s− b)(s− c)(s− d)− abcd cos2 ∠ABC+∠BCD
2

( vooral gekend als die cosinus 0 is bij een koordenvierhoek, als generalisatie van de formule van
Heroon)

Stelling 5.8. (stellingen van Carnot)

• Zij O het omcentrum van 4ABC dan geldt dat de som van de afstanden van O tot de
middens van de zijden van de driehoek gelijk is aan R + r waarbij een afstand afgetrokken
werd als ze buiten de driehoek ligt.

• X,Y, Z zijn punten op de rechten AB,AC,BC van driehoek 4ABC.
De loodlijnen uit deze 3 punten zijn concurrent a.e.s.a.

|BX|2 + |AY |2 + |ZC|2 = |BZ|2 + |CY |2 + |AX|2

• Een triviale stelling van Carnot: A,B,X, Y zijn 4 punten, dan geldt dat AB ⊥ XY ⇔
AX2 −BX2 = AY 2 −BY 2.

Voorbeeld 5.9. (stelling van Newton) Het middelpunt I van de ingeschreven cirkel van een
raaklijnenvierhoek [ABCD] is collineair met de middens M,N van de diagonalen[AC], [BD].

Bewijs. Beschouw de meetkundige plaats van alle punten P waarvoor geldt dat [ABP ]+[CDP ] =
[ADP ] + [BCP ].

Ten eerste merkten we natuurlijk al op dat I,M,N hieraan voldoen :

2[ADN ] = [ADB], 2[BNC] = [BDC] en analoog voor M.

[AID] + [BIC] = r
2 (|AD|+ |BC|) = 0.5[ABCD].

Tot slot is het voldoende te bewijzen dat onze meetkundige plaats een rechte is,

neem hiervoor E = AD ∪ BC en laat F,G ∈ AD,BC zodat |AD| = |EF |, |BC| = |EG|. De som
van de oppervlakten is nu gelijk aan [EFG] + [FGP ] en dus moet P op een evenwijdige reche met
EF liggen.
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1. ABCD is een vierkant in het vlak. Vind alle punten P 6= A,B,C,D die voldoen aan

ÂPB + ĈPD = 180◦.

link

2. Vind de meetkundige plaats van alle punten P in 4ABC zodat de driehoek met zijdelengten
|PA|, |PB|, |PC| een oppervlakte geeft van 1

3 [ABC].

link

3. In een driehoek 4ABC geldt dat AD,BE,CF de drie hoogtelijnen zijn. Bewijs dat de
omtrek van 4DEF ≤ is dan de helft van de omtrek van 4ABC.
link

4. A en B zijn twee opeenvolgende hoekpunten van een regelmatige veelhoek met n zijden,
n > 5, en middelpunt O.
Een driehoek XY Z, die congru- ent is met de driehoek OAB, wordt om te beginnen zo
geplaatst dat de hoekpunten X, Y en Z samenvallen met respectievelijk O,A en B.
De driehoek XY Z verplaatst zich vervolgens in het vlak van de veelhoek zo, dat de punten
Y en Z op de zijden van de veelhoek blijven liggen en X binnen de veelhoek blijft.
Welke figuur wordt door het punt X beschreven wanneer Y de hele omtrek van de veelhoek
doorloopt? link
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5.6 de echte stellingen

2 stellingen die zeer frequent toepasbaar zijn, zijn de volgende:

Stelling 5.10. ( Menelaos)

Zij D,E, F punten die resp. op AB,AC,BC liggen, dan geldt dat D,E, F collineair zijn a.e.s.a.
~AD· ~BF · ~CE
~DB· ~FC· ~EA = −1

Stelling 5.11. ( Ceva)

Zij D,E, F punten die resp. op AB,AC,BC liggen, dan geldt dat D,E, F collineair zijn a.e.s.a.
~AD· ~BF · ~CE
~DB· ~FC· ~EA = 1

Beide zijn te bewijzen door te werken met oppervlakten.

gevolgen van stelling van Ceva

Stelling 5.12. (de goniometrische vorm van Ceva)

Zij D,E, F punten die resp. op AB,AC,BC liggen, dan geldt dat AD,BE,CF concurrent zijn
a.e.s.a.
sin(BAF )·sin(ACD)·sin(CBE)
sin(DCB)·sin(FAC)·sin(EBA) = 1

Stelling 5.13. (stelling van Jacobi)

Gegegen een driehoek 4ABC en 3 punten X,Y, Z die alle 3 inwendig zijn of alle 3 uitwendig lig-
gen). Als ∠ZAB = ∠Y AC,∠ZBA = ∠XBC en ∠XCB = ∠Y CA dan zijn de lijnen AX,BY,CZ
concurrent.
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1. Zij A1 het midden van het vierkant ingeschreven in de scherphoekige driehoek ABC met
twee hoekpunten van het vierkant op de zijde BC en dus de twee andere op AB en AC.
De punten B1 en C1 worden analoog gedefinieerd voor de ingeschreven vierkanten met twee
hoekpunten op AC en AB respectievelijk. Bewijs dat de rechten AA1, BB1, CC1 concurrent
zijn.

link

2. Zij O het midden van de omgeschreven cirkel en H het hoogtepunt van een scherphoekige
driehoek ABC. Toon aan dat er punten D,E, F bestaan op de zijden BC,CA,AB respectie-
velijk, zodat OD+DH = OE+EH = OF +FH, en de rechten AD,BE en CF concurrent
zijn.

link

3. Zij ABC een driehoek en P een uitwendig punt in het vlak van de driehoek. Veronderstel
dat de rechten AP,BP,CP de rechten BC,CA,AB snijden in D,E, F respectievelijk.
Veronderstel verder dat de oppervlakte van de driehoeken PBD,PCE,PAF allemaal gelijk
zijn. Bewijs dat ieder van deze oppervlaktes gelijk is aan de oppervlakte van de driehoek
ABC zelf.link
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5.7 stellingen die gevolg zijn van de stelling van Menelaos

Stelling 5.14. ( Gauss) Een rechte snijdt de zijden van een driehoek in punten A′, B′, C ′ , dan
geldt dat de middens van [AA′], [BB′], [CC ′] collineair zijn.

Stelling 5.15. (stelling van Monge)

De stelling van Monge-d’Alembert zegt dat als we 3 cirkels hebben, de gemeenschappelijke uitwen-
dige raaklijnen snijden in 3 punten die collineair zijn.

Hierbij bedoelen we dat de uitwendige raaklijnen van Γi en γi+1 snijden in Pi en dat P1, P2, P3 op
1 rechte liggen.

alternatieve vorm:

Zij O1, O2, O3 de 3 centra van resp. Γ1,Γ2,Γ3, zij P1 het snijpunt van de uitwendige raaklijnen
van Γ1,Γ2 en P2, P3 de snijpunten van de inwendige raaklijnen van resp. Γ3,Γ2 en Γ1,Γ3. Dan
geldt dat P1, P2, P3 opnieuw collineair zijn.

Stelling 5.16. (transversaalstelling)

A,B,C zijn 3 punten op een lijn en P is een punt die niet op die lijn ligt: A′, B′, C ′ zijn 3 punten
die liggen op AP,BP,CP resp., dan geldt er dat de punten A′, B′, C ′ collineair zijn als en slechts

als
~BC ~AP
~A′P

+
~CA ~BP
~B′P
· ~AB· ~CP

~C′P
= 0

Stelling 5.17. (Menelaos voor vierhoeken)

Als X,Y, Z,W punten zijn op AB,BC,CD,AD van een vierhoek ABCD en deze 4 punten liggen
op een rechte, dan geldt dat
~AX
~XB
· ~BY
~Y C
· ~CZ
~ZD
· ~DW

~WA
= 1

(deze stelling geldt niet in beide richtingen)

Stelling 5.18. (Cevian Nests theorem)

4ABC is een willekeurige driehoek met A′, B′, C ′ 3 punten op BC,AC,AB resp. en A”, B”, C”
3 punten op de rechten B′C ′, A′C ′, A′B′ resp., dan gelden de volgende 3 uitspraken als er 2 waar
zijn:

• AA′, BB′, CC ′ zijn concurrent

• AA”, BB”, CC” zijn concurrent

• A′A”, B′B”, C ′C” zijn concurrent

Stelling 5.19. (stelling van Desargues)

Twee driehoeken, ABC en XY Z, noemen we puntperspectief als AX,BY en CZ door 1 punt gaan
en we noemen ze lijnperspectief als de snijpunten van AB en XY , BC en Y Z, en CA en ZX op
1 lijn liggen. De stelling van Desargues zegt dat twee driehoeken lijnperspectief zijn dan en slechts
als ze puntperspectief zijn.
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1. Een punt P ligt willekeurig op [AB] van de convexe vierhoek ABCD.
ω is de incirkel van 4CPD met I als incenter.
ω is rakend aan de incirkels van 4APD,BPC in K,L resp.
E = AC ∩BD,F = AK ∩BL.
TB:E, I, F zijn collineair. link
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5.8 overige synthetische stellingen

Stelling 5.20. (De vlinderstelling) Laat M het midden zijn van een koorde PQ van een cirkel en
AB en CD twee andere koorden door M. Noem X het snijpunt zijn van AD en PQ en Y van BC
en PQ. Dan is M het midden van XY .

Stelling 5.21. ( Poncelet) Als er een veelhoek tegelijk ingeschreven is in kegelsnede Γ1 als kegel-
snede Γ2 omschrijft, bestaan er oneindig veel zo’n veelhoeken.

Stelling 5.22. ( Taylorcirkel)

Laat D,E, F de voetpunten zijn van A,B,C en zij D1, D2 de voetpunten van de loodlijnen uit D
op AC,AB en analoog, dan gaat de Taylorcirkel door D1, D2, E1, E2, F1, F2.

Stelling 5.23. ( Morley’s driehoek)

De eerste snijpunten van de trisectrices vormen in iedere driehoek een gelijkzijdige driehoek.

Stelling 5.24. ( stelling van Steiner)

In een 4ABC geldt dat als D,E ∈ [BC] en AD,AE isogonaal geconjugeerd zijn, geldt dat
|BD||BE|
|DC||EC| = |AB|2

|CA|2

Een ander resultaat van Steiner is dat de ingeschreven n-hoek met de grootste oppervlakte (in een
vaste cirkel), de regelmatige n−hoek is.

Stelling 5.25. (stelling van Pappos)

Deze stelling luidt: Liggen A1, B1 en C1 op een rechte d1 en liggen A2, B2 en C2 op een rechte
d2 , dan zijn de punten A : snijpunt van B1C2 en B2C1, B : snijpunt van A1C2 en A2C1 en C :
snijpunt van A1B2 en A2B1 collineair.

Stelling 5.26. (stelling van Pascal)

Neem zes willekeurige punten op een cirkel of andere kegelsnede, zeg A,B,C,D,EenF. Het snijpunt
van delijnen AB en DE noemen we P , het snijpunt van BC en EF noemen we Q en het snijpunt
van CD en FA noemen we R. Dan liggen P,Q en R op 1 lijn.

Stelling 5.27. (gegeneraliseerde stelling van Pascal door Mobius) stel dat een veelhoek met 4n+2
zijden ingeschreven wordt in een kegelsnede, en paren van tegenoverstaande zijden worden verlengd
totdat zij elkaar ontmoeten in 2n+ 1 punten, dan zal, als 2n van die punten op 1 lijn liggen, het
laatste punt ook op die lijn liggen.

Stelling 5.28. (stelling van Brianchon)

Neem een zeshoek ABCDEF van zes raaklijnen aan een kegelsnede. Dan zijn de lijnenAD,BE
en CF concurrent.
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Terug wat oefeningen, de enige goede leerschool.
1. Gegeven een scherphoekige driehoek ABC met |AC| > |BC| en F als voetpunt van C op

[AB]. Laat P een punt zijn op AB, 6= A zodat |AF | = |PF |. Zij H,O,M het hoogte-
punt,omcentrum en midden van [AC]. Zij X het snijpunt van BC en HP en Y ’t snijpunt
van OM en FX, laat OF snijden met AC in Z. Bewijs dat F,M, Y, Z een koordenvierhoek
vormen. link
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5.9 meetkundige ongelijkheden

Bepaalde meetkundige ongelijkheden, kunnen opgelost worden via gewone meetkunde (constructies
en lemma’s opstellen).

Er zijn enkele ongelijkheden die wel handig zijn te kennen:

Stelling 5.29. ( meetkundige ongelijkheden)

voor 4 punten in de ruimte:

parallellogramongelijkheid: |AB|2 + |BC|2 + |CD|2 + |AD|2 ≥ |AC|2 + |BD|2 met enkel gelijkheid
als ABCD een parallellogram is.

Ptolemaeus: |AB||CD| + |BC||AD| ≥ |AC||BD| met gelijkheid als ABCD een koordenvierhoek
is.

Binnen een driehoek:

Euler: R ≥ 2r en Leibniz: 9R2 ≥ a2 + b2 + c2 met gelijkheid a.e.s.a. 4ABC gelijkzijdig is.

Erdos-Mordell: Zij P ∈ 4ABC met DEF de voetpuntsdriehoek van P in die driehoek, dan geldt
dat |PA|+ |PB|+ |PC| ≥ 2(|PD|+ |PE|+ |PF |)

Stelling 5.30. ( stelling van Casey)

Zij Γ1,Γ2,Γ3,Γ4 4 cirkels en Lij zijn de lengtes van de in- of uitwendige raaklijnen tussen Γi en
Γj . Dan geldt dat

L12L34 ± L13L24 ± L14L23 = 0

uitgebreide bijlage over de stelling van Casey
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1. Een soldaat moet zich ervan overtuigen dat er binnen een gebied, dat de vorm heeft van een
gelijkzijdige driehoek, geen mijnen liggen.
De actieradius van zijn detector is gelijk aan de helft van de hoogte van de driehoek.
Hij begint in een hoekpunt.
Welke weg moet hij kiezen opdat de afstand die hij aflegt tot het moment dat het gebied
geheel is gecontroleerd, zo klein mogelijk is? link

2. O is een punt op een rechte g. ~OP1 · · · ~OPn zijn eenheidsvectoren, gelegen in een vlak door
g, allemaal aan dezelfde kant van g. Bewijs: als n oneven is, dan geldt | ~OP1 + ·+ ~OPn| > 1

link

3. Zij A = A1A2 . . . An een convexe n-hoek, n ≥ 4. Bewijs dat A cyclisch is als en slechts
als men aan ieder hoekpunt Ai een koppel (bi, ci) van rele getallen kan toekennen zodat
AiAj = bjci − bicj , 1 ≤ i < j < n.

link

4. 4ABC is een scherphoekige driehoek met omgeschreven cirkel ω waar t een raaklijn aan is.
ta, tb, tc zijn de lijnen bekomen door t te spiegelen in BC,AC,AB resp.
TB: Bewijs dat de omgeschreven cirkel van de driehoek gevormd door de snijpunten van
ta, tb, tc raakt aan ω. link

109

http://olympia.problem-solving.be/node/2098
http://olympia.problem-solving.be/node/2099
http://olympia.problem-solving.be/node/256
http://olympia.problem-solving.be/node/2108


Stelling 5.31. (inversie)

Bij inversie wordt een punt O als centrum gekozen en ieder punt X wordt getransformeerd naar
een punt Y zodat O,X, Y op de zelfde halfrechte liggen en |OX||OY | = c waarbij c een reel getal
is.

Indien f de inverterende functie is binnen deze meetkunde, geldt f(X) = Y, f(Y ) = X in dit
voorbeeld, wat algemeen logisch f(f(X)) = X heeft voor ieder voorwerp.

We zullen vanaf nu voor ieder punt A f(A) = A′ noteren om de eigenschappen op te sommen:
1. een lijn door O wordt op zichzelf afgebeeld

2. een cirkel door O wordt geprojecteerd op een lijn die 0 niet bevat

3. een cirkel die niet door O gaat, wordt geprojecteerd op een andere cirkel die niet door O
gaat.

4. hoeken worden behouden, maar er geldt wel dat ∠OAB = ∠OB′A′

5. lengtes van lijnstukken veranderen in volgende verhouding: |A′B′| = |c||AB|
|OA||OB|

Met deze eigenschappen kunnen problemen vanuit een heel andere hoek worden opgelost en op een
zeer ingenieuze manier opgelost worden.

voor meet info

Er is nog een andere transformatie om bepaalde gevallen simpeler te maken (opgelet met zo’n
transformaties te combineren!!!)

Stelling 5.32. (affiene meetkunde)

Een affiene transformatie bestaat uit een afbeelding (x, y)→ (ax+ by + c, dx+ ey + f).

Binnen de affiene meetkunde kunnen we met zo’n afbeelding 3 niet-collineaire punten vervangen
door 3 andere niet-collineaire punten op een manier zoals je ze zelf kiest.

De affiene transformaties behouden

• evenwijdigheid van lijnen

• collineairiteit van punten

• concurrentie van lijnen

• verhouding oppervlakten

De hoeken als ook verhouding van lijnen zijn niet strikt noodzakelijk behouden.

Deze transformatie kan dus enkel helpen wanneer 1 van de andere 4 punten te bewijzen valt of te
gebruiken is.
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1. In een driehoek ABC is I het middelpunt van de ingeschreven cirkel. De bissectrices AI,BI
en CI snijden respectievelijk de zijden BC,CA en AB in de punten D,E enF . De middel-
loodlijn van het lijnstuk AD snijdt de lijnen BI en CI respectievelijk in M en N. Bewijs
datA, I,M en N op 1 cirkel liggen.

link
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6 deelverhoudingen en polen

Een deelverhouding wordt als volgt gedefinieerd; P is een punt op AB, dan is de unieke deelver-

houding (ABP ) =
~PA
~PB
. Een dubbelverhouding is het product van 2 deelverhoudingen:

A,B,C,D zijn 4 punten op een rechte, dan is de dubbelverhouding (ABCD) = (ABC)
(ABD) =

~CA∗ ~DB
~CB ~DA

.

Als (ABCD) = k, dan geldt dat (ABDC) = 1
k , (ACBD) = 1−k. Een vierstraal = 4 rechten door

1 punt. Wordt een vierstraal gesneden door een rechte, is de dubbelverhouding constant. In een

cirkel geldt ∀P op de cirkel en A,B,C,D vaste punten op die cirkel: (PA,PB,PC, PD) constant
is voor alle P. ( Hiermee bedoelen we dat een rechte die de vierstraal snijdt in 4 punten, deze
verdeelt in een constante dubbelverhouding)

Gegeven een cirkel c en punt P ,
de middellijn van c door P snijdt de cirkel in A en B.
Kiest men het punt P ′ op deze lijn zodat (ABPP ′) = −1 , dan is de loodlijn p op de middellijn
door P ′ de poollijn v.h. punt P tov cirkel c.
P is de pool v.d. rechte p tov c. De volgende eigenschappen gelden:

• Als Q op de poollijn p van P ligt, ligt P op q.

Dit is een gevolg van de stelling van Salmon: d(P,q)
d(Q,p) = |OP |

|OQ|

• Een willekeurige lijn door P en c snijdt die cirkel in A,B, de poollijn wordt gesneden in X,
dan geldt dat (ABXP ) = −1.

• A,B,C,D liggen op een rechte in die volgorde , X ligt niet op die rechte.
Als 2 van de volgende 3 eigenschappen gelden, klopt de derde ook.

*(ACBD) = −1

* Er geldt dat ∠BXD = 90◦

*BX de bissectrice is van ∠AXC.
Bvb.volgt hieruit dat (AXIIa) = −1 met X het snijpunt van BC met de bissectrice van
∠BAC.
gevolg:De loodlijnen uit I, Ia zijn resp. X,Y en Z is het spiegelbeeld van X tov I. Dan geldt
dat A, Y, Z op een rechte liggen.

• ABCD is een koordenvierhoek, E,K, J zijn de snijpunten van AC,BD,AB,CD en AD,BC,
dan geldt dat E de pool is van de poollijn JK en analoog J van poollijn EK en is de poollijn
van K = EJ. gevolg: O is de omcentrum van ABCD en is het hoogtepunt van4EJK andere
stelling hiermee: laat KE AB en CD snijden in P,Q dan geldt dat (KEPQ) = −1

• De pool van een lijn door2 polen ligt op het snijpunt van de 2 poollijnen (duaal/ geldt in de
2 richtingen)

• De poollijnen van 3 collineaire punten zijn concurrent (opnieuw een duale stelling)

• Als AX,BY,CZ drie cevianen zijn in een driehoek 4ABC , waarbij X,Y, Z op BC,AC,AB
resp. liggen en T = Y Z ∪BC, dan is (BXCT ) = −1 aesa AX,BY,CZ concurrent zijn.

• DEF is de orthic triangle van 4ABC (AD tot CF zijn hoogtelijnen) en D′ = EF ∪ BC ,
E′ = AC ∪ FD en F ′ = AB ∪DE dan geldt dat D,E, F op een rechte liggen.
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Stelling 6.1. (harmonische vierhoeken)

Binnen een koordenvierhoek PQRS zijn volgende eigenschappen equivalent:
1. PQRS is harmonisch

2. |PQ||RS| = |PS||RQ|

3. PR is de P-symmedian of 4QPS

4. QS is de Q-symmedian van 4PQR

5. de raaklijnen in P,R aan de omgeschreven cirkel snijden op QS

6. de raaklijnen in Q,S aan de omgeschreven cirkel snijden op PR

7. TA, TB, TC, TD of T (abcd) is een harmonische vierstraal waarbij T een ander punt is op
de omgeschreven cirkel
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Een uitgebreide bijlage over projectieve meetkunde
1. Let 4ABC een willekeurige driehoek zijn. De raaklijnen aan de negenpuntscirkel in het

voetpunt van de hoogtelijn uit A op [BC] en het middenpunt van de zijde BC snijden in A′.
Analoog worden B′, C ′ geconstrueerd. Bewijs dat AA′, BB′, CC ′ concurrent zijn. link

2. De incirkel van 4ABC raakt de zijdenBC,CA,AB inD,E, F respectivelijk. X is een punt
in4ABC zodat de incirkel van 4XBC[BC] inD raakt enCX,XB inY,Z resp. Bewijs dat
ZEY F cyclisch is. link

3. 4ABC geeft ∠A = 90◦ enD ∈ [AC]. E is de reflectie vanA inBD en F is het snijpunt van
CE met de loodlijn uit D op BC. Bewijs datAF,DE,BC concurrent zijn.

link

4. E,F zijn de snijpunten van de overstaande zijden van vierkant ABCD.
De 2 diagonalen snijden in P en O is het voetpunt van de loodlijn uit P op EF.
Bewijs dat ∠BOC = ∠AOD. link

Tot slot zijn er nog heel wat diverse meetkundevragen te vinden via deze link

We hebben nog enkele noodoplossingsbijlangen voor zij zonder meetkunding inzicht: calculu-
smeetkunde ter volledigheid.
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7 varia : mooie vragen door elkaar

Tot slot nog enkele vragen van alle onderwerpen om zeker te zijn dat alles toegepast kan worden
op een echte wedstrijd.
( top-Belgisch)

1.

2.

3.

4.

5.

6.

Verder raden we aan de gewenste olympiade (en gelijkaardige) via het archief op te zoeken, voor
de beste voorbereiding.

Veel succes op die olympiades om het land goed voorbereid te vertegenwoordigen!
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8 bijlages en bronnen

Hier staan PDF’s die uitgebreid handelen over een specifiek deel.
Er staan nog enkele nieuwe dingen tussen ter volledigheid zoals complexe meetkunde, die soms
een oplossing brute-force/minder elegant oplossen, wat we afraden.
Naar de interessante stukken wordt op het juiste moment verwezen doorheen de echte bundel.
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1 Deelbaarheid en priemgetallen

We beginnen met een herhaling van de belangrijkste definities en eigenschappen. We laten de bewijzen daarbij achterwege,
maar het is uiteraard een goed idee om te proberen om die bewijzen zelf te geven. . .

Definities

(1) Als m,n ∈ Z, dan zeggen we dat m een deler is van n (notatie: m | n) als er een a ∈ Z bestaat zodat n = am.

(2) Een natuurlijk getal p is priem als p precies twee positieve delers heeft.

(3) Gegeven a ∈ Z en b ∈ N0, dan bestaan er twee (unieke) gehele getallen q en r zodanig dat a = qb+ r met 0 ≤ r < b.
We noemen q en r respectievelijk het quotiënt en de rest bij deling van a door b.

(4) Zijn m,n ∈ Z. De grootste gemene deler van m en n is het (unieke) natuurlijk getal d dat voldoet aan d | m, d | n en
de volgende voorwaarde: als e een geheel getal is met e | m en e | n, dan is e | d. Het kleinste gemene veelvoud van m
en n is het (unieke) natuurlijk getal a dat voldoet aan m | a, n | a en de volgende voorwaarde: als b een geheel getal is
met m | b en n | b, dan is a | b. We noteren d = ggd(m,n) en a = kgv(m,n). Op analoge wijze kunnen we de grootste
gemene deler en het kleinste gemene veelvoud van meer dan twee gehele getallen definiëren.

(5) Twee gehele getallen zijn onderling ondeelbaar als hun grootste gemene deler gelijk is aan 1.

Eigenschappen

(1) Als m en n gehele getallen zijn met m | n, dan is |m| ≤ |n|.
(2) Elk natuurlijk getal kan op unieke wijze worden geschreven als een product van priemgetallen: gegeven een natuurlijk

getal n, dan bestaan er priemgetallen p1, p2, · · · , pr en natuurlijke getallen a1, a2, · · · , ar ≥ 1 zodat n = pa1
1 p

a2
2 · · · par

r ,
en deze schrijfwijze is uniek op permutatie van de factoren na.

(3) (Euclides) Er bestaat oneindig veel priemgetallen. Sterker nog (postulaat van Bertrand): voor elke n ∈ N0 bestaat er
een priemgetal p met n ≤ p ≤ 2n. Een ander nuttig resultaat (stelling van Dirichlet): als a en b onderling ondeelbaar
zijn, dan bestaan er oneindig veel priemgetallen van de vorm an+ b.

(4) Alsm en n natuurlijke getallen zijn, dan is ggd(m,n)·kgv(m,n) = mn. De grootste gemene deler van twee natuurlijke
getallen kan worden berekend met het algoritme van Euclides. Als m = pa1

1 p
a2
2 · · · par

r en n = pb11 p
b2
2 · · · par

r met
p1, p2, · · · , pr verschillende priemgetallen en a1, a2, · · · , ar ≥ 0, dan is

ggd(m,n) = p
min(a1,b1)
1 p

min(a2,b2)
2 · · · pmin(ar,br)

r , kgv(m,n) = p
max(a1,b1)
1 p

max(a2,b2)
2 · · · pmax(ar,br)

r .
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(5) Als a, b, c ∈ Z, a | bc en ggd(a, b) = 1, dan a | c. Dus als m,n ∈ Z, als p priem is en p | mn, dan is p | m of p | n.

(6) Als a, b, c ∈ Z zodat a | c, b | c en ggd(a, b) = 1, dan is ab | c.
(7) (Bézout) Zijn a1, a2, · · · , an ∈ Z. Dan bestaan er m1,m2, · · · ,mn ∈ Z met a1m1 + · · ·+ anmn = ggd(a1, · · · , an).
(8) Als d,m, n ∈ Z met d | m en d | n, dan geldt ook dat d | am+ bn voor alle a, b ∈ Z. Met andere woorden: een deler

van twee gehele getallen is ook een deler van elke lineaire combinatie van deze twee getallen. Deze eigenschap kan
makkelijk worden veralgemeend naar een gemeenschappelijke deler van drie of meer gehele getallen.

(9) Zij n een geheel getal met n = pa1
1 p

a2
2 · · · par

r als unieke ontbinding in priemfactoren. Zij τ(n) het aantal positieve
delers van n en zij σ(n) de som van de positieve delers van n. Dan hebben we de volgende gelijkheden:

τ(n) = (a1 + 1)(a2 + 1) · · · (ar + 1), σ(n) =

(
pa1+1
1 − 1

p1 − 1

)(
pa2+1
2 − 1

p2 − 1

)
· · ·
(
par+1
r − 1

pr − 1

)
.

(10) Zij n een natuurlijk getal en p een priemgetal. De exponent van p in de priemfactorenontbinding van n! is gelijk aan
⌊
n

p

⌋
+

⌊
n

p2

⌋
+

⌊
n

p3

⌋
+ · · ·

met bxc het grootste geheel getal kleiner dan of gelijk aan x.

Voorbeelden

Voorbeeld 1. Bepaal alle natuurlijke getallen n zodat 7n | 9n − 1.

Oplossing. Merk op dat 9n − 1 = (3n − 1)(3n + 1). Nu is ggd(3n − 1, 3n + 1) = 2, en daaruit volgt dat 7n | 3n − 1 of
7n | 3n + 1 (waarom?). Maar 7n > 3n + 1 > 3n − 1 voor n ≥ 1, dus de enige oplossing is n = 0.

Voorbeeld 2. Zij a,m, n ∈ N met a ≥ 2. Dan is ggd(am − 1, an − 1) = aggd(m,n) − 1.

Bewijs. Zij d = ggd(m,n). Het is duidelijk dat ad − 1 | am − 1 en ad − 1 | an − 1, dus ad − 1 | ggd(am − 1, an − 1). Kies
nu gehele getallen p en q met pm + qn = d. Veronderstel - zonder verlies van de algemeenheid - dat p > 0 en q < 0. Zij s
een gemeenschappelijke deler van am − 1 en an − 1. We moeten nagaan dat s | ad − 1. Maar s | apm − 1 en s | a−qn − 1,
dus s | (apm − 1)− (a−qn − 1), of nog, s | a−qn(apm+qn − 1). Maar ggd(s, a) = 1 (waarom?), dus s | ad − 1. �
Voorbeeld 3. (IMO 1994) Bepaal alle koppels (m,n) van natuurlijke getallen m en n zodat mn− 1 | m3 + 1.

Oplossing. Merk op dat mn − 1 | n(m3 + 1) − m2(mn − 1), dus mn − 1 | m2 + n. Stel m2 + n = a(mn − 1). Dan
geldt m2 − amn + n + a = 0. Bekijk de vierkantsvergelijking x2 − anx + a + n = 0. Dan is m zeker een oplossing van
de vergelijking - zij p de andere oplossing (het is mogelijk dat p = m). Dan geldt er m + p = an en mp = a + n. Als
a,m, n, p ≥ 2, dan geldtmp ≥ m+p = an ≥ a+n = mp. Bijgevolg moet er gelijkheid optreden, dusm = n = a = p = 2.

Veronderstel dus dat één van de getallen a,m, n, p gelijk is aan 1. Stel eerst a = 1. Dan is mp = n + 1 en m + p = n, dus
mp = m+ p+1, of nog, (m− 1)(p− 1) = 2. Bijgevolg is (m, p) = (2, 3) of (m, p) = (3, 2), en n = 5. Wegens symmetrie
geeft de veronderstelling n = 1 dezelfde oplossingen voor (m, p). Veronderstel nu dat p = 1. Dan is analoog (a, n) = (2, 3)
of (a, n) = (3, 2), en m = 5. Wegens symmetrie geeft de veronderstelling m = 1 dezelfde oplossingen voor (a, n).

Samenvattend: de mogelijke oplossingen zijn (m,n) ∈ {(2, 2), (2, 5), (3, 5), (5, 2), (5, 3), (1, 2), (1, 3), (2, 1), (3, 1)}, en een
eenvoudige controle leert ons dat elk van deze koppels inderdaad een oplossing is. �
Voorbeeld 4. (IMO 2002) Zij n ≥ 2 een natuurlijk getal met positieve delers 1 = d1 < d2 < · · · < dk = n. Toon aan dat
d1d2 + d2d3 + · · ·+ dk−1dk < n2. Wanneer geldt d1d2 + d2d3 + · · ·+ dk−1dk | n2?

Oplossing. Merk op dat didk+i−1 = n. We moeten dus bewijzen dat

1

d1d2
+

1

d2d3
+ · · ·+ 1

dk−1dk
< 1.
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Maar di ≥ i, dus

1

d1d2
+

1

d2d3
+· · ·+ 1

dk−1dk
≤ 1

1 · 2+
1

2 · 3+· · ·+
1

(k − 1) · k =

(
1− 1

2

)
+

(
1

2
− 1

3

)
+· · ·+

(
1

k − 1
− 1

k

)
= 1− 1

k
< 1.

Nu is d2 = p priem (waarom?). Dan is dk−1 = n/p, dus d1d2 + d2d3 + · · ·+ dk−1dk ≥ dk−1dk = n2/p. Maar de grootste
echte deler van n2 is n2/p. Dus d1d2 + d2d3 + · · · dk−1dk deelt n2 a.s.a. k = 2, m.a.w. als n = p een priemgetal is.

Opgaven

(1) Zijn x en y gehele getallen. Bewijs dat 17 | 2x+ 3y als en slechts als 17 | 9x+ 5y.

(2) Bewijs dat het product van n opeenvolgende natuurlijke getallen steeds deelbaar is door n!.

(3) Zij n ≥ 5 een natuurlijk getal. Bewijs: n is niet priem ⇐⇒ n | (n− 1)!.

(4) Zijn a, b,m, n ∈ N zodat am − 1 en bn + 1 priem zijn. Geef zoveel mogelijk informatie over a, b, m en n.

(5) Zij n ∈ N zodat 24 | n+ 1. Bewijs dat de som van de positieve delers van n ook deelbaar is door 24.

(6) (IMO 1972) Bewijs dat de volgende uitdrukking een natuurlijk getal is voor alle m,n ∈ N0:

(2m)!(2n)!

m!n!(m+ n)!
.

(7) Bewijs dat de volgende uitdrukking een natuurlijk getal is voor alle m,n ∈ N0:

ggd(m,n)
n

(
n

m

)
.

(8) (IMO 1992) Bepaal alle natuurlijke getallen 1 < a < b < c zodat (a− 1)(b− 1)(c− 1) | abc− 1.

(9) (IMO 2009) Zij n een natuurlijk getal. Zijn a1, a2, · · · , ak (met k ≥ 2) verschillende elementen van de verzameling
{1, 2, · · · , n} zodanig dat n | ai(ai+1 − 1) voor i = 1, 2, · · · , k − 1. Bewijs dat n geen deler is van ak(a1 − 1).

(10) (IMO 1998) Bepaal alle natuurlijke getallen a en b zodat ab2 + b+ 7 | a2b+ a+ b.

2 Modulo-rekenen

Gegeven gehele getallen a, b en m met m ≥ 2, dan zeggen we dat a en b congruent zijn modulo m - of nog, a ≡ b
(mod m) - indien m | a − b, of nog, indien a en b dezelfde rest geven bij deling door m. Op deze manier krijgen we een
equivalentierelatie (een transitieve, symmetrische en reflexieve relatie) op de verzameling Z van gehele getallen die ons toelaat
om met “restklassen modulo m” te rekenen in plaats van met alle gehele getallen. Het grote voordeel van deze operatie is
natuurlijk dat er slechts eindig veel restklassen modulom zijn. . . De restklassen modulom vormen een algebraı̈sche structuur
die we de ring Z/mZ noemen. Optelling en vermenigvuldiging zijn in deze ring gedefinieerd op de evidente manier: als a ≡ b
(mod m) en c ≡ d (mod m), dan geldt a+ c ≡ b+ d (mod m) en ac ≡ bd (mod m). (Ga dat na!)

Voor een gegeven a ∈ Z en m ≥ 2 zeggen we dat x een inverse is voor a modulo m als ax ≡ 1 (mod m).

Bewering. Er bestaat een inverse voor a modulo m als en slechts als ggd(a,m) = 1.

Bewijs. Stel dat x een inverse is voor a. Dan is ax ≡ 1 (mod m), m.a.w er bestaat een p ∈ Z met ax = 1 + pm. Dus
ax− pm = 1. Maar ggd(a,m) deelt ax− pm, dus ggd(a,m) = 1. Omgekeerd, als ggd(a,m) = 1, dan bestaat er volgens de
stelling van Bézout een geheel getal p zodat ax− pm = 1, dus ax ≡ 1 (mod m). �
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Het aantal restklassen modulo m die een inverse hebben kan dus worden geı̈dentificeerd met de verzameling van natuurlijke
getallen a met 0 < a < m en ggd(a,m) = 1. We noteren ϕ(m) voor het aantal natuurlijke getallen a met die eigenschappen
(ϕ is de Euler-functie). Indien m = pa1

1 p
a2
2 · · · par

r de unieke ontbinding van m in priemfactoren is, dan geldt er

ϕ(m) = (p1 − 1)pa1−1
1 (p2 − 1)pa2−1

2 · · · (pr − 1)par−1
r .

(Oefening: probeer deze gelijkheid zelf af te leiden!)

Eigenschappen

(1) Zij m ≥ 2 een natuurlijk getal en zij a ∈ Z met ggd(a,m) = 1. Er bestaat een kleinste natuurlijk getal q 6= 0 met
de eigenschap dat aq ≡ 1 (mod m). Dit getal q heet de orde van a modulo m en is een deler van ϕ(m). Als r een
willekeurig natuurlijk getal is zodanig dat ar ≡ 1 (mod m), dan geldt q | r.

(2) (Fermat) Als p priem is en a ∈ N is niet deelbaar door p, dan is ap−1 ≡ 1 (mod p). (Dit is een speciaal geval van (1)!)

(3) (Wilson) Als p priem is, dan is (p− 1)! ≡ −1 (mod p).

(4) (Primitieve wortels) Zij m ≥ 2. Een natuurlijk getal a waarvan de orde modulo m gelijk is ϕ(m) noemen we een
primitieve wortel modulo m. Een primitieve wortel bestaat als en slechts als m = 2, m = 4, m = pk of m = 2pk met
p priem. Als a een primitieve wortel is modulo p en ap−1 6≡ 1 (mod p2), dan is a ook een primitieve wortel modulo
p2; indien ap−1 ≡ 1 (mod p2), dan is a + p een primitieve wortel modulo p2. Als a een primitieve wortel is modulo
pk met k ≥ 2, dan is a ook een primitieve wortel modulo p` voor alle ` ≥ k.

(5) (Chinese reststelling) Zijn m1,m2, · · · ,mk gehele getallen die paarsgewijs onderling ondeelbaar zijn, m.a.w. zodat
ggd(mi,mj) = 1 als i 6= j. Zijn a1, a2, · · · , ak ∈ Z willekeurig. Dan bestaat er een natuurlijk getal x zodat x ≡ a1
(mod m1), x ≡ a2 (mod m2), · · · , x ≡ ak (mod mk). Dat getal x is bovendien uniek modulo m1m2 · · ·mk.

(6) (Kwadraten) Volkomen kwadraten zijn congruent met 0 of 1 modulo 4, congruent met 0 of 1 modulo 3, congruent met
0, 1 of 4 modulo 8, . . . In het algemeen geldt: als p een oneven priemgetal is, dan bestaan er precies 1

2 (p+1) restklassen
modulo p (inclusief 0) die een volkomen kwadraat zijn modulo p. Als p een willekeurig priemgetal is, dan is −1 een
kwadraat modulo p als en slechts als p = 2 of p ≡ 1 (mod 4), en 2 is een kwadraat modulo p als en slechts als p = 2
of p ≡ ±1 (mod 8). Dus elke priemdeler van een natuurlijk getal van de vorm n2 + 1 is gelijk aan 2 of congruent met
1 modulo 4, en elke priemdeler van een getal van de vorm n2 − 2 is gelijk aan 2 of congruent met ±1 modulo 8.

Voorbeelden

Voorbeeld 1. Bestaat er een rij van 2011 opeenvolgende natuurlijke getallen zodanig dat elk van deze getallen deelbaar is door
de 2011-de macht van een natuurlijk getal?

Oplossing. Het antwoord is ja. Zijn 2 = p1 < p2 < · · · < p2011 de eerste 2011 priemgetallen. Volgens de Chinese reststelling
bestaat er een natuurlijk getal n zodanig dat n ≡ −1 (mod p20111 ), n ≡ −2 (mod p20112 ), · · · , n ≡ −2011 (mod p20112011).
Dan is n+ 1, n+ 2, · · · , n+ 2011 de gevraagde rij. �
Voorbeeld 2. Bepaal alle oplossingen (in gehele getallen) van de vergelijking x2 = y5 − 4.

Oplossing. Een klein beetje rekenwerk leert ons dat een kwadraat steeds congruent is met 0, 1, 3, 4, 5 of 9 modulo 11, en dat
een vijfdemacht steeds congruent is met −1, 0 of 1 modulo 11.1 Dus y5 − 4 is steeds congruent met 6, 7 of 8 modulo 11.
Daaruit volgt dat er geen oplossingen zijn. �
Voorbeeld 3. Bepaal alle natuurlijke getallen x, y en z zodat 3x + 4y = 5z .

1Trucje voor de vijfdemachten: als y niet deelbaar is door 11, dan is y10 ≡ 1 (mod 11), dus 11 | y10 − 1 = (y5 − 1)(y5 + 1), dus y5 ≡ ±1
(mod 11).
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Oplossing. Modulo 4 wordt de vergelijking (−1)x ≡ 1 (mod 4). Bijgevolg is x even. Modulo 3 wordt de vergelijking
1 ≡ (−1)z (mod 3). Bijgevolg is ook z even. Dus 4y = 22y = (5z/2−3x/2)(5z/2+3x/2). Bijgevolg geldt 5z/2−3x/2 = 2k

en 5z/2+3x/2 = 2` met k < ` en k+` = 2y. Dus 2·5z/2 = 2k+2` = 2k(1+2`). Daaruit volgt dat k = 1. Dus 5z/2 = 1+2`−1

en 3x/2 = −1 + 2`−1. Nu geldt dat machten van 3 steeds congruent zijn met 1 of 3 modulo 8 - het rechterlid van de laatste
gelijkheid is echter congruent met −1 modulo 8 tenzij ` ≤ 3. Nu geeft ` = 3 dat x = y = z = 2, en ` = 2 geeft geen
oplossing. Bijgevolg is de enige oplossing (x, y, z) = (2, 2, 2).

Voorbeeld 4. (IMO 1999) Bepaal alle paren (n, p) van natuurlijke getallen n en p waarvoor geldt: p is een priemgetal, n < 2p
en (p− 1)n + 1 is deelbaar door np−1.

Oplossing. Zij q de kleinste priemdeler van n. Dan is q | np−1 | (p − 1)n + 1, dus (p − 1)n ≡ −1 (mod q). Bijgevolg is
p − 1 niet deelbaar door q. Zij α de orde van p − 1 modulo q. Dan is α | q − 1 omdat (p − 1)q−1 ≡ 1 (mod q) (Fermat).
Verder is ook (p− 1)2n ≡ 1 (mod q), dus α | 2n. Dus α | ggd(q− 1, 2n). Maar elke deler van q− 1 is kleiner dan q, en dus
geen deler van n - want q is de kleinste priemdeler van n. Dus α = 1 (als n even is) of α = 2 (als n oneven is). Als α = 1,
dan is q = 2 (want n is even), maar dan moet natuurlijk ook p = 2, en dus n = 2. Als α = 2, dan is (p− 1)2 ≡ 1 (mod q),
dus q | p(p− 2). Maar p 6≡ 2 (mod q) (anders zou α = 1), dus q | p en q = p. Omdat n < 2p volgt daaruit dat n = p. Het is
duidelijk dat n = p = 3 ook een oplossing is. Veronderstel nu dat p ≥ 5. Dan geldt dat pp−1 - en dus ook p3 - een deler is van
(p− 1)p + 1. Maar met het binomium van Newton zien we dat deze uitdrukking gelijk is aan p2 modulo p3, contradictie! �
Voorbeeld 5. Zijn m en n gehele getallen. Bewijs dat 4mn−m− n geen volkomen kwadraat is.

Oplossing. Stel dat 4mn − m − n = a2. Dan is 4a2 + 1 = (4m − 1)(4n − 1). Daaruit volgt dat 4a2 + 1 minstens één
priemdeler heeft die congruent is met 3 modulo 4 - immers, niet alle priemdelers van 4m − 1 kunnen congruent zijn met 1
modulo 4. Maar uit eigenschap (6) hierboven volgt dat dat niet kan. �
Voorbeeld 6. Zij m 6= 0 een veelvoud van 8. Hoeveel oplossingen (modulo m) heeft de kwadratische vergelijking x2 ≡ 1
(mod m) dan? Druk je antwoord uit in functie van het aantal priemdelers van m.

Oplossing. Zij m = pa1
1 p

a2
2 · · · par

r de ontbinding van m, met dus p1 = 2 en a1 ≥ 3. De congruentie x2 ≡ 1 (mod m)
is volgens de Chinese reststelling equivalent met het stelsel van congruenties x2 ≡ 1 (mod pai

i ) voor 1 ≤ i ≤ r. Dus
pai
i | x2 − 1 = (x− 1)(x+ 1) voor alle i. Als i ≥ 2 (m.a.w. als pi ≥ 3) dan volgt daaruit dat x ≡ ±1 (mod pai

i ), want pai
i

kan slechts één van de factoren x− 1 en x+1 delen. Verder moet dus 2a1 | (x− 1)(x+1). Nu zal ggd(x− 1, x+1) = 2, en
dus moet x congruent zijn met 1, −1, 1 + 2a1−1 of −1 + 2a1−1 modulo 2a1 . Volgens de Chinese reststelling kunnen we nu
de aantallen oplossingen modulo elke factor pai

i gewoon vermenigvuldigen om het aantal oplossingen modulo m te bekomen
- denk daar even over na! - en we zien dus dat het aantal oplossingen gelijk is aan 2r−1 · 4 = 2r+1. �

Opgaven

(1) Bepaal alle natuurlijke getallen n zodat 2n | 3n − 1.

(2) Zij p ≥ 5 een priemgetal. Bewijs dat 7p − 6p − 1 deelbaar is door 43.

(3) Zij m een geheel getal zodat er een primitieve wortel a modulo m bestaat. Bewijs: aϕ(m)/2 ≡ −1 (mod m).

(4) Toon aan dat 22·3
n−1 ≡ 1 + 3n (mod 3n+1) voor alle n en dat 2 een primitieve wortel is modulo 3n, voor n ≥ 1.

(5) Bepaal de grootste gemene deler van alle getallen van de vorm n13 − n, voor n ∈ Z.

(6) Zij n ≥ 2 een natuurlijk getal. Bewijs dat 2n − 1 niet deelbaar is door n.

(7) (IMO 2006) Beschouw de rij (an)n≥1 gegeven door an = 2n + 3n + 6n − 1. Bepaal alle natuurlijke getallen die
onderling ondeelbaar zijn met elke term van deze rij.

(8) Bepaal de drie laatste cijfers van het getal 20032002
2001

.

(9) (IMO 1976) Wanneer 44444444 in decimale schrijfwijze wordt geschreven, dan is de som van de cijfers gelijk aan A.
Zij B de som de cijfers van A. Wat is de som van de cijfers van B?
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(10) Zij n een natuurlijk getal en zij p = 2n + 1. Veronderstel dat p | 3(p−1)/2 + 1. Bewijs dat p dan een priemgetal is.

(11) (LIMO 2007) Zij n een natuurlijk getal, p een priemgetal en d een deler van (n+1)p−np. Bewijs dat d ≡ 1 (mod p).

(12) Zij n een natuurlijk getal en zij p een priemgetal met p ≤ n. Bewijs dat
(
n

p

)
≡
⌊
n

p

⌋
(mod p).

(13) (IMO 1996) Zijn a en b natuurlijke getallen (verschillend van 0) zodat 15a + 16b en 16a − 15b volkomen kwadraten
zijn. Bepaal de kleinst mogelijke waarde van het kleinste van deze twee kwadraten.

(14) Zij n ≥ 3 een oneven getal. Beschouw de verzameling S van gehele getallen x zodat 1 ≤ x ≤ n en zodat x en x + 1
allebei onderling ondeelbaar zijn met n. Bewijs dat het product van de elementen van S congruent is met 1 modulo n.

(15) (IMO 1990) Bepaal alle natuurlijke getallen n zodat n2 | 2n + 1. (Hint: 2 een primitieve wortel is modulo 3`.)

3 Uitsmijter: meer over kwadraatresten

Voor diegenen die de bovenstaande theorie al hebben gezien, een “uitsmijter”: kwadratische reciprociteit in een notendop. . .
Zij p een oneven priemgetal en zij n een geheel getal. Als p | n, dan stellen we (np ) = 0. Als p geen deler is van n, dan
noteren we (np ) = 1 indien n een kwadraat is modulo p en (np ) = −1 als n geen kwadraat is modulo p. We noemen (np ) het
Légendre-symbool. Bewijs eerst zelf de volgende eigenschappen:

• Er geldt (np ) ≡ n(p−1)/2 (mod p).

• Voor alle m,n ∈ Z is (mn
p ) = (mp )(

n
p ).

• Er geldt ( 1p ) + ( 2p ) + ( 3p ) + · · ·+ (p−1
p ) = 0 - er zijn dus evenveel kwadraten modulo p als niet-kwadraten modulo p.

• Er geldt (−1
p ) = (−1)(p−1)/2 en ( 2p ) = (−1)(p2−1)/8.

De volgende stelling moet je niet proberen te bewijzen:

Stelling. (Kwadratische reciprociteit) Voor oneven priemgetallen p en q geldt dat
(
p

q

)(
q

p

)
= (−1) 1

2 (p−1)· 12 (q−1).

Voorbeeld 1. Zij n ≥ 3 oneven en zij p een priemdeler van 2n − 1. Bewijs dat p ≡ ±1 (mod 8).

Oplossing. Stel n = 2m + 1. Dan is 2 · (2m)2 ≡ 1 (mod p). Daaruit volgt dat ( 2p ) ≡ 1 (mod p) - immers, stel α is de
inverse van 2m modulo p, dan is α2 ≡ 2 (mod p). Uit de bovenstaande eigenschappen volgt dan dat p ≡ ±1 (mod 8). �
Voorbeeld 2. Voor welke priemgetallen p heeft de congruentie x2 ≡ −3 (mod p) een oplossing?

Oplossing. Voor p = 2 en p = 3 is er uiteraard een oplossing. Stel p ≥ 5. We moeten alle p vinden zodat (−3
p ) = 1, m.a.w.

zodat (−1
p )( 3p ) = 1. Maar ( 3p ) = (p3 ) · (−1)(p−1)/2 wegens de kwadratische reciprociteitswet, en (−1

p ) = (−1)(p−1)/2, dus
we besluiten dat (−3

p ) = (p3 )(−1)p−1 = (p3 ). Bijgevolg voldoen alle p met p ≡ 1 (mod 3). �

Voorbeeld 3. Voor welke natuurlijke getallen n bestaat er een natuurlijk getal m zodat 2n − 1 | m2 + 9?

6



Oplossing. We bewijzen dat m bestaat als en slechts als n = 2k (met k ≥ 0). Stel eerst dat n geen macht van 2 is. Kies dus
een oneven priemdeler p van n: dan geldt 2p − 1 | m2 + 9. Kies een priemfactor q van 2p − 1 met q ≡ 3 (mod 4) en q 6= 3
(ga na dat q bestaat!). Dan 1 = (−9

q ) = ( 9q )(
−1
q ) = (−1

q ) = −1 (omdat q ≡ 3 (mod 4)), contradictie. Bijgevolg bestaat m
niet. Stel nu dat n = 2k. Stel Tr = 22

r

+ 1, dan is 2n − 1 = T0T1T2 · · ·Tk−1. Merk nu op dat ggd(Ti, Tj) = 1 als i 6= j (ga
dat na als oefening!). Kies een natuurlijk getal m zodat m ≡ 2 (mod T1), m ≡ 22 (mod T2), . . . , m ≡ 22

k−2

(mod Tk−1)
(Chinese reststelling). Dan is m2 + 1 deelbaar door T1T2 · · ·Tk−1, en dus is (3m)2 + 9 deelbaar door 2n − 1. �

Opgaven

(1) Bewijs dat 16 een volkomen achtste macht is modulo p, voor elk priemgetal p.

(2) Zijn a, b, c paarsgewijs onderling ondeelbare natuurlijke getallen met c2 = a2 − ab + b2. Zij p een priemdeler van c.
Bewijs dat p ≡ 1 (mod 6).

(3) Zij Fn het n-de Fibonacci-getal. Bewijs dat voor elk priemgetal p ≥ 7 geldt dat Fp ≡ (p5 ) (mod p).

4 Meer oefenmateriaal!

Hierna volgt nog een lijst van 35 leuke problemen die kan dienen als extra oefenmateriaal. Voor sommige opgaven zal de
theorie die hierboven werd aangehaald erg nuttig zijn, maar er zitten ook opgaven bij die niet rechtstreeks aansluiten op de
theorie. Ik heb de opgaven gerangschikt op moeilijkheidsgraad, maar die rangschikking is natuurlijk subjectief. . .

(1) Drie Amerikaanse wiskundigen gaven een tegenvoorbeeld voor een bekend vermoeden van Euler (in de jaren 1980)
door aan te tonen dat er een natuurlijk getal n bestaat zodat n5 = 1335 + 1105 + 845 + 275. Wat is de waarde van n?

(2) Het getal 21982145917308330487013369 is de dertiende macht van een natuurlijk getal. Welk getal?

(3) Stel 34! = 95232799cd96041408476186096435ab000000. Bepaal de cijfers a, b, c en d.

(4) Laat zien dat de vergelijking x2 + y5 = z3 oneindig veel gehele oplossingen heeft met x, y, z 6= 0.

(5) Zijn a en b natuurlijke getallen zodat 2na+ b een volkomen kwadraat is voor alle natuurlijke getallen n. Bewijs: a = 0.

(6) Toon aan dat oneindig veel natuurlijke getallen niet kunnen worden geschreven als x2 + y3 + z7, met x, y, z ∈ N.

(7) Zij n een natuurlijk getal zodat N = 2 + 2
√
28n2 + 1 een natuurlijk getal is. Bewijs dat N een volkomen kwadraat is.

(8) Bepaal alle a, b ∈ N zodat (a+ 19b)18 + (a+ b)18 + (19a+ b)18 een volkomen kwadraat is.

(9) Bewijs dat voor alle natuurlijke getallen n geldt: 7 | n3 + 3n ⇐⇒ 7 | n33n + 1.

(10) Definieer voor elk natuurlijk getal n het getal p(n) als de grootste oneven deler van n. Bewijs:

1

2k

2k∑

n=1

p(n)

n
>

2

3
.

(11) (IMO 1986) Zij d een natuurlijk getal met d 6∈ {0, 2, 5, 13}. Bewijs dat er in de verzameling {2, 5, 13, d} steeds twee
getallen a en b zitten zodanig dat het getal ab− 1 geen volkomen kwadraat is.

(12) Zijn n en q natuurlijke getallen met n ≥ 5 en 2 ≤ q ≤ n. Bewijs dat q − 1 een deler is van b (n−1)!
q c.

(13) Bepaal alle natuurlijke oplossingen van de vergelijking a! · b! = a! + b! + c!.
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(14) Toon aan dat elk geheel getal de som is van vijf volkomen derdemachten.

(15) We noemen n ∈ N machtig als n de volgende eigenschap heeft: als n | an − 1 voor een zekere a ∈ N, dan geldt
n2 | an − 1. Bewijs dat priemgetallen machtig zijn, en dat oneindig veel niet-priemgetallen machtig zijn.

(16) Bepaal alle natuurlijke getallen a en b zodat ( 3
√
a+ 3
√
b− 1)2 = 49 + 20 3

√
6.

(17) Bepaal alle rekenkundige rijtjes van drie natuurlijke getallen met de eigenschap dat het product van de drie termen van
het rijtje geen priemfactor heeft die strikt groter is dan 3.

(18) Zij α de grootste wortel van de vergelijking x3 − 3x2 + 1 = 0. Bewijs dat bα1788c en bα1988c deelbaar zijn door 17.

(19) Bewijs dat voor elk natuurlijk getal n geldt dat b 3
√
n+ 3
√
n+ 1c = b 3

√
8n+ 3c.

(20) Zij N een natuurlijk getal. Bewijs dat er een rij van N opeenvolgende natuurlijke getallen bestaat zodanig dat de j-de
term van deze rij de som is van j verschillende volkomen kwadraten.

(21) Definieer a0 = 0, a1 = 1 en an+2 = 2an+1 + an voor n ≥ 0. Bewijs: 2k | an ⇐⇒ 2k | n.

(22) Defininieer een rij van natuurlijke getallen door u0 = 1 en un+1 = aun + b, waarbij a en b willekeurige natuurlijke
getallen zijn. Bewijs dat deze rij (voor elke keuze van a en b) oneindig veel termen heeft die niet priem zijn.

(23) Bewijs dat er oneindig veel natuurlijke getallen n bestaan met n2 + 1 | n!.

(24) Definieer y0 = 1 en yn+1 = 1
2 (3yn +

√
5y2n − 4). Bewijs dat yn ∈ N voor alle n.

(25) (IMO 2006) Bepaal alle natuurlijke getallen x en y zodat y2 = 1 + 2x + 22x+1.

(26) (IMO 1997) Bepaal alle gehele getallen a en b zodat ab
2

= ba.

(27) (IMO 2003) Bepaal alle gehele getallen a en b zodat a2/(2ab2 − b3 + 1) een natuurlijk getal is.

(28) Een deelnemer aan het IMO-stageweekend die niet goed heeft opgelet herinnert zich de kleine stelling van Fermat als
volgt: als p een priemgetal is en a een natuurlijk getal, dan is ap+1 ≡ a (mod p). Dat slaat natuurlijk nergens op,
en iedereen die opgelet heeft weet dat de juiste congruentie de volgende is: ap ≡ a (mod p). Maar toch de volgende
vraag: welke natuurlijke getallen p hebben de eigenschap dat ap+1 ≡ a (mod p) voor alle natuurlijke getallen a?

(29) Zijn p1, p2, · · · , pk ≥ 5 verschillende priemgetallen. Bewijs dat τ(2p1p2···pk + 1) ≥ 4k.

(30) Zijn x en y natuurlijke getallen zodat xy een deler is van x2 + y2 + 1. Bewijs dat x2 + y2 + 1 = 3xy.

(31) (IMO 2007) Zijn a en b natuurlijke getallen zodat 4ab− 1 | (4a2 − 1)2. Bewijs dat a = b.

(32) Bestaat er een natuurlijk getal m zodanig dat de vergelijking

1

a
+

1

b
+

1

c
+

1

abc
=

m

a+ b+ c

oneindig veel natuurlijke oplossingen heeft?

(33) (IMO 1988) Zijn a en b natuurlijke getallen zodat ab+ 1 een deler is van a2 + b2. Bewijs dat

a2 + b2

ab+ 1

een volkomen kwadraat is.

(34) (IMO 2000) Bestaat er een natuurlijk getal n met precies 2000 priemdelers zodat n een deler is van 2n + 1?

(35) (IMO 1998) Voor welke natuurlijke getallen k bestaat er een natuurlijk getal k zodat τ(n2) = kτ(n)?
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1 Introduction

This handout is about some of the key techniques for solving number theory problems, especially
Diophantine equations (equations with integer variables). Some of this stuff is pretty advanced, so
if you have trouble following something, it’s okay. Don’t be afraid to ask questions!

I’m going to assume you already know some of the basics of number theory, especially modular
arithmetic. I am also not going to spend much time covering theorems. If you want theorems or
more background, I suggest checking out Naoki Sato’s handout:

http://www.artofproblemsolving.com/Resources/Papers/SatoNT.pdf

And once again, don’t be afraid to ask questions!

2 Reduce mod n

Most IMO-level students will be familiar with the idea that an equation (or system of equations)
can sometimes be solved by first reducing mod n, and then showing it has no solutions mod n.
Here is one such problem:

Example: (IMO 1986, #1) Let d be any positive integer not equal to 2, 5, or 13. Show that
one can find distinct a, b in the set {2, 5, 13, d} such that ab− 1 is not a perfect square.

Solution: The quadratic residues mod 16 are {0, 1, 4, 9}. Therefore, 2d − 1 can only be a
perfect square if d ∈ {1, 5, 9, 13} (mod 16), and 5d − 1 can only be a perfect square if d ∈
{1, 2, 10, 13} (mod 16), and 13d − 1 can only be a perfect square if d ∈ {2, 5, 9, 10} (mod 16).
There is no d that simultaneously satisfies all three conditions, and the result follows.

If you have done a lot of number theory before, this may seem like a fairly standard problem to
you, and you might wonder that it made it onto the IMO. And it is a standard problem... sort of.
We need to show a set of equations: 2d− 1 = x2, 5d− 1 = y2, 13d− 1 = z2 has no integer solutions.
So we reduce the equations mod 16, and by checking every possible value for d, we confirm that in
fact, there are no possible solutions. There is one tricky part though: why should we choose 16 in
particular? Nothing smaller works.

The art for these problems is choosing the right n. Here are some tips:

• Make n a prime power. The Chinese Remainder Theorem guarantees that looking at any
polynomial mod xy is no better than looking at it mod x and then looking at it mod y
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(assuming x and y are relatively prime). If there are variables in the exponents, you might
want to break this rule, but even then, prime powers are still usually the right choice.

• If there are perfect squares in the equations, try n a power of 2. The fewer quadratic residues
there are mod n, the better off you will be. If n is a power of 2, the number of quadratic
residues mod n is

⌈
n
6

⌉
+ 1. If n is a power of p 6= 2, the number of quadratic residues mod

n is
⌈

pn
2(p+1)

⌉
≥
⌈
n
3

⌉
. So, as you can see, powers of 2 are basically twice as good as the other

choices! In practice, 4, 8, and sometimes 16 are good numbers to try.

• If there are mth powers in the equation, the key is to choose n = pk so that g = gcd(m, (p−
1)pk−1) is as large as possible. This is because the number of mth powers mod n is approxi-
mately n

g . Usually you want to choose p, k so that m|(p− 1)pk−1.

• Make sure there is something to gain from doing modular arithmetic in the first place! The
technique is very useful for showing an equation has no solutions. But if it has even one
solution, it will also have a solution mod n for all n. Even if you can show all solutions are 1
mod 1,000,000,000, that still leaves an infinite number of possibilities to check!

• If the sum of the digits of an integer S(n) is involved, always consider mod 9, because
S(n) ≡ n (mod 9).

3 Check the size of things

Almost as important as modular arithmetic in number theory is the fact that distinct integers differ
by at least 1. An obvious fact, but a useful one nonetheless!

Example: (see APMO 1999, #41) Find all positive integers (a, b) such that a2 + 4b and b2 + 4a
are both perfect squares.

Solution: Suppose (a, b) is a solution. Assume without loss of generality that a ≤ b. Then
b2 < b2 + 4a ≤ b2 + 4b < (b + 2)2. It follows that b2 + 4a = (b + 1)2, which implies a = 2b+1

4 .

However, this is impossible because 2b+1
4 is not an integer. Therefore, there are no solutions.

In general, you should just always keep in mind approximately how large the quantities you are
working with are. Take a step back, and ask if these bounds are pretty restrictive. If they are, you
should probably investigate them pretty carefully. Here are a couple things to keep in mind:

• If a|b, then b = 0 or |a| ≤ |b|.

• For all x, we have x− 1 < bxc ≤ x, and x ≤ dxe < x+ 1.

• If x is a known integer and y is an unknown integer with y ≈ x, then there aren’t very many
possibilities for y!

• Remember the division algorithm! Given integers n,m, there are unique integers a, b with
0 ≤ b < m, so that n = am + b. Sometimes, you can make this substitution, deal with the
am part trivially, and then use inequality techniques to deal with the b part.

1The real APMO problem asks you to look for negative solutions as well. The same approach works, but there
are more cases that you have to consider.
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4 Factor

For many an Olympiad problem, the key step is a clever factoring or rewriting of the equation.
Here are some useful things you can say after writing an expression as x · y for integers x, y:

• If x, y > 1, then xy is composite.

• If xy = 0, then x = 0 or y = 0.

• If xy is a power of a prime p, then x and y are powers of p as well.

• If x, y are relatively prime, and xy is a perfect kth power, then x and y are perfect kth powers
as well.

• If xy = a2 + b2 with gcd(a, b) = 1, then x, y 6≡ 3 (mod 4). (See example below.)

Example: Prove that there are no integer solutions (x, y) to y2 = x3 + 23.

Solution: The solution is based on the fact that if a prime p is congruent to 3 (mod 4), then
−1 is not a quadratic residue modulo p. Remember that you were asked to prove this very useful
fact during the pre-camp problem set!

In the given equation, note that if y is odd, then x3 ≡ 1− 23 ≡ 2 (mod 4), which is impossible.
If y is even, then x3 ≡ −23 ≡ 1 (mod 4). This leaves only the possibility that y is even and
x ≡ 1 (mod 4).

Now, write the equation as 4
((y

2

)2
+ 1
)
= (x + 3)(x2 − 3x + 9), and note that x2 − 3x + 9 ≡

3 (mod 4). Therefore, there exists a prime p ≡ 3 (mod 4) that divides x2 − 3x + 9. This prime

must also divide
(y
2

)2
+ 1. However, this would imply that −1 is a quadratic residue modulo p,

which is impossible.

Factoring is used in many places. Here are some things to watch out for:

• Completing the square: x2 + ax =
(
x+ a

2

)2 − a2

4 . You can then look at quadratic residues,
or you can use this as part of a larger factoring. This can also set up a Pell’s equation2 (e.g.
x2 + x = 2y2).

• Difference and sums of nth powers:
xn − yn = (x− y)(xn−1 + xn−2y + xn−3y2 + . . .+ xyn−2 + yn−1),
xn + yn = (x+ y)(xn−1 − xn−2y + xn−3y2 − . . .− xyn−2 + yn−1) if n is odd.

• Sophie Germain’s identity: x4 + 4y4 = (x2 − 2xy + 2y2)(x2 + 2xy + 2y2).

• Polynomials evaluated at two different points: There are many problems that revolve around
the identity x− y|P (x)− P (y) for P a polynomial with integer coefficients.

• Diophantine equations with variables in the exponents (e.g. 3x−2y = 1). For these problems,
you almost always want to use modular arithmetic to show a couple exponents have to be
multiples of some integer n, and then factor the equation as a difference (or sum) of nth

powers.

2A Pell’s equation is an equation of the form x2 −Dy2 = 1, where D is a constant non-square. Such an equation
always has an infinite number of integer solutions. If (x1, y1) is the smallest solution with x > 1, then the full set of
solutions is given by (±xn,±yn) where xn and yn are defined by xn + yn

√
D = (x1 + y1

√
D)n.

3



5 Use infinite descent

Suppose you want to show an equation has no positive integer solutions, or it has no positive integer
solutions of a certain type. With infinite descent, you do a proof by contradiction. Let x be the
smallest “bad” solution. Then show there is another bad solution x′ with 0 < x′ < x, giving a
contradiction.

Warning: This only works for positive integers. You cannot assume an equation has a smallest
rational solution, a smallest real solution, or a smallest negative solution! If an equation involves
positive and negative integers, you can still do infinite descent if you take x minimizing |x|, but do
not forget the absolute value!

If you want to do infinite descent, the real question is: how do you find x′?

Example: 2009 stones are given, each with positive integer weight. If any one stone is removed,
the remaining stones can be split into two heaps with the same total weight, each containing exactly
1004 stones. Prove that all the stones weigh the same.

Solution: Let {wi} denote the weight of the stones, and let W =
∑2009

i=1 wi. Assume the claim is
false, and consider a counterexample minimizing W . If wi is removed, then the remaining stones
can be split into two equal-weight piles, so W −wi must be even. Since W is a constant, it follows
that each wi has the same parity.

If each wi is even, then 2009 stones of weight {wi
2 } is also a counterexample, but with smaller

W . If each wi is odd, then 2009 stones of weight {wi+1
2 } is also a counterexample, but with smaller

W (since, by assumption, we did not have every wi = 1). Either way, we have a contradiction, and
the result is proven.

Here are some tips on how to set up infinite descent:

• If you can show every variable in an equation must be even (or a multiple of n), then you can
often divide everything by n to get a smaller solution. Example: Solve x2 + y2 = 3z2.

• Suppose you have an equation that is quadratic in one or more variables: e.g. a2+b2 = abc+c.
Then if you know one root, you can find the other. For example, if a = x is a root of the
above equation, then a = bc−x2 is another root. If the new value is smaller than the old one
(but still positive), you can do infinite descent!

This is an extremely important technique for the IMO, and it is called root flipping or Vieta
jumping. Even outside of infinite descent solutions, you can still often learn something by
looking at the other root of a quadratic.

• Sometimes it is easy to find larger solutions. You can then try to reverse the construction to
get smaller solutions. Example: Call a positive integer “good” if it can be written in the form
a2+3b2. Show that the product of two good numbers is good. Then reverse this construction
to show that if 7n is good, then n is good.

6 Look at the order of elements mod n

You will often find yourself dealing with terms of the form xy for various values y. To work with
such expressions, it is helpful to remember the following:

Theorem 6.1. Fix x and n with gcd(x, n) = 1. There exists an integer m, called the order of x
modulo n, such that xy ≡ 1 (mod n) if and only if m|y.

4



In these terms, the very popular Fermat’s little theorem states that if x 6≡ 0 (mod p), then the
order of x mod p divides p− 1.

Example: (IMO Shortlist 2006, N5) Find all integer solutions of the equation x7−1
x−1 = y5 − 1.

Solution: This question is similar to y2 = x3 + 23, which was covered earlier.
Suppose p 6≡ 1 (mod 7) is a prime divisor of x7−1

x−1 = x6+x5+ . . .+1, and let m denote the order

of x modulo p. We know x7 ≡ 1 (mod p) so m|7. Also, by Fermat’s little theorem, m|p− 1. Since
p 6≡ 1 (mod 7), we know 7 and p − 1 are relatively prime, so m = 1. Therefore, x1 ≡ 1 (mod p).
Plugging this in, we have 0 ≡ x6 + x5 + . . .+ 1 ≡ 1 + 1 + . . .+ 1 ≡ 7 (mod p), and hence p = 7. It

follows that if z|x7−1
x−1 , then z is congruent to 0 or 1 mod 7.

If x7−1
x−1 = (y−1)(y4+y3+y2+y+1), we therefore have y ≡ 1, 2 (mod 7) =⇒ y4+y3+y2+y+1 ≡

5, 3 (mod 7). Either way, we have a contradiction. Therefore, the equation has no integer solu-
tions.

There are a couple generalizations of Fermat’s little theorem that you should also know. First
of all, what if p is not prime? To cover this case, we define φ(n) to be the number of positive
integers less than n relatively prime to n. You can check that φ(pe11 · pe22 · . . . · pekk ) = (p1 − 1)pe1−1

1 ·
(p2 − 1)pe2−1

2 · . . . · (pk − 1)pek−1
k . Then:

Theorem 6.2. (Euler’s theorem) Fix x and n with gcd(x, n) = 1. Then the order of x modulo n
divides φ(n). Equivalently, xφ(n) ≡ 1 (mod n).

If n is a prime, then φ(n) = n− 1, so this reduces exactly to Fermat’s little theorem.
The next theorem is very powerful, and you should absolutely keep it in mind as the right

intuition for how things work modulo prime powers. However, it is considered an advanced theorem,
so quote it directly on contests at your own risk!3

Theorem 6.3. (Primitive roots) Suppose n = pk or 2pk for some odd prime p and some positive
integer k. Then, there exists x so that the order of x modulo n is exactly φ(n).

Why is this so useful? It means that the set of integers relatively prime to n is precisely the set
{1, x, x2, . . . , xφ(n)−1} modulo n and the set of kth powers relatively prime to n is precisely the set
{1, xk, x2k, . . .}. As an exercise, you might try using primitive roots to prove the following facts:

• If p is an odd prime, then −1 is a quadratic residue mod pk if and only if p ≡ 1 (mod 4).

• Fix a prime p. Then p divides 1k + 2k + . . .+ pk if and only if p− 1 does not divide k.

3On the IMO, if you use a known theorem and you have a correct solution, you will likely get your 7 points
no matter what. The bad news is if you use a theorem or technique they don’t like (e.g. coordinate geometry or
Lagrange multipliers) and then make a mistake, you may not get much partial credit. Other Olympiads, including
the CMO, are sometimes less generous even on correct solutions.
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7 Problems

I have divided the problems into 3 types. The A problems are short (but not necessarily easy)
problems that illustrate the concepts in these notes. The B problems are real Olympiad problems,
most of which are quite challenging. The C problems are comparable to the hardest IMO number
theory problems. If you can get them, you can get anything!

There are hints at the back, but only look at them after seriously trying the problems first.

A1. Let a, b, c, d be positive integers with ab = cd. Prove that a+ b+ c+ d is composite.

A2. Show that 4n + n4 is composite for all integers n ≥ 2.

A3. Prove that the system of equations:

x2 + 6y2 = z2

6x2 + y2 = t2

has no non-trivial integer solutions.

A4. Show that 1919 cannot be written as m4 + n3 for any integers m and n.

A5. Recall that e is given by the infinite sum e = 1+ 1
1! +

1
2! +

1
3! + · · · . Show that e is irrational.

B1. For which positive integers n do there exist positive integers a, b satisfying a+b+n·gcd(a, b) =
lcm(a, b)?

B2. (Korean Math Olympiad 1998, #1) Find all pairwise relatively prime positive integers l,m, n
such that

(l +m+ n) ·
(
1

l
+

1

m
+

1

n

)

is an integer.

B3. (USAMO 2005, #2) Prove that the system

x6 + x3 + x3y + y = 147157

x3 + x3y + y2 + y + z9 = 157147

has no solutions in integers x, y, and z.

B4. (Bulgarian Math Olympiad 1981, #4) Prove that, if 1 + 2n + 4n is prime, then n = 3k for
some integer k.

B5. (IMO 1989, #5) Prove that for each positive integer n, there exist n consecutive positive
integers none of which is an integral power of a prime number.

B6. (Russian Math Olympiad 1999, Grade 11, #5) Four natural numbers have the property that
the square of the sum of any two of the numbers is divisible by the product of the other two.
Show that at least three of the four numbers are equal.

B7. (IMO Shortlist 1996, N4) Find all positive integers m and n such that
⌊
m2

n

⌋
+
⌊
n2

m

⌋
=

⌊
m
n + n

m

⌋
+mn.
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B8. Prove that if n ≥ 3, then
⌈
(3 +

√
5)n
⌉
is divisible by 8.

B9. (IMO 2003, #2) Determine all pairs of positive integers (a, b) such that

a2

2ab2 − b3 + 1

is a positive integer.

B10. (Romania 1997) Let P (x), Q(x) be monic irreducible polynomials over the rational numbers.
Suppose P and Q have respective roots α and β such that α+ β is rational. Prove that the
polynomial P (x)2 −Q(x)2 has a rational root.

B11. Prove that if n is a positive integer with the property that both 3n+1 and 4n+1 are perfect
squares, then n is divisible by 7.

B12. (IMO 1998, #3) For any positive integer n, let d(n) denote the number of positive divisors
of n (including 1 and n itself).

Determine all positive integers k such that

d(n2)

d(n)
= k

for some n.

C1. (IMO Shortlist 1998, N5) Find all positive integers n for which there is an integer m with
2n − 1|m2 + 9.

C2. (a) (IMO 2007, #5) Let a and b be positive integers. Show that if 4ab−1 divides (4a2−1)2,
then a = b.

(b) (IMO 1988, #6) Let a and b be positive integers such that ab+1 divides a2 + b2. Show
that

a2 + b2

ab+ 1

is the square of an integer.

C3. (IMO Shortlist 2005, N6) Let a and b be positive integers such that an +n divides bn +n for
every positive integer n. Show that a = b.

C4. (IMO 1987, #6) Let n be an integer greater than or equal to 2. Prove that if k2 + k + n is
prime for all integers k such that 0 ≤ k ≤

√
n/3, then k2 + k + n is prime for all integers k

such that 0 ≤ k ≤ n− 2.

C5. (IMO 1990, #6) Prove that there exists a convex 1990-gon with the following two properties:
(a) all angles are equal; (b) the lengths of the 1990 sides are the numbers 12, 22, 32, . . . , 19902

in some order.

C6. (IMO Shortlist 2001, N6) Is it possible to find 100 positive integers not exceeding 25,000,
such that all pairwise sums of them are different?

C7. (Chinese Math Olympiad 2006, #3) Positive integers k,m, n satisfy mn = k2 + k + 3. Prove
there exist odd integers x, y so that either x2 + 11y2 = 4m or x2 + 11y2 = 4n.

7



8 Selected Hints

A1. Substitute d = ab
c .

A2. Use Sophie Germain’s identity.

A3. Add the equations, and do infinite descent.

A4. You want to reduce mod x. Remember the tips for choosing x.

A5. Assume that e = m
n and multiply through by n!.

B1. Let p = gcd(a, b), q = a
p , r =

b
p .

B2. Show m|n+ l. If m ≥ n, l, that is pretty restrictive.

B3. Add the equations, and factor.

B4. Work out some examples. You should be able to see what must divide what.

B5. Use the Chinese Remainder Theorem.

B6. If p divides one of the numbers, what can you say about p?

B7. This is basically an inequality problem. If m ≥ n, first show m2 > n.

B8. Show
⌈
(3 +

√
5)n
⌉
= (3 +

√
5)n + (3−

√
5)n.

B9. By root-flipping on a2 = 2ab2x− b3x+ x, it suffices to focus on the case a ≤ b.

B10. Prove Q(x) = ±P (α+ β − x).

B11. Surprisingly, reducing mod 7k doesn’t work. But you can find all solutions using a Pell’s
equation. See the earlier footnote about them.

B12. Recall that if n =
∏
peii , then d(n) =

∏
(ei + 1). Now try to do small values of k. Can you

generalize your construction?

C1. You will need to show 22
a − 1 has no prime divisors other than 3 that are 3 (mod 4).

C2. These problems both rely on infinite descent with root-flipping. For (a), first make the

numerator of (4a2−1)2

4ab−1 more manageable. For (b), the tricky part is showing the new solution
is positive.

C3. You don’t need to consider every n. Choose one (depending on a, b) that is easy to work with.

C4. If x is a solution to k2 + k + n ≡ 0 (mod p), then so is p− 1− x.

C5. Let ωn denote a complex nth root of unity. Find an ordering `i,j,k of {12, 22, . . . , 19902} for

which
∑1

i=0

∑4
j=0

∑198
k=0 ω

i
2ω

j
5ω

k
199`i,j,k = 0. (A simple ordering works – no need to be fancy.)

C6. The answer is yes, even for 101 numbers (hint, hint). Try setting it up so you can deduce
i+ j and ij from xi + xj .

C7. Use infinite descent (but not root flipping for once) to prove that if k2 + 11 = 4mn, then
there exist a, b, c, d, not all even, satisfying 4m = a2 + 11b2, 4n = c2 + 11d2, 2k = ac+ 11bd.

8



terug naar echt bestand

134



c©2007 The Author(s) and The IMO Compendium Group

Quadratic Congruences
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1 Quadratic Congruences to Prime Moduli

Definition 1. Let m,n and a be integers, m> 1, n≥ 1 and(a,m) = 1. We say that a is a residue of
n-th degree modulo m if congruence xn ≡ a (mod m) has an integer solution; else a is a nonresidue
of n-th degree.

Specifically, forn = 2,3,4 the residues are called quadratic, cubic, biquadratic, respectively.
This text is mainly concerned with quadratic residues.

Theorem 1. Given a prime p and an integer a, the equation x2 ≡ a has zero, one, or two solutions
modulo p.

Proof. Suppose that the considered congruence has a solutionx1. Then so clearly isx2 = −x1. There
are no other solutions modulop, becausex2 ≡ a ≡ x2

1 (mod p) impliesx ≡ ±x1. 2

As a consequence of the above simple statement we obtain:

Theorem 2. For every odd positive integer p, among the numbers1,2, . . . , p− 1 there are exactly
p−1

2 quadratic residues (and as many quadratic nonresidues).2

Definition 2. Given a prime number p and an integer a, Legendre’s symbol
(

a
p

)
is defined as

(
a
p

)
=





1, if p ∤ a and a is a quadratic residue (mod p);
−1, if p ∤ a and a is a quadratic nonresidue (mod p);
0, if p | a.

Example 1. Obviously,
(

x2

p

)
= 1 for each prime p and integer x, p∤ x.

Example 2. Since 2 is a quadratic residue modulo 7 (32 ≡ 2), and 3 is not, we have
(2

7

)
= 1 and(3

7

)
= −1.

From now on, unless noted otherwise,p is always an odd prime anda an integer. We also denote
p′ = p−1

2 .
Clearly,a is a quadratic residue modulop if and only if so isa+kp for some integerk. Thus we

may regard Legendre’s symbol as a map from the residue classes modulop to the set{−1,0,1}.
Fermat’s theorem asserts thatap−1 ≡ 1 (mod p), which impliesap′ ≡ ±1 (mod p). More pre-

cisely, the following statement holds:
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Theorem 3 (Euler’s Criterion). ap′ ≡
(

a
p

)
(mod p).

Proof. The statement is trivial forp | a. From now on we assume thatp ∤ a.
Letg be a primitive root modulop. Then the numbersgi , i = 0,1, . . . , p−2 form a reduced system

of residues modulop. We observe that(gi)p′
= gip′ ≡ 1 if and only if p− 1 | ip′, or equivalently,

2 | i.
On the other hand,gi is a quadratic residue modulop if and only if there existsj ∈ {0,1, . . . , p−

2} such that(g j)2 ≡ gi (mod p), which is equivalent to 2j ≡ i (mod p−1). The last congruence is
solvable if and only if 2| i, that is, exactly when(gi)p′ ≡ 1 (modp). 2

The following important properties of Legendre’s symbol follow directly from Euler’s criterion.

Theorem 4. Legendre’s symbol is multiplicative, i.e.
(

ab
p

)
=
(

a
p

)(
b
p

)
for all integers a,b and

prime number p> 2. 2

Problem 1. There exists a natural number a<
√

p+1 that is a quadratic nonresidue modulo p.

Solution. Consider the smallest positive quadratic nonresiduea modulop and letb=
[ p

a

]
+1. Since

0 < ab− p< a, ab− p must be a quadratic residue. Therefore

1 =

(
ab− p

p

)
=

(
a
p

)(
a
p

)
= −

(
b
p

)
.

Thusb is a quadratic nonresidue and hencea ≤ b < p
a +1, which implies the statement.

Theorem 5. For every prime number p> 2,
(

−1
p

)
= (−1)

p−1
2 .

In other words, the congruencex2 ≡ −1 modulo a primep is solvable if and only ifp = 2 or
p ≡ 1 (mod 4).△

Problem 2. If p is a prime of the form4k+ 1, prove that x= (p′)! is a solution of the congruence
x2 +1 ≡ 0 (mod p).

Solution. Multiplying the congruencesi ≡ −(p− i) (mod p) for i = 1,2, . . . , p′ yields (p′)! ≡
(−1)p′

(p′ + 1) · · · (p− 2)(p− 1). Note thatp′ is even by the condition of the problem. We now
have

x2 = (p′)!2 ≡ (−1)p′
p′ · (p′ +1) · · ·(p−2)(p−1)= (−1)p′

(p−1)! ≡ (−1)p′+1 = −1 (modp)

by Wilson’s theorem.△
One can conclude from Problem 1 that every prime factor of numberx2 +y2 (wherex,y ∈ N are

coprime) is either of the form 4k+1,k ∈N, or equal to 2. This conclusion can in fact be generalized.

Theorem 6. Let x,y be coprime integers and a,b,c be arbitrary integers. If p is an odd prime divisor
of number ax2 +bxy+cy2 which doesn’t divide abc, then

D = b2−4ac

is a quadratic residue modulo p.
In particular, if p | x2 −Dy2 and(x,y) = 1, then D is a quadratic residue (mod p).

Proof. DenoteN = ax2 +bxy+cy2. Since 4aN = (2ax+by)2−Dy2, we have

(2ax+by)2 ≡ Dy2 (mod p).
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Furthermore,y is not divisible byp; otherwise so would be 2ax+ by and thereforex itself, contra-
dicting the assumption.

There is an integery1 such thatyy1 ≡ 1 (modp). Multiplying the above congruence byy2
1 gives

us(2axy1+byy1)
2 ≡ D(yy1)

2 ≡ D (mod p), implying the statement.2

For an integera, p ∤ a andk = 1,2, . . . , p′ there is a uniquerk ∈ {−p′, . . . ,−2,−1,1,2, . . . , p′}
such thatka ≡ rk (mod p). Moreover, no two of therk’s can be equal in absolute value; hence
|r1|, |r2|, . . . , |rp′ | is in fact a permutation of{1,2, . . . , p′}. Then

ap′
=

a ·2a · · · · · p′a
1 ·2 · · · · · p′ ≡ r1r2 . . . rp′

1 ·2 · · · · · p′ .

Now, settingrk = εk|rk| for k = 1, . . . , p′, whereεk = ±1, and applying Euler’s criterion we obtain:

Theorem 7.
(

a
p

)
= ε1ε2 · · ·εp′ . 2

Observe thatrk = −1 if and only if the remainder ofkaupon division byp is greater thanp′, i.e.

if and only if
[

2ka
p

]
= 2

[
ka
p

]
+1. Therefore,rk = (−1)

[
2ka
p

]
. Now Theorem 7 implies the following

statement.

Theorem 8 (Gauss’ Lemma).
(

a
p

)
= (−1)S, where S=

p′

∑
k=1

[
2ka
p

]
. 2

Gauss’ lemma enables us to easily compute the value of Legendre’s symbol
(

a
p

)
for small a

or small p. If, for instance,a = 2, we have
(

2
p

)
= (−1)S, whereS= ∑p′

k=1

[
4k
p

]
. Exactly

[1
2 p′]

summands in this sum are equal to 0, while the remainingp′ −
[1

2 p′] are equal to 1. Therefore

S= p′ −
[

1
2 p′] =

[
p+1

4

]
, which is even forp ≡ ±1 and odd forp ≡ ±3 (mod 8). We have proven

the following

Theorem 9.
(

2
p

)
= (−1)

[
p+1

4

]
.

In other words, 2 is a quadratic residue modulo a prime p> 2 if and only if p≡ ±1 (mod 8).

The following statements can be similarly shown.

Theorem 10. (a) -2 is a quadratic residue modulo p if and only if p≡ 1 or p ≡ 3 (mod 8);

(b) -3 is a quadratic residue modulo p if and only if p≡ 1 (mod 6);

(c) 3 je quadratic residue modulo p if and only if p≡ ±1 (mod 12);

(d) 5 is a quadratic residue modulo p if and only if p≡ ±1 (mod 10).2

Problem 3. Show that there exist infinitely many prime numbers of the form (a)4k+1; (b) 10k+9.

Solution. (a) Suppose the contrary, thatp1, p2, . . . , pn are all such numbers. Then by Theorem 5, all
prime divisors ofN = (2p1p2 · · · pn)

2 +1 are of the form 4k+1. However,N is not divisible by any
of p1, p2, . . . , pn, which is impossible.

Part (b) is similar to (a), with numberN = 5(2p1p2 · · · pn)
2 −1 being considered instead.△

Problem 4. Prove that for n∈ N every prime divisor p of number n4−n2+1 is of the form12k+1.

Solution. We observe that

n4 −n2+1 = (n2 −1)2+n2 i n4 −n2+1 = (n2 +1)2−3n2.

In view of theorems 5, 6, and 10, the first equality gives usp ≡ 1 (mod 4), whereas the other one
gives usp ≡ ±1 (mod 12). These two congruences together yieldp ≡ 1 (mod 12).△
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Problem 5. Evaluate
[

1
2003

]
+

[
2

2003

]
+

[
22

2003

]
+ · · ·+

[
22001

2003

]
.

Solution. Note that 2003 is prime. It follows from Euler’s criterion and Theorem 10 that 21001≡(
2

2003

)
= −1 (mod 2003). Therefore 2003| 2i(21001+1) = 21001+i +2i ; since 2i and 21001+i are not

multiples of 2003, we conclude that
[

2i

2003

]
+

[
21001+i

2003

]
=

2i +21001+i

2003
−1.

Summing up these equalities fori = 0,1, . . . ,1000 we obtain that the desired sum equals

1+2+22+ · · ·+22001

2003
−1001=

22002−1
2003

−1001. △

The theory we have presented so far doesn’t really facilitate the job if we need to find out whether,
say, 814 is a quadratic residue modulo 2003. That will be doneby the following theorem, which
makes such a verification possible with the amount of work comparable to that of the Euclidean
algorithm.

Theorem 11 (Gauss’ Reciprocity Law).For any different odd primes p and q,
(

p
q

)(
q
p

)
= (−1)p′q′

,

where p′ = p−1
2 and q′ = q−1

2 .

Proof. DefineS(p,q) = ∑q′
k=1

[
kp
q

]
. We start by proving the following auxiliary statement.

Lemma 1. S(p,q)+S(q, p) = p′q′.

Proof of the Lemma. Givenk ∈ N, we note that
[

kp
q

]
is the number of integer points(k, l) in the

coordinate plane with 0< l < kp/q, i.e. such that 0< ql < kp. It follows that the sumS(p,q) equals
the number of integer points(k, l) with 0 < k < p′ and 0< ql < kp. ThusS(p,q) is exactly the
number of points with positive integer coordinates in the interior or on the boundary of the rectangle
ABCDthat liebelowthe lineAE, whereA(0,0), B(p′,0), C(p′,q′), D(0,q′), E(p,q).

Analogously,S(q, p) is exactly the number of points with positive integer coordinates in the
interior or on the boundary of the rectangleABCD that lieabovethe lineAE. Since there arep′q′

integer points in total in this rectangle, none of which is onthe lineAE, it follows that S(p,q)+
S(q, p) = p′q′. ▽

We now return to the proof of the theorem. We have

S(p+q,q)−S(p,q)= 1+2+ · · ·+ p′ =
p2 −1

8
.

Since Theorem 9 is equivalent to
(

2
p

)
= (−1)

p2−1
8 , Gauss’ lemma gives us

(
2
q

)(
p
q

)
=

(
2p
q

)
=

(
2(p+q)

q

)
=

(
p+q

2

q

)
= (−1)S(p+q,q) =

(
2
q

)
(−1)S(p,q),

hence
(

p
q

)
= (−1)S(p,q). Analogously,

(
q
p

)
= (−1)S(q,p). Multiplying the last two inequalities and

using the lemma yields the desired equality.2

Let us now do the example mentioned before the Reciprocity Law.



Dušan Djukić: Quadratic Congruences 5

Example 3.
(

814
2003

)
=

(
2

2003

)(
11

2003

)(
37

2003

)
= −

(
11

2003

)(
37

2003

)
.

Furthermore, the Reciprocity Law gives us

(
11

2003

)
= −

(
2003
11

)
=

(
1
11

)
= 1 and

(
37

2003

)
=

(
2003
37

)
=

(
5
37

)
=

(
37
5

)
= −1.

Thus
( 814

2003

)
= 1, i.e. 814is a quadratic residue modulo2003.

Problem 6. Prove that an integer a is a quadratic residue modulo every prime number if and only
if a is a perfect square.

Solution. Suppose thata is not a square. We may assume w.l.o.g. (why?) thata is square-free.
Suppose thata > 0. Thena = p1p2 · · · pk for some primesp1, . . . , pk. For every prime numberp

it holds that (
a
p

)
=

k

∏
i=1

(
pi

p

)
and

(
pi

p

)
= (−1)p′

i p
′
(

p
pi

)
. (1)

If a = 2, it is enough to choosep = 5. Otherwisea has an odd prime divisor, saypk. We choose a
prime numberp such thatp ≡ 1 (mod 8),p ≡ 1 (modpi) for i = 1,2, . . . ,k−1, andp ≡ a (mod pk),
wherea is an arbitrary quadratic nonresidue modulopk. Such prime numberp exists according to the
Dirichlet theorem on primes in an arithmetic progression. Then it follows from (1) thatp1, . . . , pk−1
are quadratic residues modulop, but pk is not. Thereforea is a quadraic nonresidue modulop.

The proof in the casea < 0 is similar and is left to the reader.△

2 Quadratic Congruences to Composite Moduli

Not all moduli are prime, so we do not want to be restricted to prime moduli. The above theory
can be generalized to composite moduli, yet losing as littleas possible. The following function
generalizes Legendre’s symbol to a certain extent.

Definition 3. Let a be an integer and b an odd number, and let b= pα1
1 pα2

2 · · · pαr
r be the factorization

of b onto primes. Jakobi’a symbol
(

a
b

)
is defined as

(a
b

)
=

(
a
p1

)α1
(

a
p2

)α2

· · ·
(

a
pr

)αr

.

Since there is no danger of confusion, Jacobi’s and Legendre’s symbol share the notation.
It is easy to see that

(
a
b

)
= −1 implies thata is a quadratic nonresidue modulob. Indeed, if

(
a
b

)
= −1, then by the definition

(
a
pi

)
= −1 for at least onepi | b; hencea is a quadratic nonresidue

modulopi .
However, the converse isfalse, as seen from the following example.

Example 4. Although (
2
15

)
=

(
2
3

)(
2
5

)
= (−1) · (−1) = 1,

2 is not a quadratic residue modulo 15, as it is not so modulo 3 and 5.

In fact, the following weaker statement holds.

Theorem 12. Let a be an integer and b a positive integer, and let b= pα1
1 pα2

2 · · · pαr
r be the faktoriza-

tion of b onto primes. Then a is a quadratic residue modulo b ifand only if a is a quadratic residue
modulo pαi

i for each i= 1,2, . . . , r.
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Proof. If a quadratic residue modulob, it is clearly so modulo eachpαi
i , i = 1,2, . . . , r.

Assume thata is a quadratic residue modulo eachpαi
i and thatxi is an integer such thatx2

i ≡ a
(mod pαi

i ). According to Chinese Remainder Theorem there is anx such thatx ≡ xi (mod pαi
i ) for

i = 1,2, . . . , r. Thenx2 ≡ x2
i ≡ a (mod pαi

i ) for eachi, and thereforex2 ≡ a (modb). 2

Theorem 13. The number of quadratic residues modulo pn (n > 0) is equal to
[

2n−1−1
3

]
+2 for p = 2, and

[
pn+1−1
2(p+1)

]
+1 for p > 2.

Proof. Let kn denote the number of quadratic residues modulopn.
Let p be odd andn≥ 2. Numbera is a quadratic residue modulopn if and only if eitherp ∤ a and

a is a quadratic residue modulop, or p2 | a anda/p2 is a quadratic residue modulopn−2. It follows
thatkn = kn−2+ p′pn−1.

Let p = 2 andn ≥ 3. Numbera is a quadratic residue modulo 2n if and only if eithera ≡ 1 (mod
8) or 4| a anda/4 is a quadratic residue modulo 2n−2. We obtainkn = kn−2 +2n−3.

Now the statement is shown by simple induction onn. 2

Many properties of Legendre’s symbols apply for Jacobi’s symbols also. Thus the following
statements hold can be easily proved by using the definition of Jacobi’s symbol and the analogous
statements for Legendre’s symbols.

Theorem 14. For all integers a,b and odd numbers c,d the following equalities hold:
(

a+bc
c

)
=
(a

c

)
,

(
ab
c

)
=
(a

c

)(b
c

)
,
( a

cd

)
=
(a

c

)(a
d

)
. 2

Theorem 15. For every odd integer a,
(−1

a

)
= (−1)

a−1
2 ,

(
2
a

)
= (−1)[

a+1
4 ]. 2

Theorem 16 (The Reciprocity Rule).For any two coprime odd numbers a,b it holds that

(a
b

)(b
a

)
= (−1)

a−1
2 · b−1

2 . 2

Problem 7. Prove that the equation x2 = y3 −5 has no integer solutions(x,y).

Solution. For eveny we havex2 = y3 −5 ≡ 3 (mod 8), which is impossible.
Now let y be odd. Ify ≡ 3 (mod 4), thenx2 = y3 − 5 ≡ 33 − 5 ≡ 2 (mod 4), impossible again.

Hencey must be of the form 4z+1, z∈ Z. Now the given equation transforms into

x2 +4 = 64z3 +48z2+12z= 4z(16z2 +12z+3).

It follows thatx2 ≡ 4 (mod 16z2 +12z+3).
However, the value of Jacobi’s symbol

( −4
16z2 +12z+3

)
=

( −1
16z2+12z+3

)

equals−1 because 16z2 +12z+3≡ 3 (mod 4). Contradiction.△
Problem 8. Prove that4kxy− 1 does not divide the number xm + yn for any positive integers
x,y,k,m,n.

Solution. Note that(xm,yn,4kxy− 1) = 1. Let us writem′ = [m/2] andn′ = [n/2]. We need to
investigate the following cases.
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1◦ m= 2m′ andn = 2n′. Then 4kxy− 1 | (xm′
)2 + (yn′

)2 by Theorem 6 implies
(

−1
4kxy−1

)
= 1,

which is false.

2◦ m = 2m′ and n = 2n′ + 1 (the casem = 2m′ + 1, n = 2n′ is analogous). Then 4kxy− 1 |
(xm′

)2 +y(yn′
)2 and hence

(
−y

4kxy−1

)
= 1. We claim this to be impossible.

Suppose thaty is odd. The Reciprocity Rule gives us

( −y
4kxy−1

)
=

( −1
4kxy−1

)(
y

4kxy−1

)
= (−1) · (−1)

y−1
2

(−1
y

)
= −1.

Now assume thaty = 2ty1, wheret ≥ 1 is an integer andy1 ∈ N. According to Theorem 15,

we have
(

2
4kxy−1

)
= 1, whereas, like in the case of oddy,

(
−y1

4kxy−1

)
=
(

−y1
4·2tkxy1−1

)
= −1. It

follows that ( −y
4kxy−1

)
=

(
2

4kxy−1

)t( −y1

4kxy−1

)
= −1.

3◦ m= 2m′ +1 andn = 2n′ +1. Then 4kxy−1 | x(xm′
)2 +y(yn′

)2, and hence
(

−xy
4kxy−1

)
= 1. On

the other hand, ( −xy
4kxy−1

)
=

( −4xy
4kxy−1

)
=

( −1
4kxy−1

)
= −1,

a contradiction.

This finishes the proof.△

3 Some Sums of Legendre’s symbols

Finding the number of solutions of a certain conguence is often reduced to counting the values of
x∈ {0,1, . . . , p−1} for which a given polynomialf (x) with integer coefficients is a quadratic residue
modulo an odd primep. The answer is obviously directly connected to the value of the sum

p−1

∑
x=0

(
f (x)
p

)
.

In this part we are interested in sums of this type.
For a linear polynomialf , the considered sum is easily evaluated:

Theorem 17. For arbitrary integers a,b and a prime p∤ a,

p−1

∑
x=0

(
ax+b

p

)
= 0.

Proof. Sincep ∤ a, the numbersax+b, x= 0,1, . . . , p−1 form a complete system of residues modulo
p. Exactly p−1

2 of them are quadratic residues, exactlyp−1
2 are quadratic nonresidues, and one is

divisible by p. It follows that

p−1

∑
x=0

(
ax+b

p

)
=

p−1
2

·1+
p−1

2
· (−1)+0= 0. 2

To evaluate the desired sum for quadratic polynomialsf , we shall use the following proposition.
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Theorem 18. Let f(x)p′
= a0 +a1x+ · · ·+akp′xkp′

, where k is the degree of polynomial f . We have

p−1

∑
x=0

(
f (x)
p

)
≡ −(ap−1+a2(p−1) + · · ·+ak′(p−1)) (mod p), where k′ =

[
k
2

]
.

Proof. DefineSn = ∑p−1
x=0 xn (n ∈ N) andS0 = p. It can be shown thatSn ≡ −1 (modp) for n > 0

andp−1 | n, andSn ≡ 0 (modp) otherwise. Now Euler’s Criterion gives us

p−1

∑
x=0

(
f (x)
p

)
≡

p−1

∑
x=0

f (x)p′
=

kp′

∑
i=0

aiSi ≡ −(ap−1+a2(p−1) + · · ·+ak′p−1) (mod p). 2

Theorem 19. For any integers a,b,c and a prime p∤ a, the sum

p−1

∑
x=0

(
ax2 +bx+c

p

)

equals−
(

a
p

)
if p ∤ b2 −4ac, and(p−1)

(
a
p

)
if p | b2 −4ac.

Proof. We have (
4a
p

) p−1

∑
x=0

(
ax2 +bx+c

p

)
=

p−1

∑
x=0

(
(2ax+b)2−D

p

)
,

whereD = b2 − 4ac. Since numbersax+ b, x = 0,1, . . . , p− 1 comprise a complete system of
residues modulop, we obtain

(
a
p

) p−1

∑
x=0

(
ax2 +bx+c

p

)
=

p−1

∑
x=0

(
x2 −D

p

)
= S.

Theorem 18 gives usS≡ −1 (modp), which together with|S| ≤ p yieldsS= −1 orS= p−1.

Suppose thatS= p−1. Thenp−1 of the numbers
(

x2−D
p

)
are equal to 1, and exactly one, say

for x = x0, is equal to 0, i.e.p | x2
0 − D. Since this impliesp | (−x0)

2 − D = x2
0 − p also, we must

havex0 = 0 and consequentlyp | D. Conversely, ifp | D, we haveS= p− 1; otherwiseS= −1,
which finishes the proof.2

Problem 9. The number of solutions(x,y) of congruence

x2 −y2 = D (mod p),

where D6≡ 0 (mod p) is given, equals p−1.

Solution. This is an immediate consequence of the fact that, for fixedx, the number of solutionsy

of the congruencey2 ≡ x2 −D (mod p) equals
(

x2−D
p

)
+1. △

Evaluating the sums of Legendre’s symbols for polynomialsf (x) of degree greater than 2 is
significantly more difficult. In what follows we investigatethe case of cubic polynomialsf of a
certain type.

For an integera, define

K(a) =
p−1

∑
x=0

(
x(x2 +a)

p

)
.

Assume thatp ∤ a. We easily deduce that for eacht ∈ Z,

K(at2) =

(
t
p

) p−1

∑
x=0

(
x
t ((

x
t )

2 +a)

p

)
=

(
t
p

)
K(a).
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Therefore|K(a)| depends only on whethera is a quadratic residue modulop or not.
Now we give one non-standard proof of the fact that every prime p ≡ 1 (mod 4) is a sum of two

squares.

Theorem 20 (Jacobstal’s identity). Let a and b be a quadratic residue and nonresidue modulo a
prime number p of the form4k+1. Then|K(a)| and|K(b)| are even positive integers that satisfy

(
1
2
|K(a)|

)2

+

(
1
2
|K(b)|

)2

= p.

Proof. The previous consideration gives usp′(K(a)2 + K(b)2) = ∑p−1
n=1 K(n)2 = ∑p−1

n=0 K(n)2, since

K(0) = 0. Let us determine∑p−1
n=0 K(n)2. For eachn we have

K(n)2 =
p−1

∑
x=0

p−1

∑
y=0

(
xy(x2 +n)(y2+n)

p

)
,

which implies
p−1

∑
n=0

K(n)2 =
p−1

∑
x=0

p−1

∑
y=0

(
xy
p

) p−1

∑
n=0

(
(n+x2)(n+y2)

p

)
.

Note that by the theorem 19,∑p−1
n=0

(
(n+x2)(n+y2)

p

)
equalsp−1 if x = ±y, and−1 otherwise. Upon

substituting these values the above equality becomes

p−1

∑
n=0

K(n)2 = p(2p−2)−
p−1

∑
x=0

p−1

∑
y=0

(
xy
p

)
= 4pp′.

We conclude thatK(a)2 + K(b)2 = 4p. Furthermore, sinceK(a)2 + K(b)2 is divisible by 4, both
K(a) andK(b) must be even, and the statement follows.2

4 Problems

10. Let p be a prime number. Prove that there existsx ∈ Z for which p | x2 −x+3 if and only if
there existsy ∈ Z for which p | y2 −y+25.

11. Letp= 4k−1 be a prime number,k ∈N. Show that ifa is an integer such that the congruence
x2 ≡ a (mod p) has a solution, then its solutions are given byx = ±ak.

12. Show that all odd divisors of number 5x2 +1 have an even tens digit.

13. Show that for every prime numberp there exist integersa,b such thata2+b2+1 is a multiple
of p.

14. Prove thatx
2+1

y2−5
is not an integer for any integersx,y > 2.

15. Letp > 3 be a prime and leta,b ∈ N be such that

1+
1
2

+ · · ·+ 1
p−1

=
a
b
.

Prove thatp2 | a.

16. ConsiderP(x) = x3 + 14x2 − 2x+ 1. Show that there exists a natural numbern such that for
eachx ∈ Z,

101| P(P(. . .P︸ ︷︷ ︸
n

(x) . . . ))−x.
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17. Determine alln ∈ N such that the setA = {n,n+ 1, . . . ,n+ 1997} can be partitioned into at
least two subsets with equal products of elements.

18. (a) Prove that for nox,y ∈ N is 4xy−x−y a square;

(b) Prove that for nox,y,z∈ N is 4xyz−x−y a square.

19. If n ∈ N, show that all prime divisors ofn8 −n4+1 are of the form 24k+1,k ∈ N.

20. Suppose thatm,n are positive integers such thatϕ(5m−1) = 5n−1. Prove that(m,n) > 1.

21. Prove that there are no positive integersa,b,c for which

a2 +b2+c2

3(ab+bc+ca)

is an integer.

22. Prove that, for alla ∈ Z, the number of solutions(x,y,z) of the congruence

x2 +y2+z2 ≡ 2axyz(mod p)

equals
(

p+(−1)p′
)2

.

5 Solutions

10. The statement is trivial forp ≤ 3, so we can assume thatp ≥ 5.

Sincep | x2 − x+ 3 is equivalent top | 4(x2 − x+ 3) = (2x− 1)2 + 11, integerx exists if and
only if −11 is a quadratic residue modulop. Likewise, since 4(y2−y+25) = (2y−1)2+99,
y exists if and only if−99 is a quadratic residue modulop. Now the statement of the problem
follows from (−11

p

)
=

(−11·32

p

)
=

(−99
p

)
.

11. According to Euler’s criterion, the existence of a solution of x2 ≡ a (modp) impliesa2k−1 ≡ 1
(mod p). Hence forx = ak we havex2 ≡ a2k ≡ a (mod p).

12. If p | 5x2 +1, then
(

−5
p

)
= 1. The Reciprocity rule gives us

(−5
p

)
=

(−1
p

)(
5
p

)
= (−1)

p−1
2

( p
5

)
.

It is easy to verify that the last expression has the value 1 ifand only ifp is congruent to 1,3,7
or 9 modulo 20.

13. Clearly,p | a2 +b2+1 if and only ifa2 ≡ −b2−1 (modp).

Both sets{a2 | a ∈ Z} and{−b2−1 | b ∈ Z} modulop are of cardinality exactlyp+1
2 , so they

have an element in common, i.e. there area,b ∈ Z with a2 and−b2 −1 being equal modulo
p.

14. If y is even,y2 −5 is of the form 4k+3, k ∈ Z and thus cannot dividex2 +1 for x ∈ Z. If y is
odd, theny2 −5 is divisible by 4, whilex2 +1 is never a multiple of 4.
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15. It suffices to show that2(p−1)!a
b = ∑p−1

i=1
2(p−1)!

i is divisible byp2. To start with,

2(p−1)!a
b

=
p−1

∑
i=1

(
(p−1)!

i
+

(p−1)!
p− i

)
=

p−1

∑
i=1

p(p−1)!
i(p− i)

.

Therefore,p | a. Moreover, if fori ∈ {1,2, . . . , p−1} i′ denotes the inverse ofi modulop, we
have

2(p−1)!a
pb

=
p−1

∑
i=1

(p−1)!
i(p− i)

≡
p−1

∑
i=1

i′2(p−1)! ≡ 0 (modp).

It follows that p2 | 2(p−1)!a.

16. All congruences in the solution will be modulo 101.

It is clear thatP(x) ≡ P(y) for integersx,y with x ≡ y.

We claim that the converse holds:P(x) 6≡ P(y) if x 6≡ y. We have

4[P(x)−P(y)]
x−y

= 4(x2 +xy+y2+14x+14y−2)≡ (2x+y+14)2+3(y−29)2.

Since−3 is not a quadratic residue modulo 101, the left hand side is not divisible by 101
unless if 2x+y+14≡ y−29≡ 0, i.e.x ≡ y ≡ 29. This justifies our claim.

We now return to the problem. The above statement implies that P(0),P(1), . . . ,P(100) is a
permutation of 0,1, . . . ,100 modulo 101. We conclude that for eachx ∈ {0,1, . . . ,100} there
is annx such thatP(P(. . .P(x) . . . )) ≡ x (with P appliednx times).

Any common multiple of the numbersn0,n1, . . . ,n100 is clearly a desiredn.

17. Suppose thatA can be partitioned intok subsetsA1, . . . ,Ak, each with the same product of
elementsm. Since at least one and at most two elements ofA are divisible by the prime
1997, we have 1997| mand hencek = 2. Furthermore, since the number of elements divisible
by the prime 1999 is at most one, we have 1999∤ m; hence no elements ofA is divisible
by 1999, i.e. the elements ofA are congruent to 1,2,3, . . . ,1998 modulo 1999. Thenm2 ≡
1 · 2 · 3· · ·1998≡ −1 (mod 1999), which is impossible because -1 is a quadratic nonresidue
modulo 1999= 4 ·499+3.

18. Part (a) is a special case of (b).

(b) Supposex,y,z, t ∈ N are such that 4xyz− x− y = t2. Multiplying this equation by 4z we
obtain

(4xz−1)(4yz−1) = 4zt2 +1.

Therefore,−4z is a quadratic residue modulo 4xz− 1. However, it was proved in problem 8
that the value of Legendre’s symbol

( −z
4xz−1

)
is −1 for all x,z, yielding a contradiction.

19. Consider an arbitrary prime divisorp of n8 − n4 + 1. It follows from problem 4 thatp is
congruent to 1 or 13 (mod 24). Furthermore, since

n8 −n4+1 = (n4 +n2+1)−2(n3+n)2,

2 is a quadratic residue modulop, excluding the possibilityp ≡ ±13 (mod 24).

20. Suppose that(m,n) = 1. Let
5m−1 = 2α pα1

1 · · · pαk
k (1)

be the factorization of 5m− 1 onto primes, wherepi > 2 zai = 1, . . . ,k. By the condition of
the problem,

5n −1 = ϕ(5m−1) = 2α−1pα1−1
1 · · · pαk−1

k (p1 −1) · · ·(pk −1). (2)
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Obviously, 2α | 5n −1. On the other hand, it follows from(5m−1,5n −1) = 51 −1 = 4 that
αi = 1 for eachi = 1, . . . ,k andα = 2. Since 23 | 5x − 1 for every evenx, m must be odd:
m= 2m′ +1 for somem′ ∈ N0.

Sincepi | 5 · (5m′
)2 − 1 for i = 1, . . . ,k, 5 is a quadratic residue modulopi , and consequently

pi ≡ ±1 (mod 5). However, (2) implies that none ofpi − 1 is divisible by 5. We thus obtain
that pi ≡ −1 (mod 5) for alli.

Reduction of equality (1) modulo 5 yields(−1)k = 1. Thusk is even. On the other hand,
equality (2) modulo 5 yields(−2)k+1 ≡ 1 (mod 5), and thereforek ≡ 3 (mod 4), contradicting
the previous conclusion.

Remark.Most probably,m andn do not even exist.

21. Suppose thata,b,c,n are positive integers such thata2 + b2 + c2 = 3n(ab+ bc+ ca). This
equality can be rewritten as

(a+b+c)2 = (3n+2)(ab+bc+ca).

Choose a prime numberp ≡ 2 (mod 3) which divides 3n+2 with an odd exponent, i.e. such
that p2i−1 | 3n+2 andp2i ∤ 3n+2 for somei ∈ N (suchp must exist). Thenpi | a+b+c and
thereforep | ab+bc+ca. Substitutingc ≡ −a−b (mod p) in the previous relation we obtain

p | a2 +ab+b2 ⇒ p | (2a+b)2+3b2.

It follows that
(

−3
p

)
= 1, which is false becausep ≡ 2 (mod 3).

22. The given congruence is equivalent to

(z−axy)2 ≡ (a2x2 −1)y2−x2 (mod p). (1)

For any fixedx,y ∈ {0, . . . , p−1}, the number of solutionszof (1) equals

1+

(
(a2x2 −1)y2−x2

p

)
.

Therefore the total number of solutions of (1) equals

N = p2 +
p−1

∑
x=0

p−1

∑
y=0

(
(a2x2 −1)y2−x2

p

)
.

According to theorem 19,∑p−1
y=0

(
(a2x2−1)y2−x2

p

)
is equal to−

(
a2x2−1

p

)
if ax 6≡ ±1 (modp),

and top
(

−1
p

)
if ax≡ ±1 (modp). Therefore

N = p2 +2p

(−1
p

)
−

p−1

∑
x=0

(
a2x2 −1

p

)
=

(
p+

(−1
p

))2

.
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Lifting The Exponent Lemma (LTE)

Version 6 - Amir Hossein Parvardi
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Lifting The Exponent Lemma is a powerful method for solving exponential
Diophantine equations. It is pretty well-known in the Olympiad folklore (see,
e.g., [3]) though its origins are hard to trace. Mathematically, it is a close
relative of the classical Hensel’s lemma (see [2]) in number theory (in both the
statement and the idea of the proof). In this article we analyze this method
and present some of its applications.

We can use the Lifting The Exponent Lemma (this is a long name, let’s call
it LTE!) in lots of problems involving exponential equations, especially when
we have some prime numbers (and actually in some cases it “explodes” the
problems). This lemma shows how to find the greatest power of a prime p –
which is often ≥ 3 – that divides an ± bn for some positive integers a and b. The
proofs of theorems and lemmas in this article have nothing difficult and all of
them use elementary mathematics. Understanding the theorem’s usage and its
meaning is more important to you than remembering its detailed proof.

I have to thank Fedja, darij grinberg(Darij Grinberg), makar and ZetaX(Daniel)
for their notifications about the article. And I specially appreciate JBL(Joel)
and Fedja helps about TeX issues.

1 Definitions and Notation

For two integers a and b we say a is divisible by b and write b | a if and only if
there exists some integer q such that a = qb.

We define vp(x) to be the greatest power in which a prime p divides x;
in particular, if vp(x) = α then pα | x but pα+1 ∤ x. We also write pα‖x, if
and only if vp(x) = α. So we have vp(xy) = vp(x) + vp(y) and vp(x + y) ≥
min {vp(x), vp(y)} .

Example. The greatest power of 3 that divides 63 is 32. because 32 = 9 | 63
but 33 = 27 ∤ 63. in particular, 32‖63 or v3(63) = 2.

Example. Clearly we see that if p and q are two different prime numbers, then
vp(p

αqβ) = α, or pα‖pαqβ .

Note. We have vp(0) = ∞ for all primes p.
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2 Two Important and Useful Lemmas

Lemma 1. Let x and y be (not necessary positive) integers and let n be a
positive integer. Given an arbitrary prime p (in particular, we can have p = 2)
such that gcd(n, p) = 1, p | x − y and neither x, nor y is divisible by p (i.e.,
p ∤ x and p ∤ y). We have

vp(x
n − yn) = vp(x − y).

Proof. We use the fact that

xn − yn = (x − y)(xn−1 + xn−2y + xn−3y2 + · · · + yn−1).

Now if we show that p ∤ xn−1 + xn−2y + xn−3y2 + · · · + yn−1, then we are done.
In order to show this, we use the assumption p | x − y. So we have x − y ≡ 0
(mod p), or x ≡ y (mod p). Thus

xn−1+xn−2y + xn−3y2 + · · · + yn−1

≡ xn−1 + xn−2 · x + xn−3 · x2 + · · · + x · xn−2 + xn−1

≡ nxn−1

6≡ 0 (mod p).

This completes the proof.

Lemma 2. Let x and y be (not necessary positive) integers and let n be an odd
positive integer. Given an arbitrary prime p (in particular, we can have p = 2)
such that gcd(n, p) = 1, p | x + y and neither x, nor y is divisible by p, we have

vp(x
n + yn) = vp(x + y).

Proof. Since x and y can be negative, using Lemma 1 we obtain

vp(x
n − (−y)n) = vp(x − (−y)) =⇒ vp(x

n + yn) = vp(x + y).

Note that since n is an odd positive integer we can replace (−y)n with −yn.

3 Lifting The Exponent Lemma (LTE)

Theorem 1 (First Form of LTE). Let x and y be (not necessary positive)
integers, let n be a positive integer, and let p be an odd prime such that p | x− y
and none of x and y is divisible by p (i.e., p ∤ x and p ∤ y). We have

vp(x
n − yn) = vp(x − y) + vp(n).

Proof. We may use induction on vp(n). First, let us prove the following state-
ment:

vp(x
p − yp) = vp(x − y) + 1. (1)

2



In order to prove this, we will show that

p | xp−1 + xp−2y + · · · + xyp−2 + yp−1 (2)

and
p2 ∤ xp−1 + xp−2y + · · · + xyp−2 + yp−1. (3)

For (2), we note that

xp−1 + xp−2y + · · · + xyp−2 + yp−1 ≡ pxp−1 ≡ 0 (mod p).

Now, let y = x+ kp, where k is an integer. For an integer 1 ≤ t < p we have

ytxp−1−t ≡ (x + kp)txp−1−t

≡ xp−1−t

(
xt + t(kp)(xt−1) +

t(t − 1)

2
(kp)2(xt−2) + · · ·

)

≡ xp−1−t
(
xt + t(kp)(xt−1)

)

≡ xp−1 + tkpxp−2 (mod p2).

This means

ytxp−1−t ≡ xp−1 + tkpxp−2 (mod p2), t = 1, 2, 3, 4, . . . , p − 1.

Using this fact, we have

xp−1 + xp−2y + · · · + xyp−2 + yp−1

≡ xp−1 + (xp−1 + kpxp−2) + (xp−1 + 2kpxp−2) + · · · + (xp−1 + (p − 1)kpxp−2)

≡ pxp−1 + (1 + 2 + · · · + p − 1)kpxp−2

≡ pxp−1 +

(
p(p − 1)

2

)
kpxp−2

≡ pxp−1 +

(
p − 1

2

)
kp2xp−1

≡ pxp−1 6≡ 0 (mod p2).

So we proved (3) and the proof of (1) is complete. Now let us return to our
problem. We want to show that

vp(x
n − yn) = vp(x − y) + vp(n).

Suppose that n = pαb where gcd(p, b) = 1. Then

vp(x
n − yn) = vp((x

pα

)b − (ypα

)b)

= vp(x
pα − ypα

) = vp((x
pα−1

)p − (ypα−1

)p)

= vp(x
pα−1 − ypα−1

) + 1 = vp((x
pα−2

)p − (ypα−2

)p) + 1

= vp(x
pα−2 − ypα−2

) + 2

...

= vp((x
p1

)1 − (yp1

)1) + α − 1 = vp(x − y) + α

= vp(x − y) + vp(n).

3



Note that we used the fact that if p | x−y, then we have p | xk −yk, because
we have x − y | xk − yk for all positive integers k. The proof is complete.

Theorem 2 (Second Form of LTE). Let x, y be two integers, n be an odd
positive integer, and p be an odd prime such that p | x + y and none of x and y
is divisible by p. We have

vp(x
n + yn) = vp(x + y) + vp(n).

Proof. This is obvious using Theorem 1. See the trick we used in proof of
Lemma 2.

4 What about p = 2?

Question. Why did we assume that p is an odd prime, i.e., p 6= 2? Why can’t
we assume that p = 2 in our proofs?

Hint. Note that p−1
2 is an integer only for p > 2.

Theorem 3 (LTE for the case p = 2). Let x and y be two odd integers such
that 4 | x − y. Then

v2(x
n − yn) = v2(x − y) + v2(n).

Proof. We showed that for any prime p such that gcd(p, n) = 1, p | x − y and
none of x and y is divisible by p, we have

vp(x
n − yn) = vp(x − y)

So it suffices to show that

v2(x
2n − y2n) = v2(x − y) + n.

Factorization gives

x2n − y2n = (x2n−1

+ y2n−1

)(x2n−2

+ y2n−2

) · · · (x2 + y2)(x + y)(x − y)

Now since x ≡ y ≡ ±1 (mod 4) then we have x2k ≡ y2k ≡ 1 (mod 4) for all

positive integers k and so x2k + y2k ≡ 2 (mod 4), k = 1, 2, 3, . . . . Also, since x
and y are odd and 4 | x − y, we have x + y ≡ 2 (mod 4). This means the power
of 2 in all of the factors in the above product (except x − y) is one. We are
done.

Theorem 4. Let x and y be two odd integers and let n be an even positive
integer. Then

v2(x
n − yn) = v2(x − y) + v2(x + y) + v2(n) − 1.
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Proof. We know that the square of an odd integer is of the form 4k + 1. So
for odd x and y we have 4 | x2 − y2. Now let m be an odd integer and k be a
positive integer such that n = m · 2k. Then

v2(x
n − yn) = v2(x

m·2k − ym·2k)

= v2((x
2)2

k−1 − (y2)2
k−1

)

...

= v2(x
2 − y2) + k − 1

= v2(x − y) + v2(x + y) + v2(n) − 1.

5 Summary

Let p be a prime number and let x and y be two (not necessary positive) integers
that are not divisible by p. Then:

a) For a positive integer n

• if p 6= 2 and p | x − y, then

vp(x
n − yn) = vp(x − y) + vp(n).

• if p = 2 and 4 | x − y, then

v2(x
n − yn) = v2(x − y) + v2(n).

• if p = 2, n is even, and 2 | x − y, then

v2(x
n − yn) = v2(x − y) + v2(x + y) + v2(n) − 1.

b) For an odd positive integer n, if p | x + y, then

vp(x
n + yn) = vp(x + y) + vp(n).

c) For a positive integer n with gcd(p, n) = 1, if p | x − y, we have

vp(x
n − yn) = vp(x − y).

If n is odd, gcd(p, n) = 1, and p | x + y, then we have

vp(x
n + yn) = vp(x + y).

Note. The most common mistake in using LTE is when you don’t check the
p | x ± y condition, so always remember to check it. Otherwise your solution
will be completely wrong.
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6 Problems with Solutions

Problem 1 (Russia 1996). Find all positive integers n for which there exist
positive integers x, y and k such that gcd(x, y) = 1, k > 1 and 3n = xk + yk.

Solution. k should be an odd integer (otherwise, if k is even, then xk and yk

are perfect squares, and it is well known that for integers a, b we have 3 | a2 + b2

if and only if 3 | a and 3 | b, which is in contradiction with gcd(x, y) = 1.).
Suppose that there exists a prime p such that p | x + y. This prime should
be odd. So vp(3

n) = vp(x
k + yk), and using Theorem 2 we have vp(3

n) =
vp(x

k + yk) = vp(k) + vp(x + y). But p | x + y means that vp(x + y) ≥ 1 > 0
and so vp(3

n) = vp(k) + vp(x + y) > 0 and so p | 3n. Thus p = 3. This means
x + y = 3m for some positive integer m. Note that n = v3(k) + m. There are
two cases:

• m > 1. We can prove by induction that 3a ≥ a + 2 for all integers
a ≥ 1, and so we have v3(k) ≤ k − 2 (why?). Let M = max(x, y). Since
x + y = 3m ≥ 9, we have M ≥ 5. Then

xk + yk ≥ Mk = M︸︷︷︸
≥ x+y

2 = 1
2 ·3m

· Mk−1
︸ ︷︷ ︸
≥5k−1

>
1

2
3m · 5k−1

> 3m · 5k−2 ≥ 3m+k−2 ≥ 3m+v3(k) = 3n

which is a contradiction.

• m = 1. Then x + y = 3, so x = 1, y = 2 (or x = 2, y = 1). Thus
31+v3(k) = 1 + 2k. But note that 3v3(k) | k so 3v3(k) ≤ k. Thus

1 + 2k = 3v3(k)+1 = 3 · 3v3(k)︸ ︷︷ ︸
≤k

≤ 3k =⇒ 2k + 1 ≤ 3k.

And one can check that the only odd value of k > 1 that satisfies the
above inequality is k = 3. So (x, y, n, k) = (1, 2, 2, 3), (2, 1, 2, 3) in this
case.

Thus, the final answer is n = 2.

Problem 2 (Balkan 1993). Let p be a prime number and m > 1 be a positive
integer. Show that if for some positive integers x > 1, y > 1 we have

xp + yp

2
=

(
x + y

2

)m

,

then m = p.

Solution. One can prove by induction on p that xp+yp

2 ≥
(
x+y
2

)p
for all positive

integers p. Now since xp+yp

2 =
(
x+y
2

)m
, we should have m ≥ p. Let d =

gcd(x, y), so there exist positive integers x1, y1 with gcd(x1, y1) = 1 such that
x = dx1, y = dy1 and 2m−1(xp

1 + yp
1) = dm−p(x1 + y1)

m. There are two cases:
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Assume that p is odd. Take any prime divisor q of x1+y1 and let v = vq(x1+
y1). If q is odd, we see that vq(x

p
1+yp

1) = v+vq(p) and vq(d
m−p(x1+y1)

m) ≥ mv
(because q may also be a factor of d). Thus m ≤ 2 and p ≤ 2, giving an
immediate contradiction. If q = 2, then m − 1 + v ≥ mv, so v ≤ 1 and
x1 + y1 = 2, i.e., x = y, which immediately implies m = p.

Assume that p = 2. We notice that for x+y ≥ 4 we have x2+y2

2 < 2
(
x+y
2

)2 ≤(
x+y
2

)3
, so m = 2. It remains to check that the remaining cases (x, y) =

(1, 2), (2, 1) are impossible.

Problem 3. Find all positive integers a, b that are greater than 1 and satisfy

ba|ab − 1.

Solution. Let p be the least prime divisor of b. Let m be the least positive
integer for which p|am − 1. Then m|b and m | p − 1, so any prime divisor
of m divides b and is less than p. Thus, not to run into a contradiction, we
must have m = 1. Now, if p is odd, we have avp(b) ≤ vp(a − 1) + vp(b), so
a− 1 ≤ (a− 1)vp(b) ≤ vp(a− 1), which is impossible. Thus p = 2, b is even, a is
odd and av2(b) ≤ v2(a−1)+ v2(a+1)+ v2(b)−1 whence a ≤ (a−1)v2(b)+1 ≤
v2(a − 1) + v2(a + 1), which is possible only if a = 3, v2(b) = 1. Put b = 2B
with odd B and rewrite the condition as 23B3 | 32B − 1. Let q be the least
prime divisor of B (now, surely, odd). Let n be the least positive integer such
that q | 3n − 1. Then n | 2B and n | q − 1 whence n must be 1 or 2 (or B has
a smaller prime divisor), so q | 3 − 1 = 2 or q | 32 − 1 = 8, which is impossible.
Thus B = 1 and b = 2.

Problem 4. Find all positive integer solutions of the equation x2009+y2009 = 7z

Solution. Factor 2009. We have 2009 = 72 · 41. Since x + y | x2009 + y2009 and
x + y > 1, we must have 7 | x + y. Removing the highest possible power of 7
from x, y, we get v7(x

2009 + y2009) = v7(x + y) + v7(2009) = v7(x + y) + 2, so
x2009 + y2009 = 49 · k · (x + y) where 7 ∤ k. But we have x2009 + y2009 = 7z,
which means the only prime factor of x2009 + y2009 is 7, so k = 1). Thus
x2009 + y2009 = 49(x+ y). But in this equation the left hand side is much larger
than the right hand one if max(x, y) > 1, and, clearly, (x, y) = (1, 1) is not
a solution. Thus the given equation does not have any solutions in the set of
positive integers.
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7 Challenge Problems

1. Let k be a positive integer. Find all positive integers n such that 3k | 2n − 1.

2 (UNESCO Competition 1995). Let a, n be two positive integers and let p be
an odd prime number such that

ap ≡ 1 (mod pn).

Prove that
a ≡ 1 (mod pn−1).

3 (Iran Second Round 2008). Show that the only positive integer value of a for
which 4(an + 1) is a perfect cube for all positive integers n, is 1.

4. Let k > 1 be an integer. Show that there exists infinitely many positive
integers n such that

n|1n + 2n + 3n + · · · + kn.

5 (Ireland 1996). Let p be a prime number, and a and n positive integers. Prove
that if

2p + 3p = an

then n = 1.

6 (Russia 1996). Let x, y, p, n, k be positive integers such that n is odd and p
is an odd prime. Prove that if xn + yn = pk, then n is a power of p.

7. Find the sum of all the divisors d of N = 1988 − 1 which are of the form
d = 2a3b with a, b ∈ N.

8. Let p be a prime number. Solve the equation ap−1 = pk in the set of positive
integers.

9. Find all solutions of the equation

(n − 1)! + 1 = nm

in positive integers.

10 (Bulgaria 1997). For some positive integer n, the number 3n−2n is a perfect
power of a prime. Prove that n is a prime.

11. Let m, n, b be three positive integers with m 6= n and b > 1. Show that if
prime divisors of the numbers bn − 1 and bm − 1 be the same, then b + 1 is a
perfect power of 2.

12 (IMO ShortList 1991). Find the highest degree k of 1991 for which 1991k

divides the number
19901991

1992

+ 19921991
1990

.

13. Prove that the number aa−1 − 1 is never square-free for all integers a > 2.

8



14 (Czech Slovakia 1996). Find all positive integers x, y such that px − yp = 1,
where p is a prime.

15. Let x and y be two positive rational numbers such that for infinitely many
positive integers n, the number xn − yn is a positive integer. Show that x and
y are both positive integers.

16 (IMO 2000). Does there exist a positive integer n such that n has exactly
2000 prime divisors and n divides 2n + 1?

17 (China Western Mathematical Olympiad 2010). Suppose that m and k are
non-negative integers, and p = 22

m

+ 1 is a prime number. Prove that

• 22
m+1pk ≡ 1 (mod pk+1);

• 2m+1pk is the smallest positive integer n satisfying the congruence equa-
tion 2n ≡ 1 (mod pk+1).

18. Let p ≥ 5 be a prime. Find the maximum value of positive integer k such
that

pk|(p − 2)2(p−1) − (p − 4)p−1.

19. Let a, b be distinct real numbers such that the numbers

a − b, a2 − b2, a3 − b3, . . .

are all integers. Prove that a, b are both integers.

20 (MOSP 2001). Find all quadruples of positive integers (x, r, p, n) such that
p is a prime number, n, r > 1 and xr − 1 = pn.

21 (China TST 2009). Let a > b > 1 be positive integers and b be an odd
number, let n be a positive integer. If bn | an − 1, then show that ab > 3n

n .

22 (Romanian Junior Balkan TST 2008). Let p be a prime number, p 6= 3,
and integers a, b such that p | a + b and p2 | a3 + b3. Prove that p2 | a + b or
p3 | a3 + b3.

23. Let m and n be positive integers. Prove that for each odd positive integer b
there are infinitely many primes p such that pn ≡ 1 (mod bm) implies bm−1 | n.

24 (IMO 1990). Determine all integers n > 1 such that

2n + 1

n2

is an integer.

25. Find all positive integers n such that

2n−1 + 1

n
.

is an integer.
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26. Find all primes p, q such that
(5p − 2p)(5q − 2q)

pq
is an integer.

27. For some natural number n let a be the greatest natural number for which
5n − 3n is divisible by 2a. Also let b be the greatest natural number such that
2b ≤ n. Prove that a ≤ b + 3.

28. Determine all sets of non-negative integers x, y and z which satisfy the
equation

2x + 3y = z2.

29 (IMO ShortList 2007). Find all surjective functions f : N → N such that for
every m, n ∈ N and every prime p, the number f(m + n) is divisible by p if and
only if f(m) + f(n) is divisible by p.

30 (Romania TST 1994). Let n be an odd positive integer. Prove that ((n −
1)n + 1)2 divides n(n − 1)(n−1)n+1 + n.

31. Find all positive integers n such that 3n − 1 is divisible by 2n.

32 (Romania TST 2009). Let a, n ≥ 2 be two integers, which have the following
property: there exists an integer k ≥ 2, such that n divides (a− 1)k. Prove that
n also divides an−1 + an−2 + · · · + a + 1.

33. Find all the positive integers a such that 5a+1
3a is a positive integer.

10



8 Hints and Answers to Selected Problems

1. Answer: n = 2 · 3k−1s for some s ∈ N.

2. Show that vp(a − 1) = vp(a
p − 1) − 1 ≥ n − 1.

3. If a > 1, a2+1 is not a power of 2 (because it is > 2 and either 1 or 2 modulo
4). Choose some odd prime p|a2 + 1. Now, take some n = 2m with odd m and
notice that vp(4(an + 1)) = vp(a

2 + 1) + vp(m) but vp(m) can be anything we
want modulo 3.

5. 2p + 3p is not a square, and use the fact that v5(2
p + 3p) = 1 + v5(p) ≤ 2.

8. Consider two cases : p = 2 and p is an odd prime. The latter does not give

any solutions.

9. (n, m) = (2, 1) is a solution. In other cases, show that n is an odd prime and
m is even. The other solution is (n, m) = (5, 2).

12. Answer: max(k) = 1991.

13. Take any odd prime p such that p | a − 1. It’s clear that p2 | aa−1 − 1.

14. Answer: (p, x, y) = (2, 1, 1), (3, 2, 1).

18. Let p − 1 = 2sm and show that vp(2
s−1m) = 0. The maximum of k is 1.

19. Try to prove Problem 15 first.

20. Show that p = 2 and r is an even positive integer.

22. If p | a, p | b, then p3 | a3 + b3. Otherwise LTE applies and vp(a + b) =

vp(a
3 + b3) ≥ 2.

24. The answer is n = 1 or n = 3.

26. Answer: (p, q) = (3, 3), (3, 13).

27. If n is odd, then a = 1. If n is even, then a = v2(5
n − 3n) = v2(5 − 3) +

v2(5 + 3) + v2(n) − 1 = 3 + v2(n). But, clearly, b ≥ v2(n).

30. n | (n − 1)n + 1, so for every p | (n − 1)n + 1, we have

vp((n − 1)(n−1)n+1 + 1) = vp((n − 1)n + 1) + vp

(
(n − 1)n+1 + 1

n

)

= 2vp((n − 1)n + 1) − vp(n)

which completes the proof.

31. n ≤ v2(3
n − 1) ≤ 3 + v2(n), so n ≤ 4.

33. a must be odd (otherwise the numerator is 2 mod 3). Then a ≤ v3(5
a+1) =

1 + v3(a) giving a = 1 as the only solution.
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1 General Properties

What makes work with rational numbers and integers comfortable are the essential properties they
have, especially the unique factorization property (the Main Theorem of Arithmetic). However,
the might of the arithmetic inQ is bounded. Thus, some polynomials, although they have zeros,
cannot be factorized into polynomials with rational coefficients. Nevertheless, such polynomials can
always be factorized in a wider field. For instance, the polynomial x2 + 1 is irreducible overZ or
Q, but over the ring of the so calledGaussian integersZ[i] = {a+bi | a,b ∈ Z} it can be factorized
as (x+ i)(x− i). Sometimes the wider field retains many properties of the rational numbers. In
particular, it will turn out that the Gaussian integers are aunique factorization domain, just like the
(rational) integersZ. We shall first discuss some basics of higher algebra.

Definition 1. A numberα ∈C is algebraicif there is a polynomial p(x) = anxn+an−1xn−1+ · · ·+a0

with integer coefficients such that p(α) = 0. If an = 1, thenα is analgebraic integer.
Further, p(x) is theminimal polynomialof α if it is irreducible overZ[x] (i.e. it cannot be written

as a product of nonconstant polynomials with integer coefficients).

Example 1. The number i is an algebraic integer, as it is a root of the polynomial x2+1 which is also
its minimal polynomial. Number

√
2+

√
3 is also an algebraic integer with the minimal polynomial

x4 −10x2+1 (verify!).

Example 2. The minimal polynomial of a rational number q= a/b (a ∈ Z, b ∈ N, (a,b) = 1) is
bx− a. By the definition, q is an algebraic integer if and only if b= 1, i.e. if and only if q is an
integer.

Definition 2. Let α be an algebraic integer and p(x) = xn + an−1xn−1 + · · · + a0 (ai ∈ Z) be its
minimal polynomial. Theextensionof a ring A by the elementα is the set A[α] of all complex
numbers of the form

c0 +c1α + · · ·+cn−1αn−1 (ci ∈ A), (∗)

with all the operations inherited from A. Thedegreeof the extension is the degree n of the polynomial
p(x).
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The theme of this text are extensions of the ringZ of degree 2, so calledquadratic extensions.
Thus, for example, the polynomialsx2 + 1 andx2 + x+ 1 determine the extensionsZ[i] andZ[ω ],

whereω =
−1+

√
3

2
(this notation will be used later).

All elements of a quadratic extension ofZ are algebraic integers with the minimal polynomial of
second degree. Two elements having the same minimal polynomials are said to beconjugates. Each
nonrational elementzof the quadratic extension has exactly one conjugate, called the conjugate ofz
and denotedz. For a rational integerzwe definez= z.

Definition 3. Thenormof an element z of a quadratic extension ofZ is N(z) = zz.

The norm is always an integer. Roughly speaking, it is a kind of equivalent of the absolute value
in the set of integersZ.

Example 3. If z ∈ Z[
√

d], z = a+ b
√

d (a,b ∈ Z), thenz = a− b
√

d and N(z) = a2 − db2. In
particular, inZ[i] the norm of element a+bi (a,b ∈ N) is N(a+bi) = a2 +b2.

If z = a+bω ∈ Z[ω ] (a,b ∈ Z), thenz= a−b−bω and N(z) = a2−ab+b2.
In every complex quadratic field the conjugation corresponds to the complex conjugation.

The following two propositions follow directly from definition.

Theorem 1. The conjugation is multiplicative, i.e. for arbitrary elements z1,z2 of a quadratic ex-
tension ofZ it holds thatz1z2 = z1z2. 2

Theorem 2. The norm is multiplicative, i.e. for arbitrary elements z1,z2 of a quadratic extension of
Z it holds that N(z1z2) = N(z1)N(z2). 2

An elementε ∈ Z[α] is called aunit if there existsε ′ ∈ Z[α] such thatεε ′ = 1. In that case
N(ε)N(ε ′) = N(1) = 1, soN(ε) = ±1. In fact,ε is a unit if and only if its norm is±1: indeed, if
N(ε) = ±1 thenεε = ±1 by definition.

Example 4. The only units inZ are±1.
Let us find the units inZ[i]. If a+bi (a,b ∈ Z) is a unit, then N(a+bi) = a2 +b2 = ±1, which

implies a+bi ∈ {±1,±i}.
All units inZ[ω ] are ±1,±ω ,±(1+ ω). Indeed, if a+ bω is a unit then a2 − ab+ b2 = 1, i.e.

(2a−b)2+3b2 = 4 and he result follows. Note thatω2 equals−(1+ ω).

Problem 1. Let p be a prime number and N=
p−1

∏
k=1

(k2 + 1). Determine the remainder of N upon

division by p.

Solution. DenoteP(x) = (1+x)(2+x) . . . (p−1+x). We know thatP(x) = xp−1 −1+ pQ(x) for
some polynomialQ(x) with integer coefficients.

Sincek2 +1 = (k+ i)(k− i) for eachk, we immediately obtain that

N = P(i)P(−i) =
(
ip−1−1+ pQ(i)

)(
(−i)p−1−1+ pQ(−i)

)

≡
{

4, if p ≡ 3 (mod 4);
0, otherwise.

△

The divisibility and congruences in an extensionK of the ringZ is defined in the usual way:
x ∈ K is divisible byy ∈ K (denotedy | x) if there existsz∈ K such thatx = yz, andx ≡ y (modz) if
z | x−y.

Since every element of a quadratic ring is divisible by everyunit, the definition of the notion of
a prime must be adjusted to the new circumstances.
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Definition 4. An element y of a quadratic ring K isadjoint to element x (denoted y∼ x) if there
exists a unitε such that y= εx.

Definition 5. A nonzero element x∈ K which is not a unit isprimeif it has no other divisors but the
units and elements adjoint to itself.

We have the following simple proposition.

Theorem 3. Let x∈ K. If N(x) is a prime, then x is prime.

Proof. Suppose thatx = yz, y,z∈ K. ThenN(x) = N(y)N(z), so at least one ofN(y),N(z) equals
±1, i.e. eithery or z is a unit, while the other is (by definition) adjoint tox. 2

The converse does not hold, as 3 is a prime inZ[i], butN(3) = 9 is composite.
Of course, the elements conjugate or adjoint to a prime are also primes. Therefore the smallest

positive rational integer divisible by a primezequalszz= N(z).
Consider an arbitrary nonzero and nonunit elementx∈ K. If x is not prime then there are nonunit

elementsy,z∈ K such thatyz= x. HerebyN(y)N(z) = N(x) andN(y),N(z) > 1. HenceN(y),N(z) <
N(x). Continuing this procedure we end up with a factorizationx = x1x2 · · ·xk in which all elements
are prime. This shows that:

Theorem 4. Every nonzero and nonunit x∈ K can be factorized into primes.2

Problem 2. Given a nonzero and nonunit element z∈ K, find the number of equivalence classes in
K modulo z.

Solution. Let K = Z[α], whereα2 = pα +q, p,q ∈ Z, and letz= a+bα (a,b ∈ Z). If b = 0 then
a1 +b1α ≡ a2 +b2α (modz) if and only if a1 ≡ a2 andb1 ≡ b2 (modz). Thus there areN(z) = z2

equivalence classes.
Now suppose thatb 6= 0 and that(a,b) = d. Thenαz= (a+ pb)α +qb. Since(a+ pb,b) = d,

the coefficient atα in xz (x ∈ K) can be any integer divisible byd and no other integer. Moreover,
the smallest natural number divisible byz is |(a+bα)(a+bα)|/d = |N(z)|/d. We conclude that for
everyx ∈ K there is a uniqueX = A+Bα ∈ K with A,B∈ Z, 0≤ A< |N(z)|/d, 0≤ B< d such that
x ≡ X (modz). Therefore the required number of equivalence classes equals|N(z)|. △

Naturally, we would like to know when the factorization intoprimes is unique, i.e. when the
Fundamental Theorem of Arithmetic holds. But let us first note that, by the above definition, the
primes ofZ are±2,±3,±5, etc, so the factorization into primes is not exactly unique, as e.g. 2·3=
(−2)(−3). Actually, in this case the uniqueness of factorization is true in the following wording.

Definition 6. FTA, or ”The Fundamental Theorem of Arithmetic” means: Eachnonzero and nonunit
element ofZ or of its quadratic extension K can be written as a product of primes. This factorization
is unique up to the order of the factors and adjoining betweencorresponding factors.

The division with remainder in a quadratic extensionK of Z can be formulated as follows:

Definition 7. DWR means: For each a,b ∈ K with b 6= 0 there exist p,q ∈ K such that a= pb+ q
and N(q) < N(b).

Obviously, such a division, if it exists, is not necessarilyunique - it is not so even inZ itself.
Moreover, it does not exist in some quadratic extensions, aswe shall see later. The significance of
the existence of a division with remainder, however, lies inthe fact that it implies the uniqueness of
factorization:

Theorem 5. If the division with remainder in a quadratic ring K is alwayspossible, then FTA holds
in K.
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Proof. If the division with remainder is possible inK, then the Euclidean algorithm ends in a finite
number of steps. A simple implication of the Euclidean algorithm is that ifp is a prime,a,b∈ K and
p | ab, thenp | a or p | b. The uniqueness of factorization into primes (FTA) now easily follows. 2

There are quadratic rings in which FTA holds despite the nonexistence of a division with remain-
der. However, FTA is an exception rather than a rule.

Example 5. FTA is false inZ[
√

−5], as 9 has two factorizations into primes:9 = 3 · 3 = (2+√
−5)(2−

√
−5), which are not equivalent since2±

√
−5 6∼ 3.

Example 6. The factorizations of the element4−ω in Z[ω ] as(1−ω)(3+ω)= (−2−3ω)(1+2ω)
are considered the same, since1+ 2ω = ω(1− ω) ∼ 1− ω and−2− 3ω = −(1+ ω)(3+ ω) ∼
3+ ω . We shall show later that FTA is true inZ[ω ].

2 Arithmetic in the Gaussian IntegersZ[i]

We have already seen that the norm of elementa+bi ∈ Z[i] (a,b∈ Z) is N(a+bi) = a2+b2 and the
units are±1 and±i. Therefore, all divisors of a prime elementπ ∈ Z[i] are±1,±i,±π ,±iπ .

Theorem 6. The Fundamental Theorem of Arithmetic (FTA) holds in the setof Gaussian integers
Z[i].

Proof. Based on theorem 5, it is enough to show that for alla,b ∈ Z[i] with b 6= 0 there exists an
elementp ∈ Z[i] such thatN(a− pb) < N(b).

Letσ ,τ ∈R be such thata/b= σ +τ i, and lets, t ∈Z be such that|σ −s| ≤ 1/2 and|τ −t| ≤ 1/2.
Settingp = s+ ti yieldsa− pb= (σ + τ i)b− pb= [(σ −s)+ (τ − t)i]b, which implies

N(a− pb) = N[(σ −s)+ (τ − t)i]N(b) = [(σ −s)2 +(τ − t)2]N(b) ≤ N(b)/2 < N(b).

This proves the theorem.2

The following proposition describes all prime elements in the set of Gaussian integers.

Theorem 7. An element x∈ Z[i] is prime if and only if N(x) is a prime or|x| is a prime integer of
the form4k−1, k ∈ N.

Proof. Consider an arbitrary primex = a+bi ∈ Z[i] (a,b ∈ Z). Elementx is prime also (indeed, if
x = yz, thenx = yz), soN(x) factorizes into primes asxx.

Suppose thatN(x) is composite,N(x) = mn for some two natural numbersm,n > 1. It follows
from xx = mnand the FTA thatx ∼ mor x ∼ n, so we may suppose w.l.o.g. thatx is a prime integer.
If x = 2 orx ≡ 1 (mod 4), then there exist integersa,b ∈ Z such thatN(a+bi) = (a+bi)(a−bi) =
a2 + b2 = x; hencex is composite inZ[i]. On the other hand, ifx is a prime integer withx ≡ 3
(mod 4), thenx is also prime inZ[i]. Indeed, ifx = uv for some nonunit elementsu,v ∈ Z[i], then
x2 = N(x) = N(u)N(v) impliesN(u) = N(v) = x which is impossible. This proves our claim.2

Problem 3. Solve the equation x5 −1 = y2 in integers.

Solution. Rewrite the equation in the formx5 = (y+ i)(y− i). Note thatx is not even, as otherwise
y2 ≡ −1 (mod 4). Thusy is even and consequently the elementsy+ i and y− i are coprime in
Z[i]. Since(y+ i)(y− i) is a fifth power, it follows thaty+ i andy− i are both fifth powers. Let
a,b ∈ Z be such thaty+ i = (a+bi)5 = a(a4 −10a2b2 +5b4)+b(5a4−10a2b2+b4)i. It holds that
b(5a4 −10a2b2 +b4) = 1, and thereforeb = ±1. It is easily seen that in both cases we havea = 0;
hencey = 0, x = ±1 are the only solutions.△

Problem 4. Suppose that x,y and z are natural numbers satisfying xy= z2 + 1. Prove that there
exist integers a,b,c,d such that x= a2 +b2, y= c2 +d2 and z= ac+bd.
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Solution. We use the following important fact: Ifm,n, p,q are elements of a unique factorization
domainK (in this case,K =Z[i]) satisfyingmn= pq, then there existu1,u2,v1,v2 ∈ K such thatm=
u1v1, n = u2v2, p = u1v2, q = u2v1. The proof of this fact is the same as in the case ofm,n, p,q ∈ Z
and follows directly from the factorizations ofm,n, p,q into primes.

Sincexy= z2 +1 = (z+ i)(z− i), the above fact gives us

x = u1v1 (1), y = u2v2 (2), z+ i = u1v2 (3), z− i = u2v1 (4)

for someu1,u2,v1,v2 ∈ Z[i]. The numbersx,y are real, and thereforev1 = q1u1, v2 = q2u2 for
some rational numbersq1,q2. From (3) and (4) we easily conclude thatq1 = q2 = 1. Now putting
u1 = a+bi, u2 = c+di yieldsx = u1u1 = a2 +b2, y = c2 +d2 andz= ac+bd. △

3 Arithmetic in the ring Z[ω]

Hereω denotes a primitive cubic root of unity. Then the norm of an elementa+bω ∈Z[ω ] (a,b∈Z)
is N(a+bω) = a2 −ab+b2 and the units are±1,±ω and±(1+ ω) = ∓ω2.

Theorem 8. FTA holds in the ringZ[ω ].

Proof. By the theorem 5, it suffices to show that a division with remainder is possible, i.e. for all
a,b ∈ Z[ω ], b 6= 0 there existp ∈ Z[ω ] such thatN(a− pb) < N(b).

Like in the proof for the Gaussian integers, letσ ,τ ∈R be such thata/b= σ +τ i, and lets,t ∈Z
be such that|σ −s| ≤ 1/2 and|τ −t|≤ 1/2. Settingp= s+ti gives usN(a− pb)≤ 3N(b)/4< N(b),
implying the theorem.2

Problem 5. If p ≡ 1 (mod 6) is a prime number, prove that there exist a,b ∈ Z such that p=
a2 −ab+b2.

Solution. It suffices to show thatp is composite inZ[ω ]. Indeed, if there is a prime element
z = a+ bω ∈ Z[ω ] (a,b ∈ Z) that dividesp, then alsoz | p = p. Note thatz andz are coprime;
otherwisez | z, so there exists a unit elementε with z= εz, and hencez∼ (1−ω) | 3, which is false.
Thereforea2 −ab+b2 = zz | p, which impliesa2 −ab+b2 = p.

Thus we need to prove thatp is composite inZ[ω ]. It follows from the condition onp that
-3 is a quadratic residue modulop, so there existm,n ∈ Z which are not divisible byp such that
p | (2m−n)2+3n2 = 4(m2 −mn+n2), i.e. p | (m−nω)m−nω. However,p does not divide any of
the elements(m−nω),m−nω, so it must be composite.△

Theorem 9. Element x∈ Z[ω ] is prime if and only if N(x) is prime or|x| is a prime integer of the
form 3k−1, k ∈ N.

Proof. Numberx = 3 is composite, asN(1− ω) = (1− ω)(2+ ω) = 3. Moreover, by problem 4,
every prime integerp ≡ 1 (mod 6) is composite inZ[ω ].

The rest of the proof is similar to the proof of Theorem 7 and isleft as an exercise.2

Maybe the most famous application of the elementary arithmetic of the ringZ[ω ] is the Last Fer-
mat Theorem for the exponentn = 3. This is not unexpected, having in mind thatx3 +y3 factorizes
overZ[ω ] into linear factors:

x3 +y3 = (x+y)(x+ ωy)(x+ ω2y) = (x+y)(ωx+ ω2y)(ω2x+ ωy). (1)

The proof we present was first given by Gauss.

Theorem 10. The equation
x3 +y3 = z3 (∗)

has no nontrivial solutions inZ[ω ], and consequently has noneZ either.
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Proof. Suppose thatx,y,zare nonzero elements ofZ[ω ] that satisfy(∗). We can assume w.l.o.g. that
x,y,z are pairwise coprime.

Consider the numberρ = 1−ω . It is prime, as its norm equals(1−ω)(1−ω2) = 3. We observe
thatρ = 1− ω2 = (1− ω)(1+ ω) ∼ ρ ; henceα ∈ Z[ω ] is divisible byρ if and only if so isalpha.
Each element inZ[ω ] is congruent to−1,0 or 1 (modρ): indeed,a+bω ≡ a+b = 3q+ r ≡ r (mod
ρ) for someq ∈ Z andr ∈ {−1,0,1}.

The importance of numberρ lies in the following property:

α ≡ ±1 (modρ) (α ∈ Z[ω ]) implies α3 ≡ ±1 (modρ4). (2)

Indeed, ifα = ±1+ β ρ , we havea3 ∓ 1 = (a∓ 1)(a∓ ω)(a∓ ω2) = ρ3β (β ± 1)(β ± (1+ ω)),
where the elementsb, b±1,b±(1+ω) leave three distinct remainders moduloρ , implying that one
of them is also divisible byρ , thus justifying our claim.

Among the numbersx,y,z, (exactly) one must be divisible byρ : otherwise, by (2),x3,y3,z3

would be congruent to±1 (modρ4), which would imply one of the false congruences 0≡ ±1,
±1 ≡ ±2 (modρ4). We assume w.l.o.g. thatρ | z. Moreover, (2) also gives us thatρ2 | z.

Let k ≥ 2 be the smallest natural number for which there exists a solution to (∗) with (x,y,z) = 1
andρk | z, ρk+1 ∤ z. Consider this solution(x,y,z).

The factorsx+y, ωx+ ω2y, ω2x+ ωy from (1) are congruent moduloρ and have the sum 0. It
follows fromρ | z that each of them is divisible byρ and thatρ is their greatest common divisor. Let

x+y= Aρ , ωx+ ω2y = Bρ , ω2x+ ωy= Cρ ,

whereA,B,C ∈ Z[ω ] are pairwise coprime andA+ B+C = 0. The productABC is a perfect cube
(equal to(z/ρ)3), and hence each ofA,B,C is adjoint to a cube:

A = αζ 3, B = β η3, C = γξ 3

for some pairwise coprimeζ ,η ,ξ ∈ Z[ω ] and unitsα,β ,γ. Therefore,

αζ 3 + β η3+ γξ 3 = 0. (3)

Sinceαβ γ is a unit and a perfect cube, we haveαβ γ = ±1. Furthermore,ABC= (z/ρ)3 is divisible
by ρ (sinceρ2 | z), so (exactly) one of the numbersζ ,η ,ξ , sayξ , is divisible byρ . In fact, ξ 3

dividesABC which is divisible byρ3k−3 and not byρ3k−2, soρk−1 is the greatest power ofρ that
dividesξ . The numbersζ andη are not divisible byρ ; consequently,ζ 3 andη3 are congruent to
±1 moduloρ4. Thus the equalityA+B+C = 0 gives usα ± β ≡ 0 (modρ4), thereforeβ = ±α;
nowαβ γ = ±1 impliesγ = ±α.

Cancelingα in equation (3) yieldsζ 3 ± η3± ξ 3 = 0, which gives us another nontrivial solution
to (∗) with (ζ ,η ,ξ ) = 1. However, in this solution we haveρk−1 | ξ andρk ∤ ξ , which contradicts
the choice ofk. 2

4 Arithmetic in other quadratic rings

Every quadratic ring belongs to one of the two classes:

1◦ Extensions of the formK = Z[
√

d], whered 6= 1 is a squarefree integer. The conjugation

and norm are given by the formulasx+y
√

d = x− y
√

d andN(x+ y
√

d) = x2 − dy2, where
x,y ∈ Z.

2◦ Extensions of the formK = Z[α] for α =
−1+

√
d

2
, whered = 4k+1 (k ∈ Z) is a squarefree

integer withd 6= 1 (thenα is an algebraic integer:α2+α −k= 0). The conjugation and norm
are given byx+yα = x−y−yα andN(x+yα) = x2 −xy−ky2, wherex,y ∈ Z.
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Some of these rings are Euclidean, such asZ[
√

d] for d = −2,−1,2,3,6,7 andZ

[
−1+

√
d

2

]

for d = −7,−3,5.
Determining all quadratic unique factorization rings (including the non-Euclidean ones) is ex-

tremely serious. Among the rings of the type 1◦ and 2◦ with d < 0, apart from the ones men-
tioned already, the FTA holds in only five other rings: namely, the rings of the type 2◦ for d =
−11,−19,−43,−67,−163. Gauss’ conjecture that the FTA holds in infinitely many quadratic rings
with a positived has not been proved nor disproved until today.

Problem 6. Find all integer solutions of the equation x2 +2 = y3.

Solution. Let us write the equation as(x+
√

−2)(x−
√

−2) = y3. Forx even we havey3 ≡ 2 (mod
4), which is impossible; thereforex is odd. Thenx+

√
−2 andx−

√
−2 are coprime elements of

Z[
√

−2] whose product is a perfect cube. Using the FTA inZ[
√

−2] we conclude thatx+
√

−2
andx−

√
−2 are both perfect cubes. Hence there exista,b ∈ Z such that(a+b

√
−2)3 = x+

√
−2.

Comparing the coefficients at
√

−2 yieldsb(3a2 −2b2) = 1; thereforeb = 1 anda = ±1. Now we
easily obtain thatx = ±5 andy = 3 is the only integral solution of the equation.△

Problem 7. Consider the sequence a0,a1,a2, . . . given by a0 = 2 and ak+1 = 2a2
k − 1 for k ≥ 0.

Prove that if an odd prime number p divides an, then p≡ ±1 (mod2n+2).

Solution. Consider the sequencexk of positive numbers given byak = coshxk (cosh is thehyperbolic
cosine, defined by cosht = et+e−t

2 ). It is easily verified that cosh(2xk) = 2a2
k − 1 = coshxk+1, so

xk+1 = 2xk, i.e. xk = λ · 2k for someλ > 0. The conditiona0 = 2 gives usλ = log(2+
√

3).
Therefore

an =
(2+

√
3)2n

+(2−
√

3)2n

2
.

Let p > 2 be a prime number suchp | an. We distinguish two cases.

1◦ m2 ≡ 3 (modp) for somem∈ Z. Then

(2+m)2n
+(2−m)2n ≡ 0 (mod p). (1)

Since(2+m)(2−m) = 4−m2 ≡ 1 (modp), multiplying both sides of (1) by(2+m)2n
yields

(2+m)2n+1 ≡ −1 (modp). It follows that the order of number(2+m) modulop equals 2n+2,
from which we conclude 2n+2 | p−1.

2◦ The congruencem2 ≡ 3 (modp) has no solutions. We work in the quadratic extensionZp(
√

3)

of the fieldZp in which number
√

3 actually plays the role of the numberm from case (1).

As in case (1) we have(2+
√

3)2n+1
= −1, which means that the order of 2+

√
3 in the

multiplicative groupZp(
√

3)∗ equals 2n+2. This is not enough to finish the proof as in case (1),
as the groupZp(

√
3)∗ hasp2 −1 elements; instead, we only get that 2n+2 | p2 −1. However,

we shall be done if we findu ∈ Zp(
√

3) for whichu2 = 2+
√

3: indeed, then the order ofu is
2n+3, so 2n+3 | p2 −1 and therefore 2n+2 | p−1, since 4∤ p+1.

Note that(1+
√

3)2 = 2(2+
√

3). Now it is enough to show that 1/2 is a perfect square in the
fieldZp(

√
3). This immediately follows from the relationan = 0 = 2a2

n−1−1, as 1/2 = a2
n−1.

This finishes the proof.△
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1 Introduction

Generating functions are powerful tools for solving a number of problems mostly in combinatorics,
but can be useful in other branches of mathematics as well. The goal of this text is to present certain
applications of the method, and mostly those using the high school knowledge.

In the beginning we have a formal treatement of generating functions, i.e. power series. In other
parts of the article the style of writing is more problem-soving oriented. First we will focus on
solving the reccurent equations of first, second, and higherorder, after that develope the powerful
method of ,,the snake oil“, and for the end we leave some otherapplications and various problems
where generating functions can be used.

The set of natural numbers will be denoted byN, whileN0 will stand for the set of non-negative
integers. For the sums going from 0 to+∞ the bounds will frequently be omitted – if a sum is
without the bounds, they are assumed to be 0 and+∞.

2 Theoretical Introduction

In dealing with generating functions we frequently want to use different transformations and ma-
nipulations that are illegal if the generating functions are viewed as analytic functions. Therefore
they will be introduced as algebraic objects in order to obtain wider range of available methods. The
theory we will develope is called theformal theory of power series.

Definition 1. A formal power seriesis the expression of the form

a0 +a1x+a2x
2 + · · · =

∞

∑
i=0

aix
i .

A sequence of integers{ai}∞
0 is calledthe sequence of coefficients.

Remark.We will use the other expressions also: series, generating function...
For example the series

A(x) = 1+x+22x2 +33x3 + · · ·+nnxn + · · ·
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converges only forx= 0 while, in the formal theory this is well defined formal powerseries with the
correspongind sequence of coefficients equal to{ai}∞

0 ,ai = i i .
Remark.Sequences and their elements will be most often denoted by lower-case latin letters (a, b,
a3 · · · ), while the power series generated by them (unless stated otherwise) will be denoted by the
corresponding capital letters (A, B, · · · ).

Definition 2. Two series A=
∞

∑
i=0

aix
i and B=

∞

∑
i=0

bix
i are calledequalif their corresponding se-

quences of coefficients are equal, i.e. ai = bi for every i∈ N0.

Remark.The coefficient nearxn in the power seriesF will be denoted by[xn]F.
We can define thesumand thedifferenceof power series in the following way

∑
n

anxn ±∑
n

bnxn = ∑
n

(an ±bn)x
n

while theproductis defined by

∑
n

anxn∑
n

bnxn = ∑
n

cnxn, cn = ∑
i

aibn−i

Instead ofF · F we write F2, and more generallyFn+1 = F · Fn. We see that the neutral for
addition is 0, and 1 is the neutral for multiplication. Now wecan define the following term:

Definition 3. The formal power series G isreciprocalto the formal power series F if FG= 1.

The generating function reciprocal toF will be usually denoted by 1/F. Since the multiplication
is commutative we have thatFG= 1 is equivalent toGF = 1 henceF andG aremutually reciprocal.
We also have(1−x)(1+x+x2+ · · ·) = 1+∑∞

i=1(1·1−1·1)xi = 1 hence(1−x) and(1+x+x2+ · · ·)
are mutually reciprocal.

Theorem 1. Formal power series F= ∑
n

anxn has a reciprocal if and only if a0 6= 0. In that case

the reciprocal is unique.

Proof. Assume thatF has a reciprocal given by 1/F = ∑
n

bnxn. ThenF · (1/F) = 1 implying

1 = a0b0 hencea0 6= 0. Forn> 1 we have 0= ∑
k

akbn−k from where we conclude.

bn = − 1
a0

∑
k

akbn−k.

The coefficients are uniquely determined by the prefious formula.
On the other hand ifa0 6= 0 we can uniquely determine all coefficientsbi using the previously

established relations which gives the series 1/F. 2

Now we can conclude that the set of power series with the abovedefined operation forms a ring
whose invertible elements are precisely those power serieswith the non-zero first coefficient.

If F = ∑
n

fnxn is a power series,F(G(x)) will denote the seriesF(G(x)) = ∑
n

fnG(x)n. This

notation will be used also in the case whenF is a polynomial (i.e. when there are only finitely many
non-zero coefficients) or if the free term ofG equals 0. In the case that the free term ofG equal to 0,
andF is not a polynomial, we can’t determine the particular element of the seriesF(G(x)) in finitely
many steps.

Definition 4. A formal power series G is said to be an inverse of F if F(G(x)) = G(F(x)) = x.

We have a symmetry here as well, ifG is inverse ofF thanF is inverse ofG as well.
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Theorem 2. Let F and G be mutually inverse power series. Then F= f1x+ f2x2 + · · · , G= g1x+
g2x2 + · · · , and f1g1 6= 0.

Proof. In order forF(G(x)) andG(F(x)) to be defined we must have 0 free terms. Assume that
F = frxr + · · · andG = gsxs+ · · · . ThenF(G(x)) = x = frgr

sx
rs + · · · , thusrs = 1 andr = s= 1. 2

Definition 5. The derivative of a power series F= ∑
n

fnxn is F′ = ∑
n

n fnxn−1. The derivative of

order n> 1 is defined recursively by F(n+1) = (F (n))′.

Theorem 3. The following properties of the derivative hold:

• (F +G)(n) = F (n) +G(n)

• (FG)(n) = ∑n
i=0

(n
i

)
F(i)G(n−i)

The proof is very standard as is left to the reader.2

We will frequently associate the power series with its generating sequence, and to make writing
more clear we will define the the relationosr

↔ in the following way:

Definition 6. Aosr
↔ {an}∞

0 means that A is a usual power series which is generated by{an}∞
0 , i.e.

A = ∑
n

anxn.

Assume thatAosr
↔ {an}∞

0 . Then

∑
n

an+1xn =
1
x ∑

n>0
anxn =

A(x)−a0

x

or equivalently{an+1}∞
0

osr
↔

A−a0

x
. Similarly

{an+2}∞
0

osr
↔

(A−a0)/x−a1

x
=

A−a0−a1x
x2 .

Theorem 4. If {an}∞
0

osr
↔ A the for h> 0:

{an+h}∞
0

osr
↔

A−a0−a1x−·· ·−ah−1xh−1

xh .

Proof. We will use the induction onh. For h = 1 the statement is true and that is shown before. If
the statement holds for someh then

{an+h+1}∞
0

osr
↔ {a(n+h)+1}∞

0
osr
↔

A−a0−a1x−·· ·−ah−1xh−1

xh −ah

x

osr
↔

A−a0−a1x−·· ·−ahxh

xh+1 ,

which finishes the proof.2

We already know that{(n+1)an+1}∞
0

osr
↔ A′. Our goal is to obtain the sequence{nan}∞

0 . That is
exactly the sequencexA′. We will define the operatorxD in the following way:

Definition 7. xDA= xA′ i.e. xDA= xdA
dx .

The following two theorems are obvious consequences of the properties of the derivative:

Theorem 5. Let{an}∞
0

osr
↔ A. Then{nkan}∞

0
osr
↔ (xD)kA.
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Theorem 6. Let{an}∞
0

osr
↔ A and P be a polynomial. Then

P(xD)Aosr
↔ {P(n)an}∞

0

Let us consider the generating function
A

1−x
. It can be written asA 1

1−x. As we have shown

before the reciprocal to the series 1−x is 1+x+x2+ · · · , hence A
1−x = (a0 +a1x+a2x2 + · · ·)(1+

x+x2+ · · ·) = a0 +(a0+a1)x+(a0+a1+a2)x2 + · · · .
Theorem 7. If {an}∞

0
osr
↔ A then

A
1−x

osr
↔

{
n

∑
j=0

a j

}

n>0

.

Now we will introduce the new form of generating functions.

Definition 8. We say that A isexponential generating function(or series, power series) of the se-
quence{an}∞

0 if A is the ususal generating function of the sequence{ an
n! }∞

0 , or equivalently

A = ∑
n

an

n!
xn.

If B is exponential generating function of the series{bn}∞
0 we can also write{bn}∞

0
esr
↔ B.

If Besr
↔ {bn}∞

0 , we are interested inB′. It is easy to see that

B′ =
∞

∑
n=1

nbnxn−1

n!
=

∞

∑
n=1

bnxn−1

(n−1)!
=

∞

∑
n=0

bn+1xn

n!

henceB′ esr
↔ {bn+1}∞

0 .

Theorem 8. If {bn}∞
0

esr
↔ B then for h> 0:

{bn+h}∞
0

osr
↔ B(h).

We also have an equivalent theorem for exponential generating functions.

Theorem 9. Let{bn}∞
0

esr
↔ B and let P be a polynomial. Then

P(xD)Besr
↔ {P(n)bn}∞

0

The exponential generating functions are useful in combinatorial identities because of the fol-
lowing property.

Theorem 10. Let {an}∞
0

esr
↔ A and{bn}∞

0
esr
↔ B. Then the generating function AB generates the se-

quence {
∑
k

(
n
k

)
akbn−k

}∞

n=0

.

Proof. We have that

AB=

{
∞

∑
i=0

aixi

i!

}{
∞

∑
j=0

b jx j

j!

}
= ∑

i, j>0

aib j

i! j!
xi+ j = ∑

n
xn

{
∑

i+ j=n

aib j

i! j!

}
,

or

AB= ∑
n

xn

n!

{
∑

i+ j=n

n!aib j

i! j!

}
= ∑

n

xn

n! ∑
k

(
n
k

)
akbn−k,
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and the proof is complete.2

We have listed above the fundamental properties of generating functions. New properties and
terms will be defined later.

Although the formal power series are defined as solely algebraic objects, we aren’t giving up
their analytical properties. We will use the well-known Taylor’s expansions of functions into power
series. For example, we will treat the functionex as a formal power series obtained by expanding the

function into power series, i.e. we will identifyex with
∞

∑
n=0

xn

n!
. We will use the converse direction

also. Here we will list the Taylor expansions of most common functions.

1
1−x

= ∑
n>0

xn

ln
1

1−x
= ∑

n>1

xn

n

ex = ∑
n>0

xn

n!

sinx = ∑
n>0

(−1)n x2n+1

(2n+1)!

cosx = ∑
n>0

(−1)n x2n

(2n)!

(1+x)α = ∑
k

(
α
k

)
xk

1
(1−x)k+1 = ∑

n

(
n+k

n

)
xn

x
ex −1

= ∑
n>0

Bnxn

n!

arctanx = ∑
n>0

(−1)n x2n+1

2n+1

1
2x

(1−
√

1−4x) = ∑
n

1
n+1

(
2n
n

)
xn

1√
1−4x

= ∑
n

(
2n
n

)
xn

xcotx = ∑
n>0

(−4)nB2n

(2k)!
x2n

tanx = ∑
n>1

(−1)n−122n(22n −1)B2n

(2n)!
x2n−1

x
sinx

= ∑
n>0

(−1)n−1 (4n −2)B2n

(2n)!
x2n

1√
1−4x

(
1−

√
1−4x

2x

)k

= ∑
n

(
2n+k

n

)
xn
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(
1−

√
1−4x

2x

)k

= ∑
n>0

k(2n+k−1)!
n!(n+k)!

xn

arcsinx = ∑
n>0

(2n−1)!!x2n+1

(2n)!!(2n+1)

ex sinx = ∑
n>1

2
n
2 sin nπ

4

n!
xn

ln2 1
1−x

= ∑
n>2

Hn−1

n
xn

√
1−

√
1−x

x
=

∞

∑
n=0

(4n)!

16n
√

2(2n)!(2n+1)!
xn

(
arcsinx

x

)2

=
∞

∑
n=0

4nn!2

(k+1)(2k+1)!
x2n

Remark:HereHn =
n

∑
i=1

1
i
, andBn is then-th Bernoulli number.

3 Recurrent Equations

We will first solve one basic recurrent equation.

Problem 1. Let an be a sequence given by a0 = 0 and an+1 = 2an + 1 for n> 0. Find the general
term of the sequence an.

Solution. We can calculate the first several terms 0, 1, 3, 7, 15, and we are tempted to guess the
solution asan = 2n−1. The previous formula can be easily established using mathematical induction
but we will solve the problem using generating functions. Let A(x) be the generating function of
the sequencean, i.e. letA(x) = ∑

n
anxn. If we multiply both sides of the recurrent relation byxn and

add for alln we get

∑
n

an+1xn =
A(x)−a0

x
=

A(x)
x

= 2A(x)+
1

1−x
= ∑

n
(2an +1)xn.

From there we easily conclude

A(x) =
x

(1−x)(2−x)
.

Now the problem is obtaining the general formula for the elements of the sequence. Here we will
use the famous trick of decomposingA into two fractions each of which will have the corresponding
generating function. More precisely

x
(1−x)(2−x)

= x

(
2

1−2x
− 1

1−x

)
= (2x+22x2 + · · ·)− (x+x2+ · · ·).

Now it is obvious thatA(x) =
∞

∑
n=0

(2n − 1)xn and the solution to the recurrent relation is indeed

an = 2n −1. △

Problem 2. Find the general term of the sequence given recurrently by

an+1 = 2an+n, (n> 0), a0 = 1.
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Solution. Let{an}∞
0

osr
↔ A. Then{an+1}∞

0
osr
↔

A−1
x . We also have thatxD 1

1−x
osr
↔ {n·1}. SincexD 1

1−x =

x 1
(1−x)2 = x

(1−x)2 the recurrent relation becomes

A−1
x

= 2A+
x

(1−x)2 .

From here we deduce

A =
1−2x+2x2

(1−x)2(1−2x)
.

Now we consider that we havesolved for the generating series. If we wanted to show that the
sequence is equal to some other sequence it would be enough toshow that the functions are equal.
However we need to find the terms explicitely. Let us try to representA again in the form

1−2x+2x2

(1−x)2(1−2x)
=

P
(1−x)2 +

Q
1−x

+
R

1−2x
.

After multiplying both sides with(1−x)2(1−2x) we get

1−2x+2x2 = P(1−2x)+Q(1−x)(1−2x)+R(1−x)2,

or equivalently

1−2x+2x2 = x2(2Q+R)+x(−2P−3Q−2R)+ (P+Q+R).

This impliesP = −1, Q = 0, andR= 2. There was an easier way to getP, Q, andR. If we multiply
both sides by(1− x)2 and setx = 1 we getP = −1. Similarly if we multiply everything by 1− 2x
and plugx = 1

2 we getR= 2. Now substitutingP andRand settingx = 0 we getQ = 0.
Thus we have

A =
−1

(1−x)2 +
2

1−2x
.

Since
2

1−2x
osr
↔ {2n+1} and

1
(1−x)2 = D

1
1−x

osr
↔ {n+1} we getan = 2n+1 −n−1. △

In previous two examples the term of the sequence was depending only on the previous term.
We can use generating functions to solve recurrent relations of order greater than 1.

Problem 3 (Fibonacci’s sequence).F0 = 0, F1 = 1, and for n> 1, Fn+1 = Fn + Fn−1. Find the
general term of the sequence.

Solution. Let F be the generating function of the series{Fn}. If we multiply both sides byxn and
add them all, the left-hand side becomes{Fn+1}osr

↔
F−x

x , while the right-hand side becomesF +xF.
Therefore

F =
x

1−x−x2 .

Now we want to expand this function into power series. First we want to represent the function as a
sum of two fractions. Let

−x2 −x+1= (1− αx)(1− βx).

Thenα = (1+
√

5)/2, β = (1−
√

5)/2, andα − β =
√

5. We further have

x
1−x−x2 =

x
(1−xα)(1−xβ )

=
1

α − β

(
1

1−xα
− 1

1−xβ

)

=
1√
5

{
∞

∑
n=0

αnxn −
∞

∑
n=0

β nxn

}
.
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It is easy to obtain

Fn =
1√
5
(αn − β n). △

Remark:From here we can immediately get the approximate formula forFn. Since|β | < 1 we have
lim
n→∞

β n = 0 and

Fn ≈ 1√
5

(
1+

√
5

2

)n

.

Now we will consider the case with the sequence of two variables.

Problem 4. Find the number of k-element subsets of an n-element set.

Solution. We know that the result is
(n

k

)
, but we want to obtain this using the generating functions.

Assume that the required number is equal toc(n,k). Let A= {a1, . . . ,an} be ann-element set. There
are two types ofk-element subsets – those which containan and those that don’t. There are exactly
c(n−1,k−1) subsets containingan. Indeed they are all formed by takingk−1-element subsets of
{a1, . . . ,an−1} and addingan to each of them. On the other hand there are exacltyc(n−1,k) subsets
not contianingan. Hence

c(n,k) = c(n−1,k)+c(n−1,k−1).

We also havec(n,0) = 1. Now we will define the generating function of the sequencec(n,k) for a
fixedn. Assume that

Cn(x) = ∑
k

c(n,k)xk.

If we multiply the recurrent relation byxk and add for allk> 1 we get

Cn(x)−1 = (Cn−1(x)−1)+xCn−1(x), for eachn> 0

andC0(x) = 1. Now we have forn> 1:

Cn(x) = (1+x)Cn−1(x).

We finally haveCn(x) = (1+x)n. Hence,c(n,k) is the coefficient nearxk in the expansion of(1+x)n,
and that is exactly

(n
k

)
. △

Someone might think that this was a cheating. We have used binomial formula, and that is
obtianed using a combinatorial technique which uses the result we wanted to prove. Fortunately,
there is a proof of binomial formula involving Taylor expainsion.

We can also make a generating function of the sequeceCn(x):

∑
n

Cn(x)y
n = ∑

n
∑
k

(
n
k

)
xkyn = ∑

n
(1+x)nyn =

1
1−y(1+x)

.

In such a way we have
(n

k

)
= [xkyn](1−y(1+x))−1. Now we can calculate the sum∑

n

(
n
k

)
yn:

[xk]∑
n

∑
k

(
n
k

)
xkyn = [xk]

1
1−y(1+x)

=
1

1−y
[xk]

1
1− y

1−yx

=
1

1−y

(
y

1−y

)k

=
yk

(1−y)k+1 .

Hence we have the identities

∑
k

(
n
k

)
xk = (1+x)n; ∑

n

(
n
k

)
yn =

yk

(1−y)k+1 .

Remark:Forn < k we define

(
n
k

)
= 0.
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Problem 5. Find the general term of the sequence an+3 = 6an+2 − 11an+1 + 6an, n> 0 with the
initial conditions a0 = 2, a1 = 0, a2 = −2.

Solution. If A is the generating function of the corresponding sequence then:

A−2−0 ·x− (−2)x2

x3 = 6
A−2−0 ·x

x2 −11
A−2

x
+6A,

from where we easily get

A =
20x2 −12x+2

1−6x+11x2−6x3 =
20x2−12x+2

(1−x)(1−2x)(1−3x)
.

We want to find the real coefficientsB, C, andD such that

20x2 −12x+2
(1−x)(1−2x)(1−3x)

=
B

1−x
+

C
1−2x

+
D

1−3x
.

We will multiply both sides by(1− x) and setx = 1 to obtainB = 20−12+2
(−1)·(−2) = 5. Multiplying by

(1−2x) and settingx = 1/2 we further getC = 5−6+2
− 1

4
= −4. If we now substitute the found values

for B andC and putx = 0 we getB+C+D = 2 from where we deduceD = 1. We finally have

A =
5

1−x
− 4

1−2x
+

1
1−3x

=
∞

∑
n=0

(5−4 ·2n+3n)xn

implying an = 5−2n+2+3n. △
The following example will show that sometimes we can have troubles in finding the explicite

formula for the elements of the sequence.

Problem 6. Let the sequence be given by a0 = 0, a1 = 2, and for n6 0:

an+2 = −4an+1−8an.

Find the general term of the sequence.

Solution. Let A be the generating function of the sequence. The recurrent relation can be written in
the form

A−0−2x
x2 = −4

A−0
x

−8A

implying

A =
2x

1+4x+8x2.

The rootsr1 = −2+2i andr2 = −2−2i of the equationx2+4x+8 are not real. However this should
interfere too much with our intention for findingB andC. Pretending that nothing wierd is going on
we get

2x
1+4x+8x2 =

B
1− r1x

+
C

1− r2x
.

Using the trick learned above we getB = −i
2 andC = i

2.
Did you read everything carefully? Why did we consider the roots of the polynomialx2 +4x+

8 when the denumerator ofA is 8x2 + 4x+ 1?! Well if we had considered the roots of the real
denumerator we would get the fractions of the formBr1−x which could give us a trouble if we wanted

to use power series. However we can express the denominator as x2(8+41
x + 1

x2 ) and consider this

as a polynomial in1
x ! Then the denumerator becomesx2

(1
x − r1

)
·
(1

x − r2
)
.
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Now we can proceed with solving the problem. We get

A =
−i/2

1− (−2+2i)x
+

i/2
1− (−2−2i)x

.

From here we get

A =
−i
2

∞

∑
n=0

(−2+2i)nxn +
i
2

∞

∑
n=0

(−2−2i)nxn,

implying

an =
−i
2

(−2+2i)n+
i
2
(−2−2i)n.

But the terms of the sequence are real, not complex numbers! We can now simplify the expression
for an. Since

−2±2i = 2
√

2e
±3π i

4 ,

we get

an =
i
2
(2

√
2)n
(

(cos
3nπ

4
− i sin

3nπ
4

)− (cos
3nπ

4
+ i sin

3nπ
4

)

)
,

hencean = (2
√

2)nsin 3nπ
4 . Written in another way we get

an =





0, n = 8k
(2

√
2)n, n = 8k+6

−(2
√

2)n, n = 8k+2
1√
2
(2

√
2)n, n = 8k+1 ili n = 8k+3

− 1√
2
(2

√
2)n, n = 8k+5 ili n = 8k+7. △

Now we will consider on more complex recurrent equation.

Problem 7. Find the general term of the sequence xn given by:

x0 = x1 = 0, xn+2−6xn+1+9xn = 2n +n za n> 0.

Solution. Let X(t) be the generating function of our sequence. Using the same methods as in the
examples above we can see that the following holds:

X
t2 −6

X
t

+9X =
1

1−2t
+

t
(1− t)2 .

Simplifying the expression we get

X(t) =
t2 − t3− t4

(1− t)2(1−2t)(1−3t)2,

hence

X(t) =
1

4(1−x)2 +
1

1−2x
− 5

3(1−3x)
+

5
12(1−3x)2 .

The sequence corresponding to the first summand is
n+1

4
, while the sequences for the second, third,

and fourth are 2n, 5·3n−1, and
5(n+1)3n+1

12
respectively. Now we have

xn =
2n+2+n+1+5(n−3)3n−1

4
. △
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Problem 8. Let f1 = 1, f2n = fn, and f2n+1 = fn + fn+1. Find the general term of the sequence.

Solution. We see that the sequence is well define because each term is defined using the terms
already defined. Let the generating functionF be given by

F(x) = ∑
n>1

fnxn−1.

Multiplying the first given relation byx2n−1, the second byx2n, and adding all of them forn ≥ 1 we
get:

f1 + ∑
n>1

f2nx2n−1 + ∑
n>1

f2n+1x2n = 1+ ∑
n>1

fnx2n−1 + ∑
n>1

fnx2n + ∑
n>1

fn+1x2n

or equivalently

∑
n>1

fnxn−1 = 1+ ∑
n>1

fnx2n−1+ ∑
n>1

fnx2n + ∑
n>1

fn+1x2n.

This exactly means thatF(x) = x2F(x2)+xF(x2)+F(x2) i.e.

F(x) = (1+x+x2)F(x2).

Moreover we have

F(x) =
∞

∏
i=0

(
1+x2i

+x2i+1
)

.

We can show that the sequence defined by the previous formula has an interesting property. For every
positive integern we perform the following procedure: Writen in a binary expansion, discard the
last ”block” of zeroes (if it exists), and group the remaining digits in as few blocks as possible such
that each block contains the digits of the same type. If for two numbersm andn the corresponding
sets of blocks coincide the we havefm = fn. For example the binary expansion of 22 is 10110 hence
the set of corresponding blocks is{1,0,11}, while the number 13 is represented as 1101 and has
the very same set of blocks{11,0,1}, so we should havef (22) = f (13). Easy verification gives us
f (22) = f (13)= 5. From the last expression we conclude thatfn is the number of representations
of n as a sum of powers of two, such that no two powers of two are taken from the same set of a
collection{1,2}, {2,4}, {4,8}.

4 The Method of the Snake Oil

The method of the snake oil is very useful tool in evaluating various, frequently huge combinatorial
sums, and in proving combinatorial identities.

The method is used to calculate many sums and as such it is not universal. Thus we will use
several examples to give the flavor and illustration of the method.

The general principle is as follows: Suppose we want to calculate the sumS. First we wnat to
identify the free variable on whichS depends. Assume thatn is such a variable and letS= f (n).
After that we have to obtainF(x), the generating function of the sequencef (n). We will multiply
S by xn and summ over alln. At this moment we have (at least) a double summation external in n
and internal inS. Then we interchange the order of summation and get the valueof internal sum in
terms ofn. In such a way we get certain coefficients of the generating function which are in fact the
values ofS in dependence ofn.

In solving problems of this type we usually encounter several sums. Here we will first list some
of these sums.

The identity involving∑
n

(
m
n

)
xn is known from before:

(1+x)m = ∑
n

(
m
n

)
xn.
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Sometimes we will use the identity for∑
n

(
n
k

)
xn which is already mentioned in the list of gen-

erating functions:
1

(1−x)k+1 = ∑
n

(
n+k

k

)
xn.

Among the common sums we will encounter those involving onlyeven (or odd) indeces. For

example we have(1+ x)m = ∑
n

(
m
n

)
xn, hence(1− x)m = ∑

n

(
m
n

)
(−x)n. Adding and subtracting

yields:

∑
n

(
m
2n

)
x2n =

((1+x)m+(1−x)m)

2
,

∑
n

(
m

2n+1

)
x2n+1 =

((1+x)m− (1−x)m)

2
.

In a similar fashion we prove:

∑
n

(
2n
m

)
x2n =

xm

2

(
1

(1−x)m+1 +
(−1)m

(1−x)m+1

)
, and

∑
n

(
2n+1

m

)
x2n+1 =

xm

2

(
1

(1−x)m+1 − (−1)m

(1−x)m+1

)
.

The following identity is also used quite frequently:

∑
n

1
n+1

(
2n
n

)
xn =

1
2x

(1−
√

1−4x).

Problem 9. Evaluate the sum

∑
k

(
k

n−k

)
.

Solution. Let n be the free variable and denote the sum by

f (n) = ∑
k

(
k

n−k

)
.

Let F(x) be the generating function of the sequencef (n), i.e.

F(x) = ∑
n

xn f (n) = ∑
n

xn∑
k

(
k

n−k

)
= ∑

n
∑
k

(
k

n−k

)
xn.

We can rewrite the previous equation as

F(x) = ∑
k

∑
n

(
k

n−k

)
xn = ∑

k

xk∑
n

(
k

n−k

)
xn−k,

which gives

F(x) = ∑
k

xk(1+x)k = ∑
k

(x+x2)k =
1

1− (x−x2)
=

1
1−x−x2.

However this is very similar to the generating function of a Fibonacci’s sequence, i.e.f (n) = Fn+1

and we arrive to

∑
k

(
k

n−k

)
= Fn+1. △
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Problem 10. Evaluate the sum
n

∑
k=m

(−1)k
(

n
k

)(
k
m

)
.

Solution. If n is a fixed number, thenm is a free variable on which the sum depends. Letf (m) =
n

∑
k=m

(−1)k
(

n
k

)(
k
m

)
and letF(x) be the generating function of the sequencef (m), i.e. F(x) =

∑m f (m)xm. Then we have

F(x) = ∑
m

f (m)xm = ∑
m

xm
n

∑
k=m

(−1)k
(

n
k

)(
k
m

)
=

= ∑
k6n

(−1)k
(

n
k

)
∑

m6k

(
k
m

)
xm = ∑

k6n

(
n
k

)
(1+x)k.

Here we have used∑m6k

(k
m

)
xm = (1+x)k. Dalje je

F(x) = (−1)n ∑
k6n

(
n
k

)
(−1)n−k(1+x)k = (−1)n

(
(1+x)−1

)n
= (−1)nxn

Therefore we obtainedF(x) = (−1)nxn and since this is a generating function of the sequencef (m)
we have

f (m) =

{
(−1)n, n = m

0, m< n . △

Problem 11. Evaluate the sum
n

∑
k=m

(
n
k

)(
k
m

)
.

Solution. Let f (m) =
n

∑
k=m

(
n
k

)(
k
m

)
andF(x) = ∑

m
xm f (m). Then we have

F(x) = ∑
m

xm f (m) = ∑
m

xm
n

∑
k=m

(
n
k

)(
k
m

)
= ∑

k6n

(
n
k

)
∑

m6k

(
k
m

)
xm = ∑

k6n

(
n
k

)
(1+x)k,

implying F(x) = (2+x)n. Since

(2+x)n = ∑
m

(
n
m

)
2n−mxm,

the value of the required sum isf (m) =

(
n
m

)
2n−m. △

Problem 12. Evaluate

∑
k

(
n[
k
2

]
)

xk.

Solution. We can divide this into two sums

∑
k

(
n[
k
2

]
)

xk = ∑
k=2k1

(
n[

2k1
2

]
)

x2k1 + ∑
k=2k2+1

(
n[

2k2+1
2

]
)

x2k2+1 =

= ∑
k1

(
n
k1

)
(x2)k1 +x∑

k2

(
n
k2

)
(x2)k2 = (1+x2)n +x(1+x2)n,

or equivalently

∑
k

(
n[
k
2

]
)

xk = (1+x)(1+x2)n. △
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Problem 13. Determine the elements of the sequence:

f (m) = ∑
k

(
n
k

)(
n−k[
m−k

2

]
)

yk.

Solution. Let F(x) = ∑mxm f (m). We then have

F(x) = ∑
m

xm∑
k

(
n
k

)(
n−k[
m−k

2

]
)

yk = ∑
k

(
n
k

)
yk∑

m

(
n−k[
m−k

2

]
)

xm =

= ∑
k

(
n
k

)
ykxk∑

m

(
n−k[
m−k

2

]
)

xm−k = ∑
k

(
n
k

)
ykxk(1+x)(1+x2)n−k.

Hence

F(x) = (1+x)∑
k

(
n
k

)
(1+x2)n−k(xy)k = (1+x)(1+x2+xy)n.

For y = 2 we have thatF(x) = (1+ x)2n+1, implying thatF(x) is the generating function of the
sequence

(2n+1
m

)
and we get the following combinatorial identity:

∑
k

(
n
k

)(
n−k[
m−k

2

]
)

2k =

(
2n+1

m

)
.

Settingy= −2 we getF(x) = (1+x)(1−x)2n = (1−x)2n+x(1−x)2n hence the coefficient nearxm

equals

(
2n
m

)
(−1)m+

(
2n

m−1

)
(−1)m−1 = (−1)m

[(
2n
m

)
−
(

2n
m−1

)]
which implies

∑
k

(
n
k

)(
n−k[
m−k

2

]
)

(−2)k = (−1)m
[(

2n
m

)
−
(

2n
m−1

)]
. △

Problem 14. Prove that

∑
k

(
n
k

)(
k
j

)
xk =

(
n
j

)
x j(1+x)n− j

for each n> 0

Solution. If we fix n and let j be the free variable andf ( j) = ∑
k

(
n
k

)(
k
j

)
xk, g( j) =

(n
j

)
x j(1+x)n− j ,

then the corresponding generating functions are

F(y) = ∑
j

y j f ( j), G(y) = ∑
j

y jg( j).

We want to prove thatF(y) = G(y). We have

F(y) = ∑
j

y j ∑
k

(
n
k

)(
k
j

)
xk = ∑

k

(
n
k

)
xk∑

j

(
k
j

)
y j = ∑

k

(
n
k

)
xk(1+y)k,

henceF(y) = (1+x+xy)n. On the other hand we have

G(y) = ∑
j

y j
(

n
j

)
x j(1+x)n− j = ∑

j

(
n
j

)
(1+x)n− j(xy) j = (1+x+xy)n,

henceF(y) = G(y). △
The real power of the generating functions method can be seenin the following example.
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Problem 15. Evaluate the sum

∑
k

(
n+k

m+2k

)(
2k
k

)
(−1)k

k+1

for m,n> 0.

Solution. Since there are quite a lot of variables elementary combinatorial methods doesn’t offer an
effective way to treat the sum. Sincen appears on only one place in the sum, it is natural to consider
the sum as a function onn Let F(x) be the generating series of such functions. Then

F(x) = ∑
n

xn∑
k

(
n+k

m+2k

)(
2k
k

)
(−1)k

k+1
= ∑

k

(
2k
k

)
(−1)k

k+1
x−k∑

n

(
n+k

m+2k

)
xn+k =

= ∑
k

(
2k
k

)
(−1)k

k+1
x−k xm+2k

(1−x)m+2k+1 =
xm+2k

(1−x)m+2k+1 ∑
k

(
2k
k

)
1

k+1

{ −x
(1−x)2

}k

=

=
−xm−1

2(1−x)m−1

{
1−
√

1+
4x

(1−x)2

}
=

−xm−1

2(1−x)m−1

{
1− 1+x

1−x

}
=

xm

(1−x)m.

This is a generating function of the sequence

(
n−1
m−1

)
which establishes

∑
k

(
n+k

m+2k

)(
2k
k

)
(−1)k

k+1
=

(
n−1
m−1

)
. △

Problem 16. Prove the identity

∑
k

(
2n+1

k

)(
m+k

2n

)
=

(
2m+1

2n

)
.

Solution. Let F(x) = ∑
m

xm∑
k

(
2n+1

k

)(
m+k

2n

)
andG(x) = ∑

m
xm
(

2m+1
2n

)
the generating func-

tions of the expressions on the left and right side of the required equality. We will prove that
F(x) = G(x). We have

F(x) = ∑
m

xm∑
k

(
2n+1

k

)(
m+k

2n

)
= ∑

k

(
2n+1

2k

)
∑
m

(
m+k

2n

)
=

= ∑
k

(
2n+1

2k

)
∑
m

(
m+k

2n

)
xm = ∑

k

(
2n+1

2k

)
x−k∑

m

(
m+k

2n

)
xm+k =

= ∑
k

(
2n+1

2k

)
x−k x2n

(1−x)2n+1 =
x2n

(1−x)2n+1 ∑
k

(
2n+1

2k

)(
x− 1

2

)2k
.

We already know that∑
k

(
2n+1

2k

)(
x− 1

2

)2k
=

1
2

((
1+

1√
x

)2n+1

+

(
1− 1√

x

)2n+1
)

so

F(x) =
1
2
(
√

x)2n−1
(

1
(1−√

x)2n+1 − 1
(1+

√
x)2n+1

)
.

On the other hand

G(x) = ∑
m

(
2m+1

2n

)
xm =

(
x−1/2

)
∑
m

(
2m+1

2n

)(
x1/2

)2m+1
,
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implying

G(x) =
(

x−1/2
)[ (x1/2)2n

2

(
1

(1−x1/2)2n+1
− (−1)2n 1

(1+x1/2)2n+1

)]
,

or

G(x) =
1
2
(
√

x)2n−1
(

1
(1−√

x)2n+1 − 1
(1+

√
x)2n+1

)
. △

Problem 17. Prove that
n

∑
k=0

(
2n
2k

)(
2k
k

)
22n−2k =

(
4n
2n

)
.

Let n be the free variable on the left and right side ofF(x) andG(x). We want to prove the
equality of these generating functions.

F(x) = ∑
n

xn ∑
06k6n

(
2n
2k

)(
2k
k

)
22n−2k = ∑

06k

(
2k
k

)
2−2k∑

n

(
2n
2k

)
xn22n,

F(x) = ∑
06k

(
2k
k

)
2−2k∑

n

(
2n
2k

)
(2

√
x)2n.

Now we use the formula for summation of even powers and get

∑
n

(
2n
2k

)
(2

√
x)2n =

1
2
(2

√
x)2k

(
1

(1−2
√

x)2k+1 +
1

(1+2
√

x)2k+1

)
,

and we further get

F(x) =
1

2(1−2
√

x) ∑
k

(
2k
k

)(
x

(1−2
√

x)2

)k

+
1

2(1+2
√

x) ∑
k

(
2k
k

)(
x

(1+2
√

x)2

)k

.

Since∑
n

(
2n
n

)
xn =

1√
1−4x

we get

F(x) =
1

2(1−2
√

x)
· 1√

1−4 x
(1−2

√
x)2

+
1

2(1+2
√

x)
· 1√

1−4 x
(1+2

√
x)2

,

which implies

F(x) =
1

2
√

1−4
√

x
+

1

2
√

1+4
√

x
.

On the other hand forG(x) we would like to get the sum∑
n

(
4n
2n

)
xn. Since∑

n

(
2n
n

)
xn =

1√
1−4x

we have∑
n

(
2n
n

)
(−x)n =

1√
1+4x

hence

G(x) =
1
2

(
1√

1−4
√

x
+

1√
1+4

√
x

)

andF(x) = G(x). △
The followng problem is slightly harder because the standard idea of snake oil doesn’t lead to a

solution.
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Problem 18 (Moriati). For given n and p evaluate

∑
k

(
2n+1

2p+2k+1

)(
p+k

k

)
.

Solution. In order to have shorter formulas let us introducer = p+k. If we assume thatn is the free
variable then the required sum is equal to

f (n) = ∑
r

(
2n+1
2r +1

)(
r
p

)
.

TakeF(x) = ∑
n

x2n+1 f (n). This is somehow natural since the binomial coefficient contains the term

2n+1. Now we have

F(x) = ∑
n

x2n+1∑
r

(
2n+1
2r +1

)(
r
p

)
= ∑

r

(
r
p

)
∑
n

(
2n+1
2r +1

)
x2n+1.

Since

∑
n

(
2n+1
2r +1

)
x2n+1 =

x2r+1

2

(
1

(1−x)2r+2 +
1

(1+x)2r+2

)
,

we get

F(x) =
1
2

· x
(1−x)2 ∑

r

(
r
p

)(
x2

(1−x)2

)r

+
1
2

· x
(1+x)2 ∑

r

(
r
p

)(
x2

(1+x)2

)r

,

F(x) =
1
2

x
(1−x)2

(
x2

(1−x)2

)p

(
1− x2

(1−x)2

)p+1 +
1
2

x
(1+x)2

(
x2

(1+x)2

)p

(
1− x2

(1+x)2

)p+1 ,

F(x) =
1
2

x2p+1

(1−2x)p+1 +
1
2

x2p+1

(1+2x)p+1 =
x2p+1

2
((1+2x)−p−1+(1−2x)−p−1),

implying

f (n) =
1
2

((−p−1
2n−2p

)
22n−2p+

(−p−1
2n−2p

)
22n−2p

)
,

and after simplification

f (n) =

(
2n− p
2n−2p

)
22n−2p. △

We notice that for most of the problems we didn’t make a substantial deviation from the method
and we used only a handful of identities. This method can alsobe used in writing computer algo-
rithms for symbolic evaluation of number of sums with binomial coefficients.

5 Problems

1. Prove that for the sequence of Fibonacci numbers we have

F0 +F1+ · · ·+Fn = Fn+2 +1.

2. Given a positive integern, let A denote the number of ways in whichn can be partitioned as a
sum of odd integers. LetB be the number of ways in whichn can be partitioned as a sum of
different integers. Prove thatA = B.

3. Find the number of permutations without fixed points of theset{1,2, . . . ,n}.



18 Olympiad Training Materials, www.imomath.com

4. Evaluate∑
k

(−1)k
(

n
3k

)
.

5. Letn ∈ N and assume that

x+2y= n hasR1 solutions inN2
0

2x+3y= n−1 hasR2 solutions inN2
0

...

nx+(n+1)y= 1 hasRn solutions inN2
0

(n+1)x+(n+2)y= 0 hasRn+1 solutions inN2
0

Prove that∑
k

Rk = n+1.

6. A polynomial f (x1,x2, . . . ,xn) is called asymmetricif each permutationσ ∈ Sn we have
f (xσ(1), . . . ,xσ(n)) = f (x1, . . . ,xn). We will consider several classes of symmetric polyno-
mials. The first class consists of the polynomials of the form:

σk(x1, . . . ,xn) = ∑
i1<···<ik

xi1 · · · · ·xik

for 16 k6 n, σ0 = 1, andσk = 0 for k > n. Another class of symmetric polynomials are the
polynomials of the form

pk(x1, . . . ,xn) = ∑
i1+···+in=k

xi1
1 · · · · ·xin

n , wherei1, · · · , in ∈ N0.

The third class consists of the polynomials of the form:

sk(x1, . . . ,xn) = xk
1 + · · ·+xk

n.

Prove the following relations between the polynomials introduced above:

n

∑
r=0

(−1)rσr pn−r = 0, npn =
n

∑
r=1

sr pn−r , andnσn =
n

∑
r=1

(−1)r−1sr σn−r .

7. Assume that for somen∈N there are sequences of positive numbersa1, a2, . . . , an andb1, b2,
. . . , bn such that the sums

a1 +a2, a1 +a3, . . . , an−1 +an

and
b1 +b2, b1 +b3, . . . , bn−1 +bn

the same up to permutation. Prove thatn is a power of two.

8. (Leo Moser, Joe Lambek, 1959.) Prove that there is a uniqueway to partition the set of natural
numbers in two setsA and B such that: For very non-negative integern (including 0) the
number of ways in whichn can be written asa1 +a2, a1,a2 ∈ A, a1 6= a2 is at least 1 and is
equal to the number of ways in which it can be represented asb1 +b2, b1,b2 ∈ B, b1 6= b2.

9. Given several (at least two, but finitely many) arithmeticprogressions, if each natural number
belongs to exactly one of them, prove there are two progressions whose common differences
are equal.

10. (This problem was posed in the journalAmerican Mathematical Monthly) Prove that in the
contemporary calendar the 13th in a month is most likely to be Friday.

Remark:The contemporary calendar has a period of 400 years. Every fourth year has 366
days except those divisible by 100 and not by 400.
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6 Solultions

1. According to the Theorem 7 the generating function of the sum of first n terms of the se-
quence (i.e. the left-hand side) is equal toF/(1−x), whereF = x/(1−x−x2) (suchF is the
generatring function of the Fibonacci sequence). On the right-hand side we have

F −x
x

− 1
1−x

,

and after some obvious calculation we arrive to the requiredidentity.

2. We will first prove that the generating function of the number of odd partitions is equal to

(1+x+x2+ · · ·) · (1+x3+x6 + · · ·) · (1+x5+x10+ · · ·) · · · = ∏
k>1

1
1−x2k+1 .

Indeed, to each partition in whichi occursai times corresponds exactly one term with coeffi-
cient 1 in the product. That term is equal tox1·a1+3·a3+5·a5+···.

The generating function to the number of partitions in different summands is equal to

(1+x) · (1+x2) · (1+x3) · · · = ∏
k>1

(1+xk),

because from each factor we may or may not take a power ofx, which exactly correpsonds to
taking or not taking the corresponding summand of a partition. By some elementary transfor-
mations we get

∏
k>1

(1+xk) = ∏
k>1

1−x2k

1−xk =
(1−x2)(1−x4) · · ·

(1−x)(1−x2)(1−x3)(1−x4) · · · = ∏
k>1

1
1−x2k+1

which proves the statement.

3. This example illustrates the usefullness of the exponential generating functions. This problem
is known asderangement problemor ”le Problème des Rencontres” posed by Pierre R. de
Montmort (1678-1719).

Assume that the required number isDn and letD(x)esr
↔ Dn. The number of permutations

having exactlyk given fixed points is equal toDn−k, hence the total number of permutations
with exactlyk fixed points is equal to

(n
k

)
Dn−k, because we can choosek fixed points in

(n
k

)

ways. Since the total number of permutations is equal ton!, then

n! = ∑
k

(
n
k

)
Dn−k

and the Theorem 10 gives
1

1−x
= exD(x)

implying D(x) = e−x/(1−x). Sincee−x is the generating function of the sequence
(−1)n

n!
, we

get
Dn

n!
= 1−1+

1
2!

− 1
3!

+ · · ·+(−1)n 1
n!

,

Dn = n! ·
(

1
2!

− 1
3!

+ · · ·+(−1)n 1
n!

)
.
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4. The idea here is to consider the generating function

F(x) = ∑
k

(
n
3k

)
x3k.

The required sum is equal tof (−1). The question now is how to make binomial formula to
skip all terms except those of order 3k. We will use the following identy for the sum of roots
of unity in the complex plane

∑
ε r=1

εn =

{
r, r|n
0, otherwise.

LetC(x) = (1+x)n and let 1,ε, andε2 be the cube roots of 1. Then we have

F(x) =
C(x)+C(εx)+C(ε2x)

3

which forx = −1 gives

F(−1) =
1
3

{(
3− i

√
3

2

)n

+

(
3+ i

√
3

2

)n}

and after simplification

∑
k

(−1)k
(

n
3k

)
= 2 ·3n/2−1cos

(nπ
6

)

5. The number of solutions ofx+2y= n in N2
0 is the coefficient neartn in

(1+ t + t2+ · · ·) · (1+ t2+ t4+ · · ·) =
1

1− t
1

1− t2

The reason is that each pair(x,y) that satisfies the condition of the problem increases the
coefficient neartn by 1 because it appears as a summand of the formtxt2y = tx+2y. More
generally, the number of solutions ofkx+(k+ 1)y = n+ 1− k is the coefficient neartn+1−k

in
1

1− tk

1
1− tk+1 , i.e. the coefficient neartn in

xk−1

(1− tk)(1− tk+1)
. Hence,

n

∑
k=1

Rk is the coef-

ficient neartn in ∑
k

tk−1

(1− tk)(1− tk+1)
= ∑

k

1
t − t2

(
1

1− tk+2 − 1
1− tk+1

)
=

1
(1− t)2 . Now it

is easy to see that∑
k

Rk = n+1.

6. The generating function of the symmetric polynomialsσk(x1, . . . ,xn) is

Σ(t) =
∞

∑
k=0

σkt
k =

n

∏
i=1

(1+ txi).

The generating function of the polynomialspk(x1, . . . ,xn) is:

P(t) =
∞

∑
k=0

pkt
k = ∏ 1

1− txi
,

and the generating function of the polynomialssk is:

S(t) =
∞

∑
k=0

skt
k−1 =

n

∑
i=1

xi

1− txi
.
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The functionsΣ(t) andP(t) satisfy the following conditionΣ(t)p(−t) = 1. If we calculate the
coefficient of this product neartn, n> 1 we get the relation

n

∑
r=0

(−1)rσr pn−r = 0.

Notice that

logP(t) =
n

∑
i=1

log
1

1− txi
and logΣ(t) =

n

∑
i=1

log(1+ txi).

Now we can expressS(t) in terms ofP(t) andΣ(t) by:

S(t) =
d
dt

logP(t) =
P′(t)
P(t)

and

S(−t) = − d
dt

logΣ(t) = −Σ′(t)
Σ(t)

.

From the first formula we getS(t)P(t) = P′(t), and from the secondS(−t)Σ(t) = −Σ′(t).
Comparing the coefficients neartn+1 we get

npn =
n

∑
r=1

sr pn−r and nσn =
n

∑
r=1

(−1)r−1sr σn−r .

7. LetF andG be polynomials generated by the given sequence:F(x) = xa1 +xa2 + · · ·+xan and
G(x) = xb1 +xb2 + · · ·+xbn. Then

F2(x)−G2(x) =

(
n

∑
i=1

x2ai +2 ∑
16i6 j6n

xai+a j

)
−
(

n

∑
i=1

x2bi +2 ∑
16i6 j6n

xbi+b j

)

= F(x2)−G(x2).

SinceF(1) = G(1) = n, we have that 1 is zero of the orderk,(k > 1) of the polynomial
F(x)−G(x). Then we haveF(x)−G(x) = (x−1)kH(x), hence

F(x)+G(x) =
F2(x)−G2(x)
F(x)−G(x)

=
F(x2)−G(x2)

F(x)−G(x)
=

(x2 −1)kH(x2)

(x−1)kH(x)
= (x+1)k H(x2)

H(x)

Now for x = 1 we have:

2n = F(1)+G(1) = (1+1)kH(x2)

H(x)
= 2k,

implying thatn = 2k−1.

8. Consider the polynomials generated by the numbers from different sets:

A(x) = ∑
a∈A

xa, B(x) = ∑
b∈B

xb.

The condition thatA andB partition the wholeN without intersection is equivalent to

A(x)+B(x) =
1

1−x
.
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The number of ways in which some number can be represented asa1+a2, a1,a2 ∈ A, a1 6= a2

has the generating function:

∑
ai ,a j∈A,ai 6=a j

xai+a j =
1
2

(
A2(x)−A(x2)

)
.

Now the second condition can be expressed as
(
A2(x)−A(x2)

)
=
(
B2(x)−B(x2)

)
.

We further have

(A(x)−B(x))
1

1−x
= A(x2)−B(x2)

or equivalently
(A(x)−B(x)) = (1−x)(A(x2)−B(x2)).

Changingx by x2,x4, . . . ,x2n−1
we get

A(x)−B(x) = (A(x2n
)−B(x2n

))
n−1

∏
i=0

(1−x2i
),

implying

A(x)−B(x) =
∞

∏
i=0

(1−x2i
).

The last product is series whose coefficients are±1 henceA andB are uniquely determined
(since their coefficients are 1). It is not difficult to noticethat positive coefficients (i.e. coef-
ficients originating fromA) are precisely those corresponding to the termsxn for which n can
be represented as a sum of even numbers of 2s. This means that the binary partition ofn has
an even number of 1s. The other numbers formB.

Remark:The sequence representing the parity of the number of ones inthe binary representa-
tion of n is calledMorsesequence.

9. This problem is posed by Erdösz (in slightly different form), and was solved by Mirsky and
Newman after many years. This is their original proof:

Assume thatk arithmetic progressionss{ai +nbi} (i = 1,2, . . . ,k) cover the entire set of pos-

itive integers. Then
za

1−zb =
∞

∑
i=0

za+ib, hence

z
1−z

=
za1

1−zb1
+

za2

1−zb2
+ · · ·+ zak

1−zbk
.

Let |z| 6 1. We will prove that the biggest number amongbi can’t be unique. Assume the
contrary, thatb1 is the greatest among the numbersb1,b2, . . . ,bn and setε = e2iπ/b1. Assume
thatzapproachesε in such a way that|z| 6 1. Here we can chooseε such thatεb1 = 1, ε 6= 1,
andεbi 6= 1, 1 < i 6 k. All terms except the first one converge to certain number while the
first converges to∞, which is impossible.

10. Friday the 13th corresponds to Sunday the 1st. Denote thedays by numbers 1,2,3, . . . and
let t i corresponds to the dayi. Hence,Jan.1st2001 is denoted by 1 (ort), Jan.4th2001 byt4

etc. LetA be the set of all days (i.e. corresponding numbers) which happen to be the first in a
month. For instance, 1∈ A, 2∈ A, etc.A = {1,32,60, . . .}. Let fA(t) = ∑n∈A tn. If we replace
t7k by 1, t7k+1 by t, t7k+2 by t2 etc. in the polynomialfA we get another polynomial – denote
it by gA(t) = ∑6

i=0ait i . Now the numberai represents how many times the day (of a week)
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denoted byi has appeared as the first in a month. SinceJan1,2001 was Monday,a1 is the
number of Mondays,a2- the number of Tuesdays,. . . , a0- the number of Sundays. We will
consider nowfA modulust7−1. The polynoimalfA(t)−gA(t) is divisible byt7−1. Since we
only want to find which of the numbersa0,a1, . . . ,a6 is the biggest, it is enough to consider
the polynomial modulusq(t) = 1+ t + t2+ · · ·+ t6 which is a factor oft7−1. Let f1(t) be the
polynomial that represents the first days of months in 2001. Since the first day of January is
Monday, Thursday– the first day of February, ..., Saturday the first day of December, we get

f1(t) = t + t4+ t4+1+ t2+ t5+1+ t3+ t6 + t + t4+ t6 =

= 2+2t + t2+ t3 +3t4+ t5+2t6 ≡ 1+ t +2t4+ t6 (mod q(t)).

Since the common year has 365≡ 1 (mod 7) days, polynomialsf2(t) and f3(t) corresponding
to 2002. and 2003., satisfy

f2(t) ≡ t f1(t) ≡ tg1(t)

and
f3(t) ≡ t f2(t) ≡ t2g1(t),

where the congruences are modulusq(t). Using plain counting we easily verify thatf4(t) for
leap 2004 is

f4(t) = 2+2t + t2+2t3+3t4+ t5+ t6 ≡ 1+ t + t3+2t4 = g4(t).

We will introduce a new polynomial that will count the first days for the period 2001−2004
h1(t) = g1(t)(1+ t + t2)+ g4(t). Also, after each common year the days are shifted by one
place, and after each leap year by 2 places, hence after the period of 4 years all days are shifted
by 5 places. In such a way we get a polynomial that counts the numbers of first days of months
between 2001 and 2100. It is:

p1(t) = h1(t)(1+ t5+ t10+ · · ·+ t115)+ t120g1(t)(1+ t + t2+ t3).

Here we had to write the last for years in the formg1(t)(1+ t + t2 + t3) because 2100 is not
leap, and we can’t replace it byh1(t). The period of 100 years shifts the calendar for 100 days
(common years) and additional 24 days (leap) which is congruent to 5 modulus 7. Now we
get

gA(t) ≡ p1(t)(1+ t5+ t10)+ t15h1(t)(1+ t5+ · · ·+ t120).

Similarly as before the last 100 are counted by last summandsbecause 2400 is leap. Now we
will use thatt5a+t5(a+1)+ · · ·+t5(a+6) ≡ 0. Thus 1+t5+ · · ·+t23·5 ≡ 1+t5+t2·5 ≡ 1+t3+t5

and 1+ t5+ · · ·+ t25·5 ≡ 1+ t5+ t2·5+ t4·5 ≡ 1+ t + t3+ t5. We further have that

p1(t) ≡ h1(t)(1+ t3+ t5)+ tg1(t)(1+ t + t2+ t3) ≡

g1(t)[(1+ t + t2)(1+ t3+ t5)+ t(1+ t + t2+ t3)]+g4(t)(1+ t3+ t5) ≡
g1(t)(2+2t +2t2+2t3+2t4+2t5+ t6)+g4(t)(1+ t3+ t5) ≡ −g1(t)t

6 +g4(t)(1+ t3+ t5).

If we now put this into formula forgA(t) we get

gA(t) ≡ p1(t)(1+ t3+ t5)+ th1(t)(1+ t + t3+ t5)

≡ −g1(t)t
6(1+ t3+ t5)+g4(t)(1+ t3+ t5)2

+tg1(t)(1+ t + t2)(1+ t + t3+ t5)+ tg4(t)(1+ t + t3+ t5)

≡ g1(t)(t + t3)+g4(t)(2t +2t3+ t5+ t6)

≡ (1+ t +2t4+ t6)(t + t3)+ (1+ t + t3+2t4)(2t +2t3+ t5 + t6)

≡ 8+4t +7t2+5t3+5t4+7t5+4t6 ≡ 4+3t2+ t3+ t4+3t5.
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This means that the most probable day for the first in a month isSunday (becausea0 is the
biggest).

We can precisely determine the probability. If we use the fact that there are 4800 months in
a period of 400, we can easily get the Sunday is the first exactly 688 times, Monday – 684,
Tuesday – 687, Wednesday – 685, Thursday – 685, Friday – 687, and Saturday – 684.
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1 Introduction

The title refers to determining polynomials in one or more variables (e.g. with real or complex
coefficients) which satisfy some given relation(s).

The following example illustrates some basic methods:

1. Determine the polynomialsP for which 16P(x2) = P(2x)2.

• First method: evaluating at certain points and reducing degree.

Pluggingx = 0 in the given relation yields 16P(0) = P(0)2, i.e. P(0) = 0 or 16.

(i) Suppose thatP(0) = 0. ThenP(x) = xQ(x) for some polynomialQ and 16x2Q(x2) =
4x2Q(2x)2, which reduces to 4Q(x2) = Q(2x)2. Now setting 4Q(x) = R(x) gives us
16R(x2) = R(2x)2. Hence,P(x) = 1

4xR(x), with R satifying the same relation asP.

(ii) Suppose thatP(0) = 16. PuttingP(x) = xQ(x) + 16 in the given relation we obtain
4xQ(x2) = xQ(2x)2+16Q(2x); henceQ(0) = 0, i.e.Q(x) = xQ1(x) for some polynomial
Q1. Furthermore,x2Q1(x2) = x2Q1(2x)2 +8Q1(2x), implying thatQ1(0) = 0, soQ1 too
is divisible by x. ThusQ(x) = x2Q1(x). Now suppose thatxn is the highest degree
of x dividing Q, andQ(x) = xnR(x), whereR(0) 6= 0. ThenR satisfies 4xn+1R(x2) =
22nxn+1R(2x)2+2n+4R(2x), which implies thatR(0) = 0, a contradiction. It follows that
Q ≡ 0 andP(x) ≡ 16.

We conclude thatP(x) = 16
(

1
4x
)n

for somen ∈ N0.

• Second method: investigating coefficients.

We start by proving the following lemma (to be used frequently):

Lemma 1. If P(x)2 is a polynomial in x2, then so is either P(x) or P(x)/x.

Proof. Let P(x) = anxn + an−1xn−1 + · · · + a0, an 6= 0. The coefficient atx2n−1 is 2anan−1,
from which we getan−1 = 0. Now the coefficient atx2n−3 equals 2anan−3; hencean−3 = 0,
and so on. Continuing in this manner we conclude thatan−2k−1 = 0 for k = 0,1,2, . . . , i.e.
P(x) = anxn +an−2xn−2 +an−4xn−4 + · · · . △

SinceP(x)2 = 16P(x2/4) is a polynomial inx2, we haveP(x) = Q(x2) or P(x) = xQ(x2). In
the former case we get 16Q(x4) = Q(4x2)2 and therefore 16Q(x2) = Q(4x)2; in the latter case
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we similarly get 4Q(x2) = Q(4x)2. In either case,Q(x) = R(x2) or Q(x) = xR(x2) for some
polynomialR, soP(x) = xiR(x4) for somei ∈ {0,1,2,3}. Proceeding in this way we find that

P(x) = xiS(x2k
) for eachk ∈ N and somei ∈ {0,1, . . . ,2k}. Now it is enough to takek with

2k > degP and to conclude thatSmust be constant. ThusP(x) = cxi for somec∈R. A simple
verification gives us the general solutionP(x) = 16

(1
4x
)n

for n ∈ N0.

Investigating zeroes of the unknown polynomial is also counted under the first method.
A majority of problems of this type can be solved by one of the above two methods (although

some cannot, making math more interesting!).

2 Problems with Solutions

1. Find all polynomialsP such thatP(x)2 +P(1
x)

2 = P(x2)P( 1
x2 ).

Solution. By the introducing lemma there exists a polynomialQ such thatP(x) = Q(x2)
or P(x) = xQ(x2). In the former caseQ(x2)2 + Q( 1

x2 ) = Q(x4)Q( 1
x4 ) and thereforeQ(x)2 +

Q(1
x) = Q(x2)Q( 1

x2 ) (which is precisely the relation fulfilled byP), whereas in the latter case

(similarly) xQ(x)2 + 1
xQ(1

x)2 = Q(x2)Q( 1
x2 ) which is impossible for the left and right hand

side have odd and even degrees, respectively. We conclude thatP(x) = Q(x2), whereQ is also
a solution of the considered polynomial equation. Considering the solution of the least degree
we find thatP must be constant.

2. Do there exist non-linear polynomialsP andQ such thatP(Q(x)) = (x−1)(x−2) · · · (x−15)?

Solution. Suppose there exist such polynomials. Then degP · degQ = 15, so degP = k ∈
{3,5}. PuttingP(x) = c(x−a1) · · · (x−ak) we getc(Q(x)−a1) · · · (Q(x)−ak) = (x−1)(x−
2) · · ·(x− 15). Thus the roots of polynomialQ(x) − ai are distinct and comprise the set
{1,2, . . . ,15}. All these polynomials mutually differ at the last coefficient only. Now, in-
vestigating parity of the remaining (three or five) coefficients we conclude that each of them
has the equally many odd roots. This is impossible, since thetotal number of odd roots is 8,
not divisible by 3 or 5.

3. Determine all polynomialsP for whichP(x)2 −2 = 2P(2x2 −1).

Solution. DenoteP(1) = a. We havea2 −2a−2= 0. SubstitutingP(x) = (x−1)P1(x)+a in
the initial relation and simplifying yields(x−1)P1(x)2 +2aP1(x) = 4(x+1)P1(2x2 −1). For
x = 1 we have 2aP1(1) = 8P1(1), which (sincea 6= 4) gives usP1(1) = 0, i.e. P1(x) = (x−
1)P2(x), soP(x) = (x−1)2P2(x)+a. Suppose thatP(x) = (x−1)nQ(x)+a, whereQ(1) 6= 0.
Substituting in the initial relation and simplifying yields (x− 1)nQ(x)2 + 2aQ(x) = 2(2x+
2)nQ(2x2 −1), giving usQ(1) = 0, a contradiction. It follows thatP(x) = a.

4. Determine all polynomialsP for whichP(x)2 −1 = 4P(x2 −4x+1).

Solution. Suppose thatP is not constant. Fixing degP = n and comparing coefficients of
both sides we deduce that the coefficients of polynomialP must be rational. On the other

hand, settingx = a with a = a2 − 4a+ 1, that is,a = 5±
√

21
2 , we obtainP(a) = b, where

b2 − 4b− 1 = 0, i.e. b = 2±
√

5. However, this is impossible becauseP(a) must be of the
form p+q

√
21 for some rationalp,q for the coefficients ofP are rational. It follows thatP(x)

is constant.

5. For which real values ofa does there exist a rational functionf (x) that satisfiesf (x2) =
f (x)2 −a?

Solution. Write f as f = P/Qwith P andQ coprime polynomials andQmonic. By comparing
leading coefficients we obtain thatP too is monic. The condition of the problem became
P(x2)/Q(x2) = P(x)2/Q(x)2 −a. SinceP(x2) andQ(x2) are coprime (if, to the contrary, they
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had a zero in common, then so doP andQ), it follows thatQ(x2) = Q(x)2. ThereforeQ(x) = xn

for somen ∈ N. Now we haveP(x2) = P(x)2 −ax2n.

Let P(x) = a0 +a1x+ · · ·+am−1xm−1 +xm. Comparing coefficients ofP(x)2 andP(x2) gives
us an−1 = · · · = a2m−n+1 = 0, a2m−n = a/2, a1 = · · · = am−1 = 0 anda0 = 1. This is only
possible ifa = 2 and 2m−n= 0, ora = 0.

6. Find all polynomialsP satisfyingP(x2 +1) = P(x)2 +1 for all x.

Solution. By the introducing lemma, there is a polynomialQ such thatP(x) = Q(x2 + 1) or
P(x) = xQ(x2 + 1). ThenQ((x2 + 1)2 + 1) = Q(x2 + 1)2 − 1 or (x2 + 1)Q((x2 + 1)2 + 1) =
x2Q(x2 + 1)2 + 1, respectively. Substitutingx2 + 1 = y yields Q(y2 + 1) = Q(y)2 + 1 and
yQ(y2 +1) = (y−1)Q(y)2+1, respectively.

Suppose thatyQ(y2+1) = (y−1)Q(y)2+1. Settingy= 1 we obtain thatQ(2) = 1. Note that,
if a 6= 0 andQ(a) = 1, then alsoaQ(a2 +1) = (a−1)+1 and henceQ(a2 +1) = 1. We thus
obtain an infinite sequence of points at whichQ takes value 1, namely the sequence given by
a0 = 2 andan+1 = a2

n +1. ThereforeQ ≡ 1.

It follows that if Q 6≡ 1, thenP(x) = Q(x2 +1). Now we can easily list all solutions: these are
the polynomials of the formT(T(· · · (T(x)) · · · )), whereT(x) = x2 +1.

7. If a polynomialP with real coefficients satisfies for allx

P(cosx) = P(sinx),

prove that there exists a polynomialQ such that for allx, P(x) = Q(x4 −x2).

Solution. It follows from the condition of the problem thatP(−sinx) = P(sinx), soP(−t) =
P(t) for infinitely manyt; hence the polynomialsP(x) andP(−x) coincide. ThereforeP(x) =
S(x2) for some polynomialS. Now S(cos2x) = S(sin2x) for all x, so S(1− t) = S(t) for
infinitely manyt, which gives usS(x) ≡ S(1−x). This is equivalent toR(x− 1

2) = R(1
2 −x),

i.e. R(y) ≡ R(−y), whereR is the polynomial such thatS(x) = R(x− 1
2). Now R(x) = T(x2)

for some polynomialT, and finally,P(x) = S(x2) = R(x2 − 1
2) = T(x4 −x2 + 1

4) = Q(x4 −x2)
for some polynomialQ.

8. Find all quadruples of polynomials(P1,P2,P3,P4) such that, whenever natural numbersx,y,z, t
satisfyxy−zt = 1, it holds thatP1(x)P2(y)−P3(z)P4(t) = 1.

Solution. ClearlyP1(x)P2(y) = P2(x)P1(y) for all natural numbersx andy. This implies that
P2(x)/P1(x) does not depend onx. HenceP2 = cP1 for some constantc. Analogously,P4 = dP3

for some constantd. Now we havecP1(x)P1(y)−dP3(z)P3(t) = 1 for all naturalx,y,z,t with
xy− zt = 1. Moreover, we see thatP1(x)P1(y) depends only onxy, i.e. f (x) = P1(x)P1(n/x)
is the same for all positive divisorsx of natural numbern. Since f (x) is a rational function
and the number of divisorsx of n can be arbitrarily large, it follows thatf is constant inx, i.e.
a polynomial inn. It is easily verified that this is possible only whenP1(x) = xn for somen.
Similarly, P3(x) = xm for somem andc(xy)n − d(zt)m = 1. Thereforem= n andc = d = 1,
and finallym= n = 1. So,P1(x) = P2(x) = P3(x) = P4(x) = x.

9. Find all polynomialsP(x) with real coefficients that satisfy the equality

P(a−b)+P(b−c)+P(c−a)= 2P(a+b+c)

for all triplesa,b,c of real numbers such thatab+bc+ca= 0. (IMO 2004.2)

Solution. Let P(x) = a0 +a1x+ · · ·+anxn. For everyx ∈ R the triple(a,b,c) = (6x,3x,−2x)
satisfies the conditionab+ bc+ ca= 0. Then the condition onP gives usP(3x)+ P(5x)+
P(−8x) = 2P(7x) for all x, implying that for alli = 0,1,2, . . . ,n the following equality holds:

(
3i +5i +(−8)i −2 ·7i)ai = 0.
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Suppose thatai 6= 0. ThenK(i) = 3i + 5i +(−8)i − 2 · 7i = 0. But K(i) is negative fori odd
and positive fori = 0 or i ≥ 6 even. Only fori = 2 andi = 4 do we haveK(i) = 0. It follows
thatP(x) = a2x2 + a4x4 for some real numbersa2,a4. It is easily verified that all suchP(x)
satisfy the required condition.

10. (a) If a real polynomialP(x) satisfiesP(x) ≥ 0 for all x, show that there exist real polynomi-
alsA(x) andB(x) such thatP(x) = A(x)2 +B(x)2.

(b) If a real polynomialP(x) satisfiesP(x) ≥ 0 for all x ≥ 0, show that there exist real
polynomialsA(x) andB(x) such thatP(x) = A(x)2 +xB(x)2.

Solution. PolynomialP(x) can be written in the form

P(x) = (x−a1)
α1 · · · (x−ak)

αk · (x2 −b1x+c1) · · · (x2 −bmx+cm), (∗)

whereai ,b j ,c j are real numbers such thatai are distinct and the polynomialsx2−bix+ci have
no real roots.

It follows from the conditionP(x) ≥ 0 for all x that all theαi are even, and from the condition
P(x) ≥ 0 for all x ≥ 0 that (∀i) either αi is even orai < 0. This ensures that each linear
or quadratic factor in(∗) can be written in the required formA2 + B2 and/orA2 + xB2. The
well-known formula(a2 + γb2)(c2 + γd2) = (ac+ γbd)2 + γ(ad−bc)2 now gives a required
representation for their productP(x).

11. Prove that if the polynomialsP andQ have a real root each and

P(1+x+Q(x)2) = Q(1+x+P(x)2),

thenP ≡ Q.

Solution. Note that there existsx= a for whichP(a)2 = Q(a)2. This follows from the fact that,
if p andq are the respective real roots ofP andQ, thenP(p)2 −Q(p)2 ≤ 0 ≤ P(q)2 −Q(q)2,
and moreoverP2−Q2 is continuous. NowP(b) = Q(b) for b = 1+a+P(a)2. Takinga to be
the largest real number for whichP(a) = Q(a) leads to an immediate contradiction.

12. If P andQ are monic polynomials withP(P(x)) = Q(Q(x)), prove thatP ≡ Q.

Solution. Suppose thatR= P−Q 6= 0 and that 0< k ≤ n−1 is the degree ofR(x). Then

P(P(x))−Q(Q(x)) = [Q(P(x))−Q(Q(x))]+R(P(x)).

Putting Q(x) = xn + · · · + a1x+ a0 we haveQ(P(x)) − Q(Q(x)) = [P(x)n − Q(x)n] + · · · +
a1[P(x)−Q(x)], where all summands but the first have a degree at mostn2 −n, while the first
summand equalsR(x) ·

(
P(x)n−1 +P(x)n−2Q(x)+ · · ·+Q(x)n−1

)
and therefore has the degree

n2−n+k with the leading coefficientn. Hence the degree ofQ(P(x))−Q(Q(x)) is n2−n+k.
The degree ofR(P(x)) is equal tokn< n2 −n+k, from what we conclude that the degree of
the differenceP(P(x))−Q(Q(x)) is n2 −n+k, a contradiction.

In the remaining case whenR ≡ c is constant, the conditionP(P(x)) = Q(Q(x)) gives us
Q(Q(x)+c) = Q(Q(x))−c, so the equalityQ(y+c) = Q(y)−c holds for infinitely manyy,
implying Q(y+c) ≡ Q(y)−c. But this is only possible forc = 0.

13. Assume that there exist complex polynomialsP,Q,Rsuch that

Pa +Qb = Rc,

wherea,b,c are natural numbers. Show that1
a + 1

b + 1
c > 1.

Solution. We use the following auxilliary statement.
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Lemma 2. If A,B and C are pairwise coprime polynomials with A+ B = C, then the degree
of each of them is less than the number of different zeroes of the polynomial ABC.

Proof. Let

A(x) =
k

∏
i=1

(x− pi)
ai , B(x) =

l

∏
i=1

(x−qi)
bi , C(x) =

m

∏
i=1

(x− r i)
ci .

Writing the conditionA+B = C asA(x)C(x)−1 +B(x)C(x)−1 = 1 and differentiating it with
respect tox gives us

A(x)C(x)−1

(
k

∑
i=1

ai

x− pi
−

m

∑
i=1

ci

x− r i

)
= −B(x)C(x)−1

(
l

∑
i=1

bi

x−qi
−

m

∑
i=1

ci

x− r i

)
,

from which we see thatA(x)/B(x) can be written as a quotient of two polynomials od degrees
not exceedingk+ l +m−1. Our statement now follows from the fact thatA andB are coprime.
Apply this statement on polynomialsPa,Qb,Rc. Each of their degreesadegP, bdegQ, cdegR
is less than degP+degQ+degRand hence1a > degP

degP+degQ+degR, etc. Summing up yields the
desired inequality.

Corollary. “The Last Fermat’s theorem” for polynomials.

14. The lateral surface of a cylinder is divided byn−1 planes parallel to the base andmmeridians
into mncells (n≥ 1,m≥ 3). Two cells are called neighbors if they have a common side.Prove
that it is possible to write real numbers in the cells, not allzero, so that the number in each
cell equals the sum of the numbers in the neighboring cells, if and only if there existk, l with

n+1 ∤ k such that cos
2lπ
m

+cos
kπ

n+1
=

1
2
.

Solution. Denote byai j the number in the intersection ofi-th parallel andj-th meridian.
We assign to thei-th parallel the polynomialpi(x) = ai1 + ai2x+ · · · + aimxm−1 and define
p0(x) = pn+1(x) = 0. The property that each number equals the sum of its neighbors can be
written aspi(x) = pi−1(x)+ pi+1(x)+ (xm−1 +x)pi(x) moduloxm−1, i.e.

pi+1(x) = (1−x−xm−1)pi(x)− pi−1(x) (modxm−1).

This sequence of polynomials is entirely determined by termp1(x). The numbersai j can be
written in the required way if and only if a polynomialp1(x) 6= 0 of degree less thanmcan be
chosen so thatpn+1(x) = 0.

Consider the sequence of polynomialsr i(x) given by r0 = 0, r1 = 1 and r i+1 = (1− x−
xm−1)r i − r i−1. Clearly, pn+1(x) ≡ rn+1(x)p1(x) (mod xm − 1). Polynomialp1 6= 0 of de-
gree< m for which pn+1 = 0 exists if and only ifrn+1(x) andxm− 1 are not coprime, i.e. if
and only if there existsε such thatεm = 1 andrn+1(ε) = 0. Now consider the sequence(xi)
given byx0 = 0, x1 = 1 andxi+1 = (1− ε − εm−1)xi −xi−1. Let us writec= 1− ε − εm−1 and
denote byu1,u2 the zeroes of polynomialx2−cx+1. The general term of the above recurrent

sequence isxi =
ui

1 −ui
2

u1 −u2
if u1 6= u2 andxi = iui

1 if u1 = u2. The latter case is clearly impos-

sible. In the former case (u1 6= u2) equalityxn+1 = 0 is equivalent toun+1
1 = un+1

2 and hence
to ωn+1 = 1, whereu1 = u2ω , which holds if and only if(∃u2) u2

2ω = 1 andu2(1+ ω) = c.
Therefore(1+ ω)2 = c2ω , so

2+ ω + ω̄ = (1− ε − ε̄)2.

Now if ω = cos2kπ
n+1 + i sin 2kπ

n+1 andε = cos2lπ
m + i sin 2lπ

m , the above equality becomes the
desired one.
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Het Duivenhokprincipe
Arne Smeets

1 Duivenhok, zn., onz. (-ken), hok waarin men duiven houdt

Dit is alles wat de “Dikke Van Dale” ons weet te vertellen over het woord duivenhok. Een saai
begrip, nee? Zeker niet interessant genoeg om een hele lesbrief te vullen... maar wanneer we het
hebben over het duivenhokprincipe, dan worden de zaken al direct veel interessanter, en dan weet
de Van Dale plots van toeten noch blazen. Deze lesbrief gaat dus over het duivenhokprincipe, ook
wel het ladenprincipe van Dirichlet genoemd. In het Frans spreekt men over le principe des tiroirs
en in het Engels heeft men het over the pigeonhole principle, dat we zullen afkorten als “PHP”.
Met behulp van een drietal eenvoudige stellingen (die we PHP1, PHP2 en PHP3 zullen noemen)
kunnen we een aantal zeer leuke en uiteenlopende problemen oplossen: hoofdzakelijk opgaven uit de
combinatoriek, maar soms ook algebräısche, getaltheoretische en zelfs meetkundige problemen. Vaak
zijn dit moeilijke vragen: het duivenhokprincipe mag dan wel zeer eenvoudig zijn, in veel gevallen
is het verre van evident om het op de juiste manier toe te passen. Je bent gewaarschuwd... Succes!

2 Lang geleden waren er eens n duiven en k duivenhokken...

Veel theorie valt er hier niet te bespreken: ik presenteer hier drie eenvoudige stellingen, die door
sommigen misschien zelfs als “vanzelfsprekend” en logisch zullen worden beschouwd. Men gebruikt
dikwijls duiven en duivenhokken (of laden en voorwerpen) om deze stellingen te formuleren, maar
in feite handelen deze stellingen over verzamelingen en functies. Na elke stelling vermeld ik dus
ook de “formele”(wiskundig correcte) versie van de stelling. We zullen in dit hoofdstukje het aantal
elementen van een verzameling S voorstellen door |S|. Met [x] bedoel ik natuurlijk de entier van x,
met andere woorden, het grootste geheel getal, kleiner dan of gelijk aan x.

Stelling. (PHP1 ) Zij n ∈ N0. Als men meer dan n duiven over n duivenhokken verdeelt, dan
bestaat er duivenhok dat minstens twee duiven bevat.

Bewijs. Als elk duivenhok ten hoogste één duif zou bevatten, dan zou het totaal aantal duiven
(in alle n duivenhokken samen) niet groter zijn dan n. Dit is een contradictie, dus er bestaat een
duivenhok dat minstens twee duiven bevat. �
We herformuleren deze stelling: als A en B eindige verzamelingen zodat |A| > |B|, en als f : A→ B
een afbeelding is, dan kan f niet injectief zijn. Zie je waarom dit precies dezelfde stelling is?

Stelling. (PHP2 ) Als men oneindig veel duiven over een eindig aantal duivenhokken verdeelt, dan
bestaat er een duivenhok dat oneindig veel duiven bevat.

Bewijs. Als elk duivenhok een eindig aantal duiven zou bevatten, dan zou het aantal duiven in alle
duivenhokken samen eindig zijn (omdat er slechts een eindig aantal duivenhokken is). Dit is een
contradictie, dus een van de duivenhokken bevat oneindig veel duiven. �
Als je “professioneel” wil klinken dan kan je de stelling ook als volgt formuleren: als A een oneindige
verzameling is, als B een eindige verzameling is en als f : A → B een afbeelding is, dan bestaat er
een oneindige verzameling C ⊂ A zodat alle elementen van C hetzelfde beeld hebben onder f .

De meest algemene vorm van het duivenhokprincipe (en de meeste krachtige) is de volgende:

Stelling. (PHP3 ) Zijn n, k ∈ N0. Als men n duiven verdeelt over k duivenhokken, dan bestaat er

een duivenhok dat minstens
[
n−1
k

]
+ 1 duiven bevat.

(Of nog: als m en n natuurlijk getallen zijn, en men verdeelt meer dan mn duiven over n duiven-
hokken, dan bestaat er een duivenhok dat minstens m+ 1 duiven bevat.)

Bewijs. Als elk duivenhok minder dan
[
n−1
k

]
+ 1 duiven zou bevatten, dan zou het totaal aantal

duiven in alle duivenhokken samen niet groter zijn dan k
[
n−1
k

]
. Nu is het duidelijk dat [x] ≤ x voor



alle reële getallen x. Bijgevolg is k ·
[
n−1
k

]
≤ n− 1. Het totaal aantal duiven zou dus niet groter zijn

dan n − 1, maar dat is onmogelijk aangezien er n duiven zijn. Bijgevolg bestaat er een duivenhok
dat minstens

[
n−1
k

]
+ 1 duiven bevat. �

De herformulering van de vraag laat ik deze keer aan jou over.

3 Minstens twee Vlamingen hebben evenveel hoofdharen!

In dit hoofdstukje presenteer ik een aantal mooie (en soms moeilijke) toepassingen van het duiven-
hokprincipe. Het eerste voorbeeldje is echter verre van moeilijk...

Voorbeeld 0. Er bestaan twee Vlamingen die evenveel hoofdharen hebben.
Bewijs. Een mens heeft niet niet meer dan 200.000 hoofdharen (een bekend biologisch feit). Omdat
er veel meer dan 200.000 niet-kale Vlamingen zijn, moeten minstens twee Vlamingen evenveel haren
op hun hoofd hebben, volgens PHP1. �
Voilà, tijd voor de serieuze voorbeelden...

Voorbeeld 1. (VWO 1989 ) Bewijs dat elke deelverzameling met 55 elementen van de verzameling
S = {1, 2, 3, ..., 100} twee getallen bevat waarvan het (positieve) verschil gelijk is aan 9.
Oplossing. Zij A een deelverzameling van S met |A| = 55 en zijn a1 < a2 < ... < a55 de elementen
van A. Definieer bi = ai + 9 voor i = 1, 2, 3, ..., 55. Dan geldt b55 = a55 + 9 ≤ 109. We hebben dus
110 natuurlijke getallen ai, bi, allen kleiner dan 110 en verschillend van 0. Volgens PHP1 moeten
twee van deze getallen gelijk zijn, zodat ai = bj voor zekere indices i en j, en ai − aj = 9. �
Er bestaan verschillende alternatieve oplossingen voor deze vraag; je kan bijvoorbeeld restklassen
modulo 9 beschouwen. Volgens PHP3 moeten minstens 7 elementen van A tot dezelfde restklasse
behoren; noem deze getallen b1 < b2 < ... < b7. We veronderstellen dat er geen indices i en j bestaan
zodat ai−aj = 9. Omdat de zeven getallen bi tot dezelfde restklasse behoren (mod 9) zal bj−bi ≥ 18,
waarbij 1 ≤ i < j ≤ 7. Dan is b7 − b1 = (b7 − b6) + (b6 − b5) + ...+ (b2 − b1) ≥ 6 · 18 = 108. Dat is
natuurlijk onmogelijk voor twee getallen die tot S behoren; de veronderstelling was dus foutief. �
Soms kan het duivenhokprincipe in een meetkundige context worden toegepast:

Voorbeeld 2. In een vierkant waarvan de zijde lengte 1 heeft liggen 51 punten. Bewijs dat er een
cirkelschijf met straal 1

7 bestaat die minstens 3 van de gegeven punten bedekt.
Oplossing. Verdeel het vierkant in 25 congruente vierkantjes met zijden van lengte 1

5 . Volgens
PHP3 bestaan er dan 3 punten die in hetzelfde vierkant liggen. Noem dit vierkant V en noem O het
middelpunt van dit vierkant. De omgeschreven cirkel van V heeft middelpunt O en straal 1

5
√
2
< 1

7 .

De cirkel met middelpunt O en straal 1
7 zal het vierkant V bijgevolg volledig bedekken, en bijgevolg

zullen ook alle punten binnen V (dit zijn er minstens 3) bedekt worden door deze cirkel. �
Het volgende voorbeeldje is een schitterende toepassing van het duivenhokprincipe:

Voorbeeld 3. Bewijs dat elke verzameling van 13 reële getallen twee getallen a en b bevat zodat

0 ≤ a− b

1 + ab
≤ 2−

√
3.

Oplossing. Zij S = {s1, s2, ..., s13} de gegeven verzameling en stel ti = bgtan si voor i = 1, 2, ..., 13.
Dan geldt voor i = 1, 2, ..., 13 dat ti ∈ [−π/2, π/2]. We verdelen het interval [−π/2, π/2] in twaalf
deelintervallen van gelijke lengte, namelijk de intervallen [kπ/12, (k + 1)π/12] voor k = −6,−5, ..., 5.
Omdat er 13 getallen ti gegeven zijn zullen twee getallen tot hetzelfde interval behoren (PHP1),
met andere woorden, er bestaan indices p en q zodat 0 ≤ tp − tq ≤ π/12. Omdat de tangensfunctie
stijgend is op het interval ]−π/2, π/2[ geldt er dat 0 ≤ tan (tp − tq) ≤ tan (π/12). Merk nu op dat
tan (π/12) = 2−

√
3 en dat

tan (tp − tq) =
tan tp − tan tq

1 + tan tp · tan tq
=

sp − sq
1 + spsq

.

Stel sp = a en sq = b: we zijn nu klaar. �



Soms moet je een opgave veralgemenen om die te kunnen oplossen:

Voorbeeld 4. (Servië-Montenegro 2002 ) Toon aan dat er een natuurlijk getal k 6= 0 bestaat zodat
de cijfers 3, 4, 5 en 6 niet voorkomen in de decimale voorstelling van het getal k · 2002!.
Oplossing. We bewijzen een veel mooiere stelling: alle natuurlijke getallen n hebben een veelvoud
van de vorm 11 . . . 100 . . . 0. (In dit geval is natuurlijk n = 2002!) Zij ak = 11 . . . 11 het getal dat uit
k cijfers 1 bestaat. Natuurlijk bestaan er oneindig veel dergelijke getallen, maar er zijn slechts eindig
veel restklassen modulo n. Volgens PHP2 bestaan er dus indices p en q zodat ap ≡ aq (mod n).
Bijgevolg is n|ap − aq, en ap − aq is van de vorm 11 . . . 100 . . . 0, dus we zijn klaar. �
De volgende drie voorbeelden zijn zeer moeilijke opgaven. Je zal zien dat de toepassing van het
duivenhokprincipe vaak slechts een klein stukje is van de volledige oplossing van een opgave.

Voorbeeld 5. Gegeven is een rechthoekig rooster van punten met 13 rijen en 13 kolommen. Men
kleurt 53 van de 169 gegeven punten rood. Bewijs dat er een rechthoek bestaat waarvan de zijden
evenwijdig zijn aan de randen van het rooster en waarvan alle hoekpunten rode roosterpunten zijn.
Oplossing. Noem a1, a2, ..., a13 het aantal rode punten in de eerste, tweede, ..., dertiende rij
respectievelijk. Natuurlijk is a1 + a2 + ... + a13 = 53. Na enig nadenken zien we dan dat er een
dergelijke rechthoek bestaat als

13∑

k=1

(
ak
2

)
>

(
13

2

)
= 78. (∗)

Inderdaad, voor rij i zijn er
(
ai

2

)
mogelijke koppels van rode punten in die rij. Beschouw nu de 13

kolommen van het rooster. Er zijn
(
13
2

)
= 78 mogelijke combinaties van twee kolommen. Als nu (∗)

geldt, dan zal een zekere combinatie van twee kolommen minstens twee maal bereikt worden door
twee paren van punten (PHP1), waarbij de twee punten van elk paar in dezelfde rij liggen en waarbij
de twee paren onderling in verschillende rijen gelegen zijn. (Dit klinkt moeilijk maar dat is het niet.)
Het volstaat dus om te bewijzen dat (∗) geldt. Welnu,

13∑

k=1

(
ak
2

)
=

13∑

k=1

ak(ak − 1)

2
=

1

2
·

13∑

k=1

a2k − 1

2
·

13∑

k=1

ak.

Nu is a1 + a2 + ...+ a13 = 53 dus geldt volgens de ongelijkheid van Cauchy dat

(
a21 + a22 + ...+ a213

) (
12 + 12 + ...+ 12

)
≥ (a1 + a2 + ...+ a13)

2 ⇒
13∑

k=1

a2k ≥ 532

13
.

Bijgevolg geldt inderdaad dat

1

2
·

13∑

k=1

a2k − 1

2
·

13∑

k=1

ak ≥ 1

2
·
(
532

13
− 53

)
> 78

dus moet er een dergelijke rechthoek bestaan. �
Voorbeeld 6. (IMO 1987 Vraag 3 ) Zijn x1, x2, ..., xn reële getallen zodat x21 + x22 + ...+ x2n = 1.
Bewijs dat, ∀k ∈ N zodat k ≥ 2, er gehele getallen a1, a2, ..., an bestaan, niet allen gelijk aan 0,
zodat |ai| ≤ k − 1 voor alle i en zodat

|a1x1 + a2x2 + ...+ anxn| ≤
(k − 1)

√
n

kn − 1
.

Oplossing. Zonder verlies van de algemeenheid mogen we veronderstellen dat x1 ≥ x2 ≥ ... ≥ xn.
Zij m de unieke index waarvoor geldt dat x1, x2, ..., xm ≥ 0 en xm+1, ..., xn < 0. (Als alle getallen
xi strikt negatief zijn, dan stellen we m = 0; als alle getallen xi positief zijn dan stellen we m = n.)
Zij C de verzameling van alle vectoren (c1, c2, ..., cn) ∈ Rn zodat ci ∈ {0, 1, ..., k − 1}. Beschouw alle



mogelijke waarden van de som S = c1x1 + c2x2 + ... + cnxn voor (c1, c2, ..., cn) ∈ C. De kleinst en
grootst mogelijke waarden van S worden respectievelijk bereikt voor

(c1, c2, ..., cn) = (0, ..., 0︸ ︷︷ ︸
m

, k − 1, ..., k − 1︸ ︷︷ ︸
n−m

);

(c1, c2, ..., cn) = (k − 1, ..., k − 1︸ ︷︷ ︸
m

, 0, ..., 0︸ ︷︷ ︸
n−m

).

Noem deze extreme waarden A en B respectievelijk, dan geldt er dat

B −A = (k − 1)(|x1|+ |x2|+ ...+ |xn|).

Omdat x21 + x22 + ...+ x2n = 1 geldt volgens de ongelijkheid van Cauchy dat

(x21 + x22 + ...+ x2n)(1 + 1 + ...+ 1) ≥ (|x1|+ |x2|+ ...+ |xn|)2 ⇒ |x1|+ |x2|+ ...+ |xn| ≤
√
n.

Bijgevolg is B − A ≤ (k − 1)
√
n. Nu liggen alle waarden die S kan aannemen in het interval

[A,B]. We verdelen dit interval in N = kn − 1 deelintervallen van gelijke lengte, namelijk van
lengte (B − A)/N . Omdat de verzameling C precies kn vectoren bevat, bestaan er volgens PHP1
twee vectoren (c′1, c

′
2, ..., c

′
n) en (c′′1 , c

′′
2 , ..., c

′′
n) waarvoor de corresponderende sommen S′ en S′′ in

hetzelfde deelinterval liggen, waarbij

S′ = c′1x1 + c′2x2 + ...+ c′nxn, S′′ = c′′1x1 + c′′2x2 + ... = c′′nxn.

Dan geldt dus |S′ − S′′| ≤ (B − A)/N . Neem nu a1 = c′i − c′′i voor i = 1, 2, ..., n. Op die manier
verkrijgen we een vector (a1, a2, ..., an), verschillend van de nulvector in Rn, waarvoor geldt dat
|ai| ≤ k − 1 voor i = 1, 2, ..., n en

|a1x1 + a2x2 + ...+ anxn| = |S′ − S′′| ≤ B −A

N
≤ (k − 1)

√
n

kn − 1

dus we hebben gehele getallen a1, a2, ..., an gevonden die voldoen aan het te bewijzen. �
Voorbeeld 7. (IMO 2001 Vraag 3 ) Aan een wiskundecompetitie namen 21 jongens en 21 meisjes
deel. Achteraf bleek dat geen enkele deelnemer meer dan 6 problemen oploste, en dat er voor elke
jongen en voor elk meisje minstens één probleem bestaat dat door zowel die jongen als door dat
meisje opgelost werd. Bewijs dat er een probleem bestaat dat opgelost werd door minstens 3 jongens
en minstens 3 meisjes.
Oplossing. Om te beginnen voeren we een paar notaties in. Noem J de verzameling van de jongens,
M de verzameling van de meisjes, P de verzameling van de problemen. Dan is |M | = |J | = 21.
Noem P (m) de verzameling van de problemen die opgelost werden door een meisje m ∈M en P (j)
de verzameling van de problemen die opgelost werden door j ∈ J . Tenslotte noemen we J(p) en
M(p) respectievelijk de verzamelingen van de jongens en meisjes die het probleem p ∈ P oplossen.
Nu kunnen we aan de slag. We willen bewijzen dat er een probleem p ∈ P bestaat waarvoor geldt dat
|J(p)| ≥ 3 en |M(p)| ≥ 3. We veronderstellen dat dit niet het geval is. We zullen op twee verschillende
manieren het aantal elementen tellen van de verzameling T = {(p,m, j) | p ∈ P (m) ∩ P (j)}.
Natuurlijk is |T | ≥ 212 = 441, omdat er 212 koppels (j,m) bestaan van een jongen en een meisje en
omdat er voor elk koppel (j,m) een probleem bestaat dat zowel door j als door m opgelost werd.
Veronderstel dus dat er geen p ∈ P bestaat zodat |M(p)| ≥ 3 en |J(p)| ≥ 3. We merken op dat

∑

m∈M

|P (m)| =
∑

p∈P

|M(p)| ≤ 6 |M | = 126,
∑

j∈J

|P (j)| =
∑

p∈P

|J(p)| ≤ 6 |J | = 126

omdat geen enkele deelnemer meer dan 6 problemen oplost. (De gelijkheden hierboven kan men
eenvoudig aantonen en zijn eigenlijk niet meer dan logisch.) We definiëren nu

P+ = {p ∈ P | |M(p)| ≥ 3}; P− = {p ∈ P | |M(p)| ≤ 2}.



We zullen bewijzen dat ∑

p∈P−

|M(p)| ≥ |M | ,
∑

p∈P+

|J(p)| ≥ |J | . (∗)

Zij m ∈M een willekeurig meisje. Volgens het duivenhokprincipe lost m een probleem p op dat door
minstens

[
21−1

6

]
+ 1 = 4 jongens opgelost wordt. Wegens onze veronderstelling volgt uit |J(p)| ≥ 4

dat p ∈ P−, dus elk meisje lost minstens één probleem uit P− op. Op analoge wijze toont men aan
dat elke jongen minstens één probleem uit P+ oplost. Daarmee is (∗) bewezen. Dan geldt ook

∑

p∈P+

|M(p)| =
∑

p∈P

|M(p)| −
∑

p∈P−

|M(p)| ≤ 5 |M | ,
∑

p∈P−

|J(p)| ≤ 5 |J | .

Nu is
|T | =

∑

p∈P

|M(p)| · |J(p)| =
∑

p∈P+

|M(p)| · |J(p)|+
∑

p∈P−

|M(p)| · |J(p)|

en bijgevolg geldt volgens onze veronderstelling dat

|T | ≤ 2
∑

p∈P+

|M(p)|+ 2
∑

p∈P−

|J(p)| ≤ 10 |M |+ 10 |J | = 420.

We bewezen echter dat |T | ≥ 441. Onze veronderstelling was dus foutief; we zijn dus klaar. �

4 Al doende leert men!

De eerste opgaven zijn zeer eenvoudig, de laatste opgaven zijn aan de moeilijke kant (maar natuurlijk
niet zo moeilijk als Voorbeeld 7.) De laatste opgave is vraag 6 van IMO 2005: normaalgezien is zo’n
vraag onoplosbaar voor een Belg, maar in 2005 was vraag 6 iets gemakkelijker dan gewoonlijk, en
maar liefst 2 van de 3 Vlaamse IMO-deelnemers losten deze vraag op! Succes!

1. Bewijs dat er een getal N van de vorm 20042004...2004 bestaat waarvoor geldt:

• N is deelbaar door 2003, en

• N heeft niet meer dan 10.000 cijfers in decimale voorstelling.

2. (IMO 1972 Vraag 1 ) Bewijs: elke verzameling van 10 natuurlijke getallen kleiner dan 100,
heeft twee disjuncte deelverzamelingen waarvan de sommen van de elementen gelijk zijn.

3. Bewijs: elk veelvlak heeft twee zijvlakken die begrensd worden door een gelijk aantal zijden.

4. (British Mathematical Olympiad 2000 ) Bestaat er een verzameling van elf gehele getallen zodat
geen zes van deze gehele getallen een zesvoud als som hebben?

5. Een basketbalteam speelde 45 wedstrijden in een maand met 30 dagen. Elke dag speelde het
team minstens één wedstrijd. Bewijs dat er een periode van een bepaald aantal dagen bestaat
zodat het team gedurende die periode precies 14 wedstrijden speelde.

6. (Rusland 1961 ) Men plaatst 120 vierkantjes met zijden van lengte 1 binnen een rechthoek met
afmetingen 20 × 25, en dat op willekeurige wijze. Bewijs dat men een cirkel met diameter 1
binnen deze rechthoek kan plaatsen zodat deze cirkel geen enkel vierkantje snijdt.

7. (Bulgarian Mathematical Olympiad 2003 ) Bart en Ria spelen het volgende spel. Bart schrijft
n verschillende natuurlijke getallen op een papier, met n een natuurlijk getal. Ria mag enkele
van deze getallen wegstrepen (ze mag er ook geen enkel wegstrepen, maar ze mag ze zeker niet
allemaal wegstrepen). Daarna mag Ria voor elk van de overblijvende getallen een + of een −
zetten en de som bepalen van de getallen die ze op deze manier bekomt. Als deze som deelbaar
is door 2003 dan wint Ria. In het andere geval wint Bart. Voor welke waarden van n heeft
Bart een winnende strategie, en voor welke waarden van n heeft Ria een winnende strategie?



8. (IMO 1988 Longlist) Zijn a1, a2, . . . , a11 ∈ Z. Bewijs dat er b1, b2, . . . , b11 ∈ {−1, 0, 1} bestaan

(niet allen gelijk aan 0) zodat
∑11

k=1 akbk deelbaar is door 2005.

9. (China 1990 ) Bepaal het kleinste natuurlijk getal n zodat er voor elke verzameling {a1, a2, ..., an}
van n verschillende reële getallen, gekozen uit het interval [1, 1000], indices i en j bestaan waar-
voor geldt dat 0 < ai − aj < 1 + 3 3

√
aiaj .

10. Binnen een cirkel met straal 16 liggen 650 gegeven punten. Definieer een ring als het vlakdeel
dat begrepen is tussen twee concentrische cirkels met stralen 2 en 3 respectievelijk. Bewijs dat
men een ring kan plaatsen zodat minstens 10 van de 650 punten bedekt worden door deze ring.

11. (IMO 2005 Vraag 6 ) Bij een wiskundewedstrijd kregen de deelnemers 6 opgaven voorgelegd.
Ieder tweetal van deze opgaven werd door meer dan 2

5 van het aantal deelnemers opgelost.
Niemand loste alle 6 de opgaven op. Laat zien dat minstens 2 deelnemers ieder precies 5
opgaven hebben opgelost.

◦ ◦ ◦
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1 General Properties

A Monomialin variablex is an expression of the formcxk, wherec is a constant andk a nonnegative
integer. Constantc can be e.g. an integer, rational, real or complex number.

A Polynomialin x is a sum of finitely many monomials inx. In other words, it is an expression
of the form

P(x) = anxn +an−1+ · · ·+a1x+a0. (∗)

If only two or three of the above summands are nonzero,P is said to be abinomialandtrinomial,
respectively.

The constantsa0, . . . ,an in (∗) are thecoefficientsof polynomialP. The set of polynomials with
the coefficients in setA is denoted byA[x] - for instance,R[x] is the set of polynomials with real
coefficients.

We can assume in(∗) w.l.o.g. thatan 6= 0 (if an = 0, the summandanxn can be erased without
changing the polynomial). Then the exponentn is called thedegreeof polynomialP and denoted
by degP. In particular, polynomials of degree one, two and three arecalled linear, quadraticand
cubic. A nonzero constant polynomial has degree 0, while the zero-polynomialP(x) ≡ 0 is assigned
the degree−∞ for reasons soon to become clear.

Example 1. P(x) = x3(x+ 1)+ (1− x2)2 = 2x4 + x3 − 2x2 + 1 is a polynomial with integer coeffi-
cients of degree 4.

Q(x) = 0x2 −
√

2x+3 is a linear polynomial with real coefficients.
R(x) =

√
x2 = |x|, S(x) = 1

x and T(x) =
√

2x+1 are not polynomials.

Polynomials can be added, subtracted or multiplied, and theresult will be a polynomial too:

A(x) = a0 +a1x+ · · ·+anxn, B(x) = b0 +b1x+ · · ·+bmxm

A(x)±B(x) = (a0 −b0)+ (a1−b1)x+ · · · ,
A(x)B(x) = a0b0 +(a0b1 +a1b0)x+ · · ·+anbmxm+n.

The behavior of the degrees of the polynomials under these operations is clear:
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Theorem 1. If A and B are two polynomials then:

(i) deg(A±B) ≤ max(degA,degB), with the equality ifdegA 6= degB.

(ii) deg(A ·B) = degA+degB. 2

The conventional equality deg0= −∞ actually arose from these properties of degrees, as else
the equality (ii) would not be always true.

Unlike a sum, difference and product, a quotient of two polynomials is not necessarily a polyno-
mial. Instead, like integers, they can be divided with a residue.

Theorem 2. Given polynomials A and B6= 0, there are unique polynomials Q (quotient) and R
(residue) such that

A = BQ+R and degR< degB.

Proof. Let A(x) = anxn+ · · ·+a0 andB(x) = bkxk + · · ·+b0, whereanbk 6= 0. Assumek is fixed and
use induction onn. Forn < k the statement is trivial. Suppose thatn = N ≥ k and that the statement
is true forn < N. ThenA1(x) = A(x)− an

bk
xn−kB(x) is a polynomial of degree less thann (for its

coefficient atxn iz zero); hence by the inductive assumption there are uniquepolynomialsQ1 andR
such thatA1 = BQ1 +Rand degR. But this also implies

A = BQ+R, where Q(x) =
an

bk
xn−k +Q1(x) . 2

Example 2. The quotient upon division of A(x) = x3 +x2 −1 by B(x) = x2 −x−3 is x+2 with the
residue5x+5, as

x3 +x2 −1
x2 −x−3

= x+2+
5x+5

x2 −x−3
.

We say that polynomialA is divisibleby polynomialB if the remainderR whenA is divided by
B equal to 0, i.e. if there is a polynomialQ such thatA = BQ.

Theorem 3 (Bezout’s theorem).Polynomial P(x) is divisible by binomial x−a if and only if P(a) =
0.

Proof. There exist a polynomialQ and a constantc such thatP(x) = (x−a)Q(x)+c. HereP(a) = c,
making the statement obvious.2

Numbera is azero (root)of a given polynomialP(x) if P(a) = 0, i.e.(x−a) | P(x).
To determine a zero of a polynomialf means to solve the equationf (x) = 0. This is not always

possible. For example, it is known that finding the exact values of zeros is impossible in general
when f is of degree at least 5. Nevertheless, the zeros can always becomputed with an arbitrary
precision. Specifically,f (a) < 0 < f (b) implies thatf has a zero betweena andb.

Example 3. Polynomial x2 −2x−1 has two real roots: x1,2 = 1±
√

2.
Polynomial x2 −2x+2 has no real roots, but it has two complex roots: x1,2 = 1± i.
Polynomial x5−5x+1 has a zero in the interval[1.44,1.441] which cannot be exactly computed.

More generally, the following simple statement holds.

Theorem 4. If a polynomial P is divisible by a polynomial Q, then every zero of Q is also a zero of
P. 2

The converse does not hold. Although every zero ofx2 is a zero ofx, x2 does not dividex.

Problem 1. For which n is the polynomial xn +x−1 divisible by a) x2 −x+1, b) x3 −x+1?
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Solution. a) The zeros of polynomialx2 − x+ 1 areε1,2 = 1±i
√

3
2 . If x2 − x+ 1 dividesxn + x− 1,

thenε1,2 are zeros of polynomialxn +x−1, soεn
i = 1− εi = ε−1

i . Sinceεk = 1 if and only if 6| k,
the answer isn = 6i −1.

b) If f (x) = x3 −x+1 dividesxn +x−1, then it also dividesxn +x3. This means that every zero
of f (x) satisfiesxn−3 = −1; in particular, each zero off has modulus 1. However,f (x) has a zero
between−2 and−1 (for f (−2) < 0 < f (−1)) which is obviously not of modulus 1. Hence there is
no suchn. △

Every nonconstant polynomial with complex coefficients hasa complex root. We shall prove
this statement later; until then we just believe.

The following statement is analogous to the unique factorization theorem in arithmetics.

Theorem 5. Polynomial P(x) of degree n> 0 has a unique representation of the form

P(x) = c(x−x1)(x−x2) · · · (x−xn),

not counting the ordering, where c6= 0 and x1, . . . ,xn are complex numbers, not necessarily distinct.
Therefore, P(x) has at mostdegP = n different zeros.

Proof. First we show the uniqueness. Suppose that

P(x) = c(x−x1)(x−x2) · · · (x−xn) = d(x−y1)(x−y2) · · · (x−yn).

Comparing the leading coefficients yieldsc = d. We may assume w.l.o.g. that there are noi, j for
which xi = y j (otherwise the factorx− xi can be canceled on both sides). ThenP(x1) = 0. On the
other hand,P(x1) = d(x1 −y1) · · · (x1 −yn) 6= 0, a contradiction.

The existence is shown by induction onn. The casen = 1 is clear. Letn > 1. The polynomial
P(x) has a complex root, sayx1. By Bezout’s theorem,P(x) = (x− x1)P1(x) for some polynomial
P1 of degreen− 1. By the inductive assumption there exist complex numbersx2, . . . ,xn for which
P1(x) = c(x−x2) · · · (x−xn), which also impliesP(x) = c(x−x1) · · · (x−xn). 2

Corollary. If polynomialsP andQ has degrees not exceedingn and coincide atn+ 1 different
points, then they are equal.

Grouping equal factors yields thecanonical representation:

P(x) = c(x−a1)
α1(x−a2)

α2 · · ·(x−ak)
αk,

whereαi are natural numbers withα1 + · · ·+ αk = n. The exponentαi is called themultiplicity of
the rootai . It is worth emphasizing that:

Theorem 6. Polynomial of n-th degree has exactly n complex roots counted with their multiplicities.
2

We say that two polynomialsQ andRarecoprimeif they have no roots in common; Equivalently,
there is no nonconstant polynomial dividing them both, in analogy with coprimeness of integers. The
following statement is a direct consequence of the previoustheorem:

Theorem 7. If a polynomial P is divisible by two coprime polynomials Q and R, then it is divisible
by Q·R. 2

Remark:This can be shown without using the existence of roots. By theEuclidean algorithm applied
on polynomials there exist polynomialsK andL such thatKQ+LR= 1. Now if P = QS= RT for
some polynomialsR,S, thenR(KT −LS) = KQS−LRS= S, and thereforeR | SandQR| QS= P.

If polynomialP(x) = xn+ · · ·+a1x+a0 with real coefficients has a complex zeroξ , thenP(ξ ) =

ξ n + · · ·+a1ξ +a0 = P(ξ ) = 0. Thus:

Theorem 8. If ξ is a zero of a real polynomial P(x), then so isξ . 2
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In the factorization of a real polynomialP(x) into linear factors we can group conjugated com-
plex zeros:

P(x) = (x− r1) · · · (x− rk)(x− ξ1)(x− ξ1) · · · (x− ξl)(x− ξl),

wherer i are the real zeros,ξ complex, andk+ 2l = n = degP. Polynomial(x− ξ )(x− ξ) = x2 −
2Reξ + |ξ |2 = x2 − pix+qi has real coefficients which satisfyp2

i −4qi < 0. This shows that:

Theorem 9. A real polynomial P(x) has a unique factorization (up to the order) of the form

P(x) = (x− r1) · · · (x− rk)(x
2 − p1x+q1) · · · (x2 − plx+ql),

where ri and pj ,q j are real numbers with p2i < 4qi and k+2l = n. 2

It follows that a real polynomial of an odd degree always has an odd number of zeros (and at
least one).

2 Zeros of Polynomials

In the first section we described some basic properties of polynomials. In this section we describe
some further properties and at the end we prove that every complex polynomial actually has a root.

As we pointed out, in some cases the zeros of a given polynomial can be exactly determined.
The case of polynomials of degree 2 has been known since the old age. The well-known formula
gives the solutions of a quadratic equationax2 +bx+c= 0 (a 6= 0) in the form

x1,2 =
−b±

√
b2 −4ac

2a
.

When f has degree 3 or 4, the (fairly impractical) formulas describing the solutions were given
by the Italian mathematicians Tartaglia and Ferrari in the 16-th century. We show Tartaglia’s method
of solving a cubic equation.

At first, substitutingx = y− a/3 reduces the cubic equationx3 + ax2 + bx+ c = 0 with real
coefficients to

y3 + py+q= 0, where p = b− a2

3
, q = c− ab

3
+

2a3

27
.

Puttingy = u+ v transforms this equation intou3 + v3 + (3uv+ p)y+ q = 0. But, sinceu andv
are variable, we are allowed to bind them by the condition 3uv+ p = 0. Thus the above equation
becomes the system

uv= − p
3
, u3 +v3 = −q

which is easily solved:u3 andv3 are the solutions of the quadratic equationt2 + qt − p3

27 = 0 and
uv= −p/3 must be real. Thus we come to the solutions:

Theorem 10 (Cardano’s formula). The solutions of the equation y3+ py+q= 0 with p,q ∈ R are

yi = ε j 3

√

−q
2

+

√
q2

4
+

p3

27
+ ε− j 3

√

−q
2

−
√

q2

4
+

p3

27
, j = 0,1,2,

whereε is a primitive cubic root of unity.2

A polynomial f (x) = anxn + · · ·+a1x+a0 is symmetricif an−i = ai for all i. If deg f = n is odd,
then−1 is a zero off and the polynomialf (x)/(x+1) is symmetric. Ifn = 2k is even, then

f (x)/xk = a0(x
k +x−k)+ · · ·+ak−1(x+x−1)+ak

is a polynomial iny = x+ x−1, for so is each of the expressionsxi + x−i (see problem 3 in section
7). In particular,x2 +x−2 = y2 −2,x3 +x−3 = y3−3y, etc. This reduces the equationf (x) = 0 to an
equation of degreen/2.
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Problem 2. Show that the polynomial f(x) = x6−2x5+x4−2x3+x2−2x+1 has exactly four zeros
of modulus 1.

Solution. Sety = x+x−1. Then

f (x)
x3 = g(y) = y3 −2y2−2y+2.

Observe thatx is of modulus 1 if and only ifx = cost + i sint for somet, in which casey = 2cost;
conversely,y = 2cost implies thatx = cost ± i sint. In other words,|x| = 1 if and only if y is real
with −2≤ y≤ 2, where to each suchy correspond two values ofx if y 6= ±2. Therefore it remains to
show thatg(y) has exactly two real roots in the interval(−2,2). To see this, it is enough to note that
g(−2) = −10,g(0) = 2, g(2) = −2, and that thereforeg has a zero in each of the intervals(−2,0),
(0,2) and(2,∞). △

How are the roots of a polynomial related to its coefficients?Consider a monic polynomial

P(x) = xn +a1x
n−1 + · · ·+an−1x+an = (x−x1)(x−x2) · · · (x−xn)

of degreen > 0. For example, comparing coefficients atxn−1 on both sides gives usx1 +x2 + · · ·+
xn = −a1. Similarly, comparing the constant terms gives usx1x2 · · ·xn = (−1)nan. The general
relations are given by the Vieta formulas below.

Definition 1. Elementary symmetric polynomialsin x1, . . . ,xn are the polynomialsσ1,σ2, . . . ,σn,
where

σk = σk(x1,x2, . . . ,xn) = ∑xi1xi2 . . .xik ,

the sum being over all k-element subsets{i1, . . . , ik} of {1,2, . . . ,n}.

In particular,σ1 = x1+x2+ · · ·+xn andσn = x1x2 · · ·xn. Also, we usually setσ0 = 1 andσk = 0
for k > n.

Theorem 11 (Vieta’s formulas). If α1,α2, . . . ,αn are the zeros of polynomial P(x) = xn+a1xn−1+
a2xn−2 + · · ·+an, then ak = (−1)kσk(α1, . . . ,αn) for k = 1,2, . . . ,n.

Proof. Induction onn. The casen = 1 is trivial. Assume thatn > 1 and writeP(x) = (x−xn)Q(x),
whereQ(x) = (x−x1) · · · (x−xn−1). Let us compute the coefficientak of P(x) atxk. Since the coeffi-
cients ofQ(x) at xk−1 andxk area′

k−1 = (−1)k−1σk−1(x1, . . . ,xn−1) anda′
k = (−1)kσk(x1, . . . ,xn−1)

respectively, we have
ak = −xna′

k−1 +a′
k = σk(x1, . . . ,xn). 2

Example 4. The roots x1,x2,x3 of polynomial P(x) = x3 − ax2 + bx− c satisfy a= x1 + x2 + x3,
b = x1x2 +x2x3 +x3x1 and c= x1x2x3.

Problem 3. Prove that not all zeros of a polynomial of the form xn +2nxn−1+2n2xn−2 + · · · can be
real.

Solution. Suppose that all its zerosx1,x2, . . . ,xn are real. They satisfy

∑
i

xi = −2n, ∑
i< j

xix j = 2n2.

However, by the mean inequality we have

∑
i< j

xix j =
1
2

(
∑
i

xi

)2

− 1
2 ∑

i
x2

i ≤ n−1
2n

(
∑
i

xi

)2

= 2n(n−1),

a contradiction.△
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Problem 4. Find all polynomials of the form anxn + an−1xn−1 + · · · + a1x+ a0 with aj ∈ {−1,1}
( j = 0,1, . . . ,n), whose all roots are real.

Solution. Let x1, . . . ,xn be the roots of the given polynomial. Then

x2
1 +x2

2 + · · ·+x2
n = (∑i xi)

2 −2(∑i< j xix j) = a2
n−1 −2an−2 ≤ 3;

x2
1x2

2 · · ·x2
n = 1.

By the mean inequality, the second equality impliesx2
1 + · · ·+x2

n ≥ n; hencen ≤ 3. The casen = 3
is only possible ifx1,x2,x3 = ±1. Now we can easily find all solutions:x± 1, x2 ± x− 1, x3 − x±
(x2 −1). △

One contradiction is enough to show that not all zeros of a given polynomial are real. On the
other hand, if the task is to show that all zeros of a polynomial are real, but not all are computable,
the situation often gets more complicated.

Problem 5. Show that all zeros of a polynomial f(x) = x(x−2)(x−4)(x−6)+ (x−1)(x−3)(x−
5)(x−7) are real.

Solution. Since f (−∞) = f (∞) = +∞, f (1) < 0, f (3) > 0 and f (5) < 0, polynomial f has a real
zero in each of the intervals(−∞,1), (1,3), (3,5), (5,∞), that is four in total.△

We now give the announced proof of the fact that every polynomial has a complex root. This
fundamental theorem has many different proofs. The proof wepresent is, although more difficult
than all the previous ones, still next to elementary. All imperfections in the proof are made on
purpose.

Theorem 12 (The Fundamental Theorem of Algebra).Every nonconstant complex polynomial
P(x) has a complex zero.

Proof. Write P(x) = xn + an−1xn−1 + · · ·+ a0. Suppose thatP(0) = a0 6= 0. For eachr > 0, letCr

be the circle in the complex plane with the center at point 0 and radiusr. Consider the continuous
curveγr = P(Cr) = {P(x) | |x| = r}. The curve described by the monomialxn, i.e. {xn | x ∈ Cr}
rounds point 0n times. If r is large enough, for exampler > 1+ |a0|+ · · ·+ |an−1|, we have|xn| >
|an−1xn−1+ · · ·+a0| = |P(x)−xn|, which means that the restP(x)−xn in the expression ofP(x) can
not “reach” point 0. Thus for suchr the curveγr also rounds point 0n times; hence, it contains point
0 in its interior.

For very smallr the curveγr is close to pointP(0) = a0 and leaves point 0 in its exterior. Thus,
there exists a minimumr = r0 for which point 0 isnot in the exterior ofγr . Since the curveγr changes
continuously as a function ofr, it cannot jump over the point 0, so point 0 must lie on the curveγr0.
Therefore, there is a zero of polynomialP(x) of modulusr0. 2

3 Polynomials with Integer Coefficients

Consider a polynomialP(x) = anxn + · · ·+a1x+a0 with integer coefficients. The differenceP(x)−
P(y) can be written in the form

an(x
n −yn)+ · · ·+a2(x

2 −y2)+a1(x−y),

in which all summands are multiples of polynomialx−y. This leads to the simple though important
arithmetic property of polynomials fromZ[x]:

Theorem 13. If P is a polynomial with integer coefficients, then P(a)−P(b) is divisible by a−b for
any distinct integers a and b.

In particular, all integer roots of P divide P(0). 2

There is a similar statement about rational roots of polynomial P(x) ∈ Z[x].
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Theorem 14. If a rational number p/q (p,q ∈ Z, q 6= 0, nzd(p,q) = 1) is a root of polynomial
P(x) = anxn + · · ·+a0 with integer coefficients, then p| a0 and q| an.

Proof. We have

qnP

(
p
q

)
= anpn +an−1pn−1q+ · · ·+a0q

n.

All summands but possibly the first are multiples ofq, and all but possibly the last are multiples of
p. Henceq | anpn andp | a0qn and the claim follows.2

Problem 6. Polynomial P(x) ∈ Z[x] takes values±1 at three different integer points. Prove that it
has no integer zeros.

Solution. Suppose to the contrary, thata,b,c,d are integers withP(a), P(b),P(c) ∈ {−1,1} and
P(d) = 0. Then by the previous statement the integersa−d,b−d andc−d all divide 1, a contra-
diction.△
Problem 7. Let P(x) be a polynomial with integer coefficients. Prove that if P(P(· · ·P(x) · · · )) = x
for some integer x (where P is iterated n times), then P(P(x)) = x.

Solution. Consider the sequence given byx0 = x andxk+1 = P(xk) for k ≥ 0. Assumexk = x0. We
know that

di = xi+1 −xi | P(xi+1)−P(xi) = xi+2 −xi+1 = di+1

for all i, which together withdk = d0 implies|d0| = |d1| = · · · = |dk|.
Suppose thatd1 = d0 = d 6= 0. Thend2 = d (otherwisex3 = x1 andx0 will never occur in the

sequence again). Similarly,d3 = d etc, and hencexk = x0 + kd 6= x0 for all k, a contradiction. It
follows thatd1 = −d0, sox2 = x0. △

Note that a polynomial that takes integer values at all integer points does not necessarily have
integer coefficients, as seen on the polynomialx(x−1)

2 .

Theorem 15. If the value of the polynomial P(x) is integral for every integer x, then there exist
integers c0, . . . ,cn such that

P(x) = cn

(
x
n

)
+cn−1

(
x

n−1

)
+ · · ·+c0

(
x
0

)
.

The converse is true, also.

Proof. We use induction onn. The casen = 1 is trivial; Now assume thatn > 1. Polynomial
Q(x) = P(x+ 1)− P(x) is of degreen− 1 and takes integer values at all integer points, so by the
inductive hypothesis there exista0, . . . ,an−1 ∈ Z such that

Q(x) = an−1

(
x

n−1

)
+ · · ·+a0

(
x
0

)
.

For every integerx > 0 we haveP(x) = P(0)+ Q(0)+ Q(1)+ · · · + Q(x− 1). Using the identity(0
k

)
+
(1

k

)
+ · · ·+

(x−1
k

)
=
( x

k+1

)
for every integerk we obtain the desired representation ofP(x):

P(x) = an−1

(
x
n

)
+ · · ·+a0

(
x
1

)
+P(0). 2

Problem 8. Suppose that a natural number m and a real polynomial R(x) = anxn+an−1xn−1+ · · ·+
a0 are such that R(x) is an integer divisible by m whenever x is an integer. Prove that n!an is divisible
by m.

Solution. Apply the previous theorem on polynomial1
mR(x) (with the same notation). The leading

coefficient of this polynomial equalscn+ncn−1+ · · ·+n!c0, and the statement follows immediately.
△
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4 Irreducibility

PolynomialP(x) with integer coefficients is said to beirreducibleoverZ[x] if it cannot be written as
a product of two nonconstant polynomials with integer coefficients.

Example 5. Every quadratic or cubic polynomial with no rational roots is irreducible overZ. Such
are e.g. x2 −x−1 and2x3 −4x+1.

One analogously defines (ir)reducibility over the sets of polynomials with e.g. rational, real or
complex coefficients. However, of the mentioned, only reducibility over Z[x] is of interest. Gauss’
Lemma below claims that the reducibility overQ[x] is equivalent to the reducibility overZ[x]. In
addition, we have already shown that a real polynomial is always reducible into linear and quadratic
factors overR[x], while a complex polynomial is always reducible into linearfactors overC[x].

Theorem 16 (Gauss’ Lema).If a polynomial P(x) with integer coefficients is reducible overQ[x],
then it is reducible overZ[x], also.

Proof. Suppose thatP(x) = anxn + · · ·+ a0 = Q(x)R(x) ∈ Z[x], whereQ(x) andR(x) nonconstant
polynomials with rational coefficients. Letq and r be the smallest natural numbers such that the
polynomialsqQ(x) = qkxk + · · · + q0 andrR(x) = rmxm + · · · + r0 have integer coefficients. Then
qrP(x) = qQ(x) · rR(x) is a factorization of the polynomialqrP(x) into two polynomials fromZ[x].
Based on this, we shall construct such a factorization forP(x).

Let p be an arbitrary prime divisor ofq. All coefficients ofP(x) are divisible byp. Let i be such
that p | q0,q1, . . . ,qi−1, but p ∤ qi . We havep | ai = q0r i + · · ·+ qir0 ≡ qir0 (mod p), which implies
that p | r0. Furthermore,p | ai+1 = q0r i+1+ · · ·+qir1 +qi+1r0 ≡ qir1 (modp), sop | r1. Continuing
in this way, we deduce thatp | r j for all j. HencerR(x)/p has integer coefficients. We have thus
obtained a factorization ofrqp P(x) into two polynomials fromZ[x]. Continuing this procedure and
taking other values forp we shall eventually end up with a factorization ofP(x) itself. 2

From now on, unless otherwise specified, by “irreducibility” we mean irreducibility overZ[x].

Problem 9. If a1, a2, . . . , an are integers, prove that the polynomial P(x) = (x−a1)(x−a2) · · · (x−
an)−1 is irreducible.

Solution. Suppose thatP(x) = Q(x)R(x) for some nonconstant polynomialsQ,R ∈ Z[x]. Since
Q(ai)R(ai) = −1 for i = 1, . . . ,n, we haveQ(ai) = 1 andR(ai) = −1 or Q(ai) = −1 andR(ai) =
1; either way, we haveQ(ai) + R(ai) = 0. It follows that the polynomialQ(x) + R(x) (which is
obviously nonzero) hasn zerosa1, . . . ,an which is impossible for its degree is less thann. △

Theorem 17 (Extended Eisenstein’s Criterion).Let P(x) = anxn + · · ·+a1x+a0 be a polynomial
with integer coefficients. If there exist a prime number p andan integer k∈ {0,1, . . . ,n− 1} such
that

p | a0,a1, . . . ,ak, p ∤ ak+1 and p2 ∤ a0,

then P(x) has an irreducible factor of a degree greater than k.
In particular, if p can be taken so that k= n−1, then P(x) is irreducible.

Proof. Like in the proof of Gauss’s lemma, suppose thatP(x) = Q(x)R(x), whereQ(x) = qkxk +
· · · + q0 andR(x) = rmxm + · · · + r0 are polynomials fromZ[x]. Sincea0 = q0r0 is divisible by p
and not byp2, exactly one ofq0, r0 is a multiple of p. Assume thatp | q0 and p ∤ r0. Further,
p | a1 = q0r1 +q1r0, implying thatp | q1r0, i.e. p | q1, and so on. We conclude that all coefficients
q0,q1, . . . ,qk are divisible byp, but p ∤ qk+1. It follows that degQ ≥ k+1. 2

Problem 10. Given an integer n> 1, consider the polynomial f(x) = xn + 5xn−1 + 3. Prove that
there are no nonconstant polynomials g(x),h(x) with integer coefficients such that f(x) = g(x)h(x).
(IMO93-1)
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Solution. By the (extended) Eisenstein criterion,f has an irreducible factor of degree at leastn−1.
Since f has no integer zeros, it must be irreducible.△

Problem 11. If p is a prime number, prove that the polynomialΦp(x) = xp−1 + · · ·+ x+ 1 is irre-
ducible.

Solution. Instead ofΦp(x), we shall considerΦp(x+1) and show that it is irreducible, which will
clearly imply that so isΦp. We have

Φp(x+1) =
(x+1)p−1

x
= xp−1 +

(
p

p−1

)
xp−2+ · · ·+

(
p
2

)
x+ p.

This polynomial satisfies all the assumptions of Eisenstein’s criterion, based on which it is irre-
ducible.△

In investigating reducibility of a polynomial, it can be useful to investigate its zeros and their
modules. The following problems provide us an illustration.

Problem 12. Prove that the polynomial P(x) = xn + 4 is irreducible overZ[x] if and only if n is a
multiple of 4.

Solution. All zeros of polynomialP have the modulus equal to 22/n. If Q andR are polynomials
from Z[x] and degQ = k, then|Q(0)| is the product of the modules of the zeros ofQ and equals
22k/n; since this should be an integer, we deduce thatn = 2k.

If k is odd, polynomialQ has a real zero, which is impossible sinceP(x) has none. Therefore,
2 | k and 4| n. △

If the zeros cannot be exactly determined, one should find a good enough bound. Estimating
complex zeros of a polynomial is not always simple. Our main tool is the triangle inequality for
complex numbers:

|x|− |y| ≤ |x+y| ≤ |x|+ |y|.
Consider a polynomialP(x) = anxn+an−kxn−k+ · · ·+a1x+a0 with complex coefficients (an 6=

0). Letα be its zero. IfM is a real number such that|ai | < M|an| for all i, it holds that

0 = |P(α)| ≥ |an||α|n −M|an|(|α|n−k + · · ·+ |α|+1) > |an||α|n
(

1− M
|α|k−1(|α|−1)

)
,

which yields|α|k−1(|α|−1) < M. We thus come to the following estimate:

Theorem 18. Let P(x) = anxn + · · ·+a0 be a complex polynomial with an 6= 0 and M= max
0≤k<n

∣∣∣∣
ak

an

∣∣∣∣.

If an−1 = · · · = an−k+1 = 0, then all roots of the polynomial P are less than1+ k
√

M in modulus.
In particular, for k= 1, each zero of P(x) is of modulus less than M+1. 2

Problem 13. If an . . .a1a0 is a decimal representation of a prime number and an > 1, prove that the
polynomial P(x) = anxn + · · ·+a1x+a0 is irreducible. (BMO 1989.2)

Solution. Suppose thatQ andR are nonconstant polynomials fromZ[x] with Q(x)R(x) = P(x). Let
x1, . . . ,xk be the zeros ofQ andxk+1, . . . ,xn be the zeros ofR. The condition of the problem means
thatP(10) = Q(10)R(10) is a prime, so we can assume w.l.o.g. that

|Q(10)| = (10−x1)(10−x2) · · · (10−xk) = 1.

On the other hand, by the estimate in 18, each zeroxi has a modulus less than 1+9/2 = 11/2 < 9;
hence|10−xi| > 1 for all i, contradicting the above inequality.△

Problem 14. Let p> 2 be a prime number and P(x) = xp −x+ p.
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1. Prove that all zeros of polynomial P are less than p
1

p−1 in modulus.

2. Prove that the polynomial P(x) is irreducible.

Solution.

1. Lety be a zero ofP. Then|y|p −|y| ≤ |yp −y| = p. If we assume that|y| ≥ p
1

p−1 , we obtain

|y|p −|y| ≥ (p−1)p
1

p−1 > p,

a contradiction. Here we used the inequalityp
1

p−1 > p
p−1 which follows for example from the

binomial expansion ofpp−1 = ((p−1)+1)p−1.

2. Suppose thatP(x) is the product of two nonconstant polynomialsQ(x) andR(x) with integer
coefficients. One of these two polynomials, sayQ, has the constant term equal to±p. On the

other hand, the zerosx1, . . . ,xk of Q satisfy|x1|, . . . , |xk| < p
1

p−1 by part (a), andx1 · · ·xk = ±p,
so we conclude thatk ≥ p, which is impossible.△

5 Interpolating polynomials

A polynomial ofn-th degree is uniquely determined, given its values atn+ 1 points. So, suppose
thatP is ann-th degree polynomial and thatP(xi) = yi in different pointsx0,x1, . . . ,xn. There exist
unique polynomialsE0,E1, . . . ,En of n-th degree such thatEi(xi) = 1 andEi(x j) = 0 for j 6= i. Then
the polynomial

P(x) = y0E0(x)+y1E1(x)+ · · ·+ynEn(x)

has the desired properties: indeed,P(xi) = ∑ j y jE j(xi) = yiEi(xi) = yi . It remains to find the poly-
nomialsE0, . . . ,En. A polynomial that vanishes at then pointsx j , j 6= i, is divisible by∏ j 6=i(x−x j),

from which we easily obtainEi(x) = ∏ j 6=i
(x−xj )

(xi−xj )
. This shows that:

Theorem 19 (Newton’s interpolating polynomial). For given numbers y0, . . . ,yn and distinct x0,
. . . , xn there is a unique polynomial P(x) of n-th degree such that P(xi) = yi for i = 0, 1, . . . ,n. This
polynomial is given by the formula

P(x) =
n

∑
i=0

yi ∏
j 6=i

(x−x j)

(xi −x j)
. 2

Example 6. Find the cubic polynomial Q such that Q(i) = 2i for i = 0,1,2,3.

Solution. Q(x) = (x−1)(x−2)(x−3)
−6 + 2x(x−2)(x−3)

2 + 4x(x−1)(x−3)
−2 + 8x(x−1)(x−2)

6 = x3+5x+6
6 . △

In order to compute the value of a polynomial given in this wayin some point, sometimes we
do not need to determine its Newton’s polynomial. In fact, Newton’s polynomial has an unpleasant
property of giving the answer in a complicated form.

Example 7. If the polynomial P of n-th degree takes the value 1 in points0,2,4, . . . ,2n, compute
P(−1).

Solution. P(x) is of course identically equal to 1, soP(−1) = 1. But if we apply the Newton
polynomial, here is what we get:

P(1) =
n

∑
i=0

∏
j 6=i

1−2i
(2 j −2i)

=
n

∑
i=0

∏
j 6=i

−1−2 j
(2i −2 j)

=
(2n+1)!!

2n

n+1

∑
i=1

(−1)n−i

(2i +1)i!(n− i)!
. △
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Instead, it is often useful to consider thefinite differenceof polynomialP, defined byP[1](x) =
P(x+ 1)− P(x), which has the degree by 1 less than that ofP. Further, we define thek-th finite
difference,P[k] = (P[k−1])[1], which is of degreen−k (where degP = n). A simple induction gives a
general formula

P[k] =
k

∑
i=0

(−1)k−i
(

k
i

)
P(x+ i).

In particular,P[n] is constant andP[n+1] = 0, which leads to

Theorem 20. P(x+n+1)=
n

∑
i=0

(−1)n−i
(

n+1
i

)
P(x+ i). 2

Problem 15. Polynomial P of degree n satisfies P(i) =
(n+1

i

)−1
for i = 0,1, . . . ,n. Evaluate P(n+1).

Solution. We have

0 =
n+1

∑
i=0

(−1)i
(

n+1
i

)
P(i) = (−1)n+1P(n+1)+

{
1, 2 | n;
0, 2 ∤ n.

It follows thatP(n+1) =

{
1, 2 | n;
0, 2 ∤ n.

△

Problem 16. If P(x) is a polynomial of an even degree n with P(0) = 1 and P(i) = 2i−1 for i =
1, . . . ,n, prove that P(n+2) = 2P(n+1)−1.

Solution. We observe thatP[1](0) = 0 i P[1](i) = 2i−1 for i = 1, . . . ,n−1; furthermore,P[2](0) = 1 i
P[2](i)= 2i−1 for i = 1, . . . ,n−2, etc. In general, it is easily seen thatP[k](i) = 2i−1 for i = 1, . . . ,n−k,
andP[k](0) is 0 fork odd and 1 fork even. Now

P(n+1) = P(n)+P[1](n) = · · · = P(n)+P[1](n−1)+ · · ·+P[n](0) =

{
2n, 2 | n;
2n −1, 2 ∤ n.

Similarly, P(n+2) = 22n+1−1. △

6 Applications of Calculus

The derivative of a polynomialP(x) = anxn +an−1xn−1 + · · ·+a1x+a0 is given by

P′(x) = nanxn−1 +(n−1)an−1x
n−2 + · · ·+a1.

The inverse operation, the indefinite integral, is given by

∫
P(x)dx=

an

n+1
xn+1 +

an−1

n
xn + · · ·+a0x+C.

If the polynomialP is not given by its coefficients but rather by its canonical factorization, as
P(x) = (x− x1)

k1 · · · (x− xn)
kn, a more suitable expression for the derivative is obtained by using

the logarithmic derivative rule or product rule:

P′(x) = P(x)

(
k1

x−x1
+ · · ·+ kn

x−xn

)
.

A similar formula can be obtained for the second derivative.
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Problem 17. Suppose that real numbers0 = x0 < x1 < · · · < xn < xn+1 = 1 satisfy

n+1

∑
j=0, j 6=i

1
xi −x j

= 0 za i= 1,2, . . . ,n. (1)

Prove that xn+1−i = 1−xi for i = 1,2, . . . ,n.

Solution. Let P(x) = (x−x0)(x−x1) · · · (x−xn)(x−xn+1). We have

P′(x) =
n+1

∑
j=0

P(x)
x−x j

i P′′(x) =
n+1

∑
j=0

∑
k6= j

P(x)
(x−x j)(x−xk)

.

Therefore

P′′(xi) = 2P′(xi)∑
j 6=i

1
(xi −x j)

for i = 0,1, . . . ,n+1. Thus the condition of the problem is equivalent toP′′(xi) = 0 for i = 1,2, . . . ,n.
Therefore

x(x−1)P′′(x) = (n+2)(n+1)P(x).

It is easy to see that there is a unique monic polynomial of degreen+2 satisfying the above differ-
ential equation. On the other hand, the monic polynomialQ(x) = (−1)nP(1−x) satisfies the same
equation and has degreen+2, so we must have(−1)nP(1−x) = P(x), which implies the statement.
△

What makes derivatives of polynomials especially suitableis their property of preserving multi-
ple zeros.

Theorem 21. If (x− α)k | P(x), then(x− α)k−1 | P′(x).

Proof. If P(x) = (x− α)kQ(x), thenP′(x) = (x− α)kQ′(x)+k(x− α)k−1Q(x). 2

Problem 18. Determine a real polynomial P(x) of degree at most 5 which leaves remainders−1
and 1 upon division by(x−1)3 and(x+1)3, respectively.

Solution. If P(x)+ 1 has a triple zero at point 1, then its derivativeP′(x) has a double zero at that
point. Similarly,P′(x) has a double zero at point−1 too. It follows thatP′(x) is divisible by the
polynomial(x−1)2(x+1)2. SinceP′(x) is of degree at most 4, it follows that

P′(x) = c(x−1)2(x+1)2 = c(x4 −2x2+1)

for some constantc. NowP(x) = c(1
5x5− 2

3x3+x)+d for some real numbersc andd. The conditions
P(−1) = 1 andP(1) = −1 now give usc = −15/8,d = 0 and

P(x) = −3
8

x5 +
5
4

x3 − 15
8

x. △

Problem 19. For polynomials P(x) and Q(x) and an arbitrary k∈ C, denote

Pk = {z∈ C | P(z) = k} and Qk = {z∈ C | Q(z) = k}.

Prove that P0 = Q0 and P1 = Q1 imply that P(x) = Q(x).

Solution. Let us assume w.l.o.g. thatn = degP ≥ degQ. Let P0 = {z1,z2, . . . ,zk} andP1 = {zk+1,
zk+2, . . . ,zk+m}. PolynomialsP andQ coincide atk+mpointsz1,z2, . . . ,zk+m. The result will follow
if we show thatk+m> n.
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We have

P(x) = (x−z1)
α1 · · ·(x−zk)

αk = (x−zk+1)
αk+1 · · ·(x−zk+m)αk+m +1

for some natural numbersα1, . . . ,αk+m. Let us considerP′(x). We know that it is divisible by
(x−zi)

αi−1 for i = 1,2, . . . ,k+m; hence,

k+m

∏
i=1

(x−zi)
αi−1 | P′(x).

Therefore, 2n−k−m= deg∏k+m
i=1 (x−zi)

αi−1 ≤ degP′ = n−1, i.e.k+m≥ n+1, as desired.△
Even if P has no multiple zeros, certain relations between zeros ofP and P′ still hold. For

example, the following statement holds for all differentiable functions.

Theorem 22 (Rolle’s Theorem).Between every two zeros of a polynomial P(x) there is a zero of
P′(x).

Corollary. If all zeros ofP(x) are real, then so are all zeros ofP′(x).)
Proof. Leta< b be two zeros of polynomialP. Assume w.l.o.g. thatP′(a)> 0 and consider the point
c in the interval[a,b] in whichP attains a local maximum (such a point exists since the interval [a,b]
is compact). We know thatP(x) = P(c)+ (x− c)[P′(c)+ o(1)]. If for exampleP′(c) > 0 (the case
P′(c) < 0 leads to a similar contradiction), thenP(x) > P(c) would hold in a small neighborhood of
c, a contradiction. It is only possible thatP′(c) = 0, soc is a root ofP′(x) betweena andb. 2

7 Symmetric polynomials

A symmetric polynomial in variablesx1, . . . ,xn is every polynomial that is not varied by permuting
the indices of the variables. For instance, polynomialx2

1 is symmetric as a polynomial inx1 (no
wonder), but is not symmetric as a polynomial inx1,x2 as changing places of the indices 1 and 2
changes it to the polynomialx2

2.

Definition 2. The polynomial P(x1,x2, . . . ,xn) is symmetricif, for every permutationπ of {1, 2, . . . ,
n}, P(x1,x2, . . . ,xn) ≡ P(xπ(1),xπ(2), . . . ,xπ(n)).

An obvious property of a symmetric polynomial is that its coefficients at two terms of the forms
xi1

1 · · ·xin
n andx j1

1 · · ·x jn
n , where( j1, . . . , jn) is a permutation(i1, . . . , in), always coincide. For example,

if the expansion of a symmetric polynomial inx,y,z contains the termsx2y, then it also contains
x2z,xy2, etc, with the same coefficient.

Thus, the polynomialsσk (1 ≤ k ≤ n) introduced in section 2 are symmetric. Also symmetric is
e.g. the polynomialx2

1 +x2
2.

A symmetric polynomial is said to behomogenousif all its terms are of the same degree. Equiv-
alently, polynomialT is homogenous of degreed if T(tx1, . . . ,txn) = tdT(x1, . . . ,xn) holds for allx
andt. For instance,x2

1 +x2
2 is homogenous of degreed = 2, butx2

1 +x2
2 +1, although symmetric, is

not homogenous.
Every symmetric polynomial inx1, . . . ,xn can be written as a sum of homogenous polynomials.

Moreover, it can also be represented as a linear combinationof certain “bricks”. These bricks are
the polynomials

Ta = ∑x
ai1
1 · · ·xain

n (∗)

for eachn-tuplea = (a1, . . . ,an) of nonnegative integers witha1 ≥ ·· · ≥ an, where the summation
goes over all permutations(i1, . . . , in) of the indices 1, . . . ,n. In the expression forTa the same
summand can occur more than once, so we defineSa as the sum of thedifferentterms in(∗). The
polynomialTa is always an integral multiple ofSa. For instance,

T(2,2,0) = 2(x2
1x2

2 +x2
2x2

3 +x2
3x2

1) = 2S(2,2,0).
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All the n-tuplesa of degreed = a1 + · · ·+an can be ordered in a lexicographic order so that

a > a′ if s1 = s′
1, . . . ,sk = s′

k andsk+1 > s′
k+1 for somek ≥ 1,

wheresi = a1 + · · ·+ ai. In this ordering, the leastn-tuple ism= (x+ 1, . . . ,x+ 1,x, . . . ,x), where
x = [d/n] andx+1 occursd−n[d/n] times.

The polynomialsTa can be multiplies according to the following simple formula:

Theorem 23. If a = (a1, . . . ,an) and b= (b1, . . . ,bn) are n-tuples of nonnegative integers, it holds
that

Ta ·Tb = ∑
π

Ta+π(b),

where the sum goes over all permutationsπ(b) of the n-tuple b. (We define(xi)
n
i=1 + (yi)

n
i=1 =

(xi +yi)
n
i=1.)

Proof. It suffices to observe that

xπ1(b)
1 · · ·xπn(b)

n Ta = ∑x
a1+πi1(b)

i1
· · ·xan+πin(b)

in
,

and to sum up over all permutationsπ . 2

There are infinitely many mentioned bricks, and these are obviously not mutually independent.
We need simpler elements which are independent and using which one can express every symmetric
polynomial by basic operations. It turns out that these atoms areσ1, . . . ,σn.

Example 8. The following polynomials in x,y,z can be written in terms ofσ1,σ2,σ3:
xy+yz+zx+x+y+z= σ2 + σ1;
x2y+x2z+y2x+y2z+z2x+z2y = σ1σ2 −3σ3;
x2y2 +y2z2 +z2x2 = σ2

2 −2σ1σ3.

Theorem 24. Every symmetric polynomial in x1, . . . ,xn can be represented in the form of a polyno-
mial in σ1, . . . ,σn. Moreover, a symmetric polynomial with integer coefficients is also a polynomial
in σ1, . . . ,σn with integer coefficients.

Proof. It is enough to prove the statement for the polynomialsSa of degreed (for eachd). Assuming
that it holds for the degrees less thand, we use induction onn-tuplesa. The statement is true for
the smallestn-tuple m: Indeed,Sm = σq

n σr , whered = nq+ r, 0 ≤ r < n. Now suppose that the
statement is true for allSb with b < a; we show that it also holds forSa.

Suppose thata = (a1, . . . ,an) with a1 = · · · = ak > ak+1 (k ≥ 1). Consider the polynomialSa −
σkSa′ , wherea′ = (a1 − 1, . . . ,ak − 1,ak+1, . . . ,an). According to theorem 23 it is easy to see that
this polynomial is of the form∑b<acbSb, wherecb are integers, and is therefore by the inductive
hypothesis representable in the form of a polynomial inσi with integer coefficients.2

The proof of the previous theorem also gives us an algorithm for expressing each symmetric
polynomial in terms of theσi . Nevertheless, for some particular symmetric polynomialsthere are
simpler formulas.

Theorem 25 (Newton’s Theorem on Symmetric Polynomials).If we denote sk = xk
1+xk

2+ · · ·+xk
n,

then:
kσk = s1σk−1 −s2σk−2 + · · ·+(−1)ksk−1σ1 +(−1)k+1sk;
sm = σ1sm−1 − σ2sm−2 + · · ·+(−1)n−1σnsm−n za m≥ n.

(All the polynomials are in n variables.)

Proof. Direct, for example by using the formula 23.2
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Problem 20. Suppose that complex numbers x1,x2, . . . ,xk satisfy

x j
1 +x j

2+ · · ·+x j
k = n, for j = 1,2, . . . ,k,

where n,k are given positive integers. Prove that

(x−x1)(x−x2) . . . (x−xk) = xk −
(

n
1

)
xk−1 +

(
n
2

)
xk−2 −·· ·+(−1)k

(
n
k

)
.

Solution. We are givensk = n for k = 1, . . . ,n. The Newton’s theorem gives usσ1 = n, σ2 =
1
2(nσ1 −n) =

(n
2

)
, σ3 = 1

3(nσ2 −nσ1 +n) =
(n

3

)
, etc. We prove by induction onk thatσk =

(n
k

)
. If

this holds for 1, . . . ,k−1, we have

σk =
n
k

[(
n

k−1

)
−
(

n
k−2

)
+

(
n

k−3

)
−·· ·

]
.

Since
(n

i

)
=
(n−1

i

)
+
(n−1

i−1

)
, the above equality telescopes toσk = n

k

(n−1
k−1

)
, which is exactly equal to(n

k

)
. △

8 Problems

1. A monic polynomialf (x) of fourth degree satisfiesf (1) = 10, f (2) = 20 and f (3) = 30.
Determinef (12)+ f (−8).

2. Consider complex polynomialsP(x) = xn + a1xn−1 + · · · + an with the zerosx1, . . . ,xn, and
Q(x) = xn + b1xn−1 + · · ·+ bn with the zerosx2

1, . . . ,x
2
n. Prove that ifa1 + a3 + a5 + · · · and

a2 +a4+a6+ · · · are real numbers, thenb1+b2+ · · ·+bn is also real.

3. If a polynomialP with real coefficients satisfies for allx

P(cosx) = P(sinx),

show that there exists a polynomialQ such thatP(x) = Q(x4 −x2) for eachx.

4. (a) Prove that for eachn ∈ N there is a polynomialTn with integer coefficients and the
leading coefficient 2n−1 such thatTn(cosx) = cosnx for all x.

(b) Prove that the polynomialsTn satisfyTm+n +Tm−n = 2TmTn for all m,n ∈ N, m≥ n.

(c) Prove that the polynomialUn given byUn(2x) = 2Tn(x) also has integer coefficients and
satisfiesUn(x+x−1) = xn +x−n.

The polynomialsTn(x) are known as theChebyshev polynomials.

5. Prove that if cospq π = a is a rational number for somep,q ∈ Z, thena ∈ {0,± 1
2,±1}.

6. Prove that the maximum in absolute value of any monic real polynomial of n-th degree on
[−1,1] is not less than 1

2n−1 .

7. The polynomialP of n-th degree is such that, for eachi = 0,1, . . . ,n, P(i) equals the remainder
of i modulo 2. EvaluateP(n+1).

8. A polynomialP(x) of n-th degree satisfiesP(i) = 1
i for i = 1,2, . . . ,n+1. FindP(n+2).

9. LetP(x) be a real polynomial.

(a) If P(x) ≥ 0 for all x, show that there exist real polynomialsA(x) and B(x) such that
P(x) = A(x)2 +B(x)2.
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(b) If P(x) ≥ 0 for all x ≥ 0, show that there exist real polynomialsA(x) andB(x) such that
P(x) = A(x)2 +xB(x)2.

10. Prove that if the equationQ(x) = ax2 +(c− b)x+(e− d) = 0 has real roots greater than 1,
wherea,b,c,d,e∈ R, then the equationP(x) = ax4 +bx3 +cx2 +dx+e= 0 has at least one
real root.

11. A monic polynomialP with real coefficients satisfies|P(i)| < 1. Prove that there is a root
z= a+bi of P such that(a2 +b2+1)2 < 4b2+1.

12. For what real values ofa does there exist a rational functionf (x) that satisfiesf (x2) = f (x)2−
a? (A rational function is a quotient of two polynomials.)

13. Find all polynomialsP satisfyingP(x2 +1) = P(x)2 +1 for all x.

14. Find allP for whichP(x)2 −2 = 2P(2x2−1).

15. If the polynomialsP andQ each have a real root and

P(1+x+Q(x)2) = Q(1+x+P(x)2),

prove thatP ≡ Q.

16. Find all polynomialsP(x) with real coefficients satisfying the equality

P(a−b)+P(b−c)+P(c−a)= 2P(a+b+c)

for all triples(a,b,c) of real numbers such thatab+bc+ca= 0. (IMO04-2)

17. A sequence of integers(an)
∞
n=1 has the property thatm−n | am−an for any distinctm,n ∈ N.

Suppose that there is a polynomialP(x) such that|an| < P(n) for all n. Show that there exists
a polynomialQ(x) such thatan = Q(n) for all n.

18. Let P(x) be a polynomial of degreen > 1 with integer coefficients and letk be a natural
number. Consider the polynomialQ(x) = P(P(. . .P(P(x)) . . . )), whereP is appliedk times.
Prove that there exist at mostn integerst such thatQ(t) = t. (IMO06-5)

19. If P andQ are monic polynomials such thatP(P(x)) = Q(Q(x)), prove thatP ≡ Q.

20. Letm,n anda be natural numbers andp < a−1 a prime number. Prove that the polynomial
f (x) = xm(x−a)n+ p is irreducible.

21. Prove that the polynomialF(x) = (x2 +x)2n
+1 is irreducible for alln ∈ N.

22. A polynomialP(x) has the property that for everyy∈Q there existsx∈ Q such thatP(x) = y.
Prove thatP is a linear polynomial.

23. Let P(x) be a monic polynomial of degreen whose zeros arei − 1, i − 2, . . . , i − n (where
i2 = −1) and letR(x) andS(x) be the real polynomials such thatP(x) = R(x)+ iS(x). Prove
that the polynomialR(x) hasn real zeros.

24. Let a,b,c be natural numbers. Prove that if there exist coprime polynomials P,Q,R with
complex coefficients such that

Pa +Qb = Rc,

then 1
a + 1

b + 1
c > 1.

Corollary: The Last Fermat Theorem for polynomials.

25. Suppose that all zeros of a monic polynomialP(x) with integer coefficients are of module 1.
Prove that there are only finitely many such polynomials of any given degree; hence show that
all its zeros are actually roots of unity, i.e.P(x) | (xn −1)k for some naturaln,k.
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9 Solutions

1. The polynomialf (x) − 10x vanishes at pointsx = 1,2,3, so it is divisible by polynomial
(x−1)(x−2)(x−3). The monicity implies thatf (x)−10x = (x−1)(x−2)(x−3)(x−c) for
somec. Now

f (12)+ f (−8) = 11·10·9 · (12−c)+120+(−9)(−10)(−11)(−8−c)−80= 19840.

2. Note thatQ(x2) = ∏(x2 −x2
i ) = ∏(x−xi) ·∏(x+xi) = (−1)nP(x)P(−x). We now have

b1+b2+ · · ·+bn = Q(1)−1 = (−1)nP(1)P(−1)−1= (−1)n(1+B−A)(1+B+A),

whereA = a1 +a3+a5+ · · · andB = a2+a4+ · · · .

3. It follows from the conditions thatP(−sinx) = P(sinx), i.e. P(−t) = P(t) for infinitely many
t, so the polynomialsP(x) andP(−x) coincide. Therefore,P(x) = S(x2) for some polynomial
S. Now S(cos2x) = S(sin2x) for all x, i.e. S(1− t) = S(t) for infinitely manyt, which implies
S(x) ≡ S(1− x). This is equivalent toR(x− 1

2) = R(1
2 − x), i.e. R(y) ≡ R(−y), whereR is

a polynomial such thatS(x) = R(x− 1
2). Now R(x) = T(x2) for some polynomialT, and

thereforeP(x) = S(x2) = R(x2 − 1
2) = T(x4 −x2 + 1

4) = Q(x4 −x2) for some polynomialQ.

4. (a) Clearly,T0(x) = 1 andT1(x) = x satisfy the requirements. Forn> 1 we use induction on
n. Since cos(n+1)x = 2cosxcosnx−cos(n−1)x, we can defineTn+1 = 2T1Tn −Tn−1.
SinceT1Tn andTn−1 are of degreesn+1 andn−1 respectively,Tn+1 is of degreen+1
and has the leading coefficient 2· 2n = 2n+1. It also follows from the construction that
all its coefficients are integers.

(b) The relation follows from the identity cos(m+n)x+cos(m−n)x= 2cosmxcosnx.

(c) The sequence of polynomials(Un) satisfiesU0(x) = 2, U1(x) = x andUn+1 = U1Un −
Un−1, implying that eachUn has integer coefficients. The equalityUn(x+x−1)= xn+x−n

holds for eachx = cost + i sint, and therefore it holds for allx.

5. Suppose that cospqπ = a. It follows from the previous problem thatUq(2a) = 2cospπ = ±2,
whereUq is monic with integer coefficients, so 2a is an integer by theorem 14.

6. Note that equality holds for a multiple of then-th Chebyshev polynomialTn(x). The leading
coefficient ofTn equals 2n−1, soCn(x) = 1

2n−1 Tn(x) is a monic polynomial and

|Tn(x)| =
1

2n−1 |cos(narccosx)| ≤ 1
2n−1 zax ∈ [−1,1].

Moreover, the values ofTn at points 1,cosπ
n ,cos2π

n , · · · ,cos(n−1)π
n ,−1 are alternately 1

2n−1

and− 1
2n−1 .

Now suppose thatP 6= Tn is a monic polynomial such that max−1≤x≤1 |P(x)| < 1
2n−1 . Then

P(x)−Cn(x) at points 1,cosπ
n , · · · ,cos(n−1)π

n ,−1 alternately takes positive and negative val-
ues. Therefore the polynomialP−Cn has at leastn zeros, namely, at least one in every interval
between two adjacent points. However,P−Cn is a polynomial of degreen−1 as the monomial
xn is canceled, so we have arrived at a contradiction.

7. SinceP[i](x) = (−2)i−1(−1)x for x = 0,1, . . . ,n− i, we have

P(n+1) = P(n)+P[1](n−1)+ · · ·+P[n](0) =

{
2n, 2 ∤ n;
1−2n, 2 | n.
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8. By theorem 20 we have

P(n+2) =
n

∑
i=0

(−1)n−i 1
i +1

(
n+1

i

)
=

1
n+2

n

∑
i=0

(−1)n−i
(

n+2
i +1

)
=

{
0, 2 ∤ n;
2

n+2, 2 | n.

9. By theorem 9, the polynomialP(x) can be factorized as

P(x) = (x−a1)
α1 · · · (x−ak)

αk · (x2 −b1x+c1) · · · (x2 −bmx+cm), (∗)

whereai ,b j ,c j are real numbers such that theai are different and the polynomialsx2−bix+ci

has no real zeros.

The conditionP(x) ≥ 0 for all x implies that theαi are even, whereas the conditionP(x) ≥ 0
for x ≥ 0 implies that(∀i) αi is even orai < 0. It is now easy to write each factor in(∗) in
the formA2 + B2, respectivelyA2 + xB2, so by the known formula(a2 + γb2)(c2 + γd2) =
(ac+ γbd)2+ γ(ad−bc)2 one can express their productP(x) in the desired form.

10. Write
P(−x) = ax4 +(c−b)x2+(e−d)−b(x3−x2)−d(x−1).

If r is a root of the polynomialQ, we haveP(
√

r) = −(
√

r − 1)(br + d) and P(−√
r) =

(
√

r +1)(br+d). Note that one of the two numbersP(±√
r) positive and the other is negative

(or both are zero). Hence there must be a zero ofP between−√
r and

√
r.

11. Let us writeP(x) = (x−x1) · · · (x−xm)(x2 − p1x+q1) · · · (x2 − pnx+qn), where the polyno-
mialsx2 − pkx+qk have no real zeros. We have

1 > |P(i)| =
m

∏
j=1

|i −x j |
n

∏
k=1

|−1− pki +qk|,

and since|i −x j |2 = 1+x2
j > 1 for all j, we must have|−1− pki +qk| < 1 for somek, i.e.

p2
k +(qk −1)2 < 1. (∗)

Let a±bi be the zeros of the polynomialx2 − pkx+qk (and also of the polynomialP). Then
pk = 2a andqk = a2 + b2, so the inequality(∗) becomes 4a2 +(a2 + b2 − 1)2 < 1, which is
equivalent to the desired inequality.

12. Write f in the form f = P/Q, whereP and Q are coprime polynomials andQ is monic.
Comparing the leading coefficients we conclude thatP is also monic. The condition of the
problem becomesP(x2)/Q(x2) = P(x)2/Q(x)2 − a. SinceP(x2) andQ(x2) are coprime (if
they have a common zero, so doP andQ), it follows thatQ(x2) = Q(x)2 and henceQ(x) = xn

for somen ∈ N. Therefore,P(x2) = P(x)2 −ax2n.

Let P(x) = a0+a1x+ · · ·+am−1xm−1+xm. Comparing the coefficients ofP(x)2 andP(x2) we
find thatan−1 = · · · = a2m−n+1 = 0, a2m−n = a/2, a1 = · · · = am−1 = 0 anda0 = 1. Clearly,
this is only possible ifa = 0, ora = 2 and 2m−n= 0.

13. SinceP is symmetric with respect to point 0, it is easy to show thatP is also a polynomial
in x2, so there is a polynomialQ such thatP(x) = Q(x2 + 1) or P(x) = xQ(x2 + 1). Then
Q((x2 +1)2 +1) = Q(x2 +1)2 −1, respectively(x2 +1)Q((x2 +1)2+1) = x2Q(x2 +1)2+1.
The substitutionx2+1= y yieldsQ(y2+1) = Q(y)2+1, resp.yQ(y2+1) = (y−1)Q(y)2+1.

Suppose thatyQ(y2+1)= (y−1)Q(y)2+1. Settingy= 1 gives usQ(2) = 1. Note that ifa 6= 0
andQ(a) = 1 thenaQ(a2+1) = (a−1)+1, soQ(a2+1) = 1 as well. This leads to an infinite
sequence(an) of points at whichQ takes the value 1, given bya0 = 2 andan+1 = a2

n +1. We
conclude thatQ ≡ 1.

We have shown that ifQ 6≡ 1, thenP(x) = Q(x2 + 1). Now we easily come to all solutions:
these are the polynomials of the formT(T(· · · (T(x)) · · · )), whereT(x) = x2 +1.
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14. Let us denoteP(1) = a. We havea2−2a−2 = 0. SinceP(x) = (x−1)P1(x)+a, substituting
in the original equation and simplifying yields(x− 1)P1(x)2 + 2aP1(x) = 4(x+ 1)P1(2x2 −
1). For x = 1 we have 2aP1(1) = 8P1(1), which together witha 6= 4 impliesP1(1) = 0, i.e.
P1(x) = (x−1)P2(x), soP(x) = (x−1)2P2(x)+a. Assume thatP(x) = (x−1)nQ(x)+a, where
Q(1) 6= 0. Again substituting in the original equation and simplifying yields(x−1)nQ(x)2 +
2aQ(x) = 2(2x+ 2)nQ(2x2 − 1), which implies thatQ(1) = 0, a contradiction. We conclude
thatP(x) = a.

15. At first, note that there existsx = a for whichP(a)2 = Q(a)2. This follows from the fact that,
if p andq are real roots ofP andQ respectively, thenP(p)2 − Q(p)2 ≤ 0 ≤ P(q)2 − Q(q)2,
wherebyP2 − Q2 is a continuous function. Then we also haveP(b) = Q(b) for b = 1+ a+
P(a)2. Assuming thata is the largest real number withP(a) = Q(a), we come to an immediate
contradiction.

16. LetP(x)= a0+a1x+ · · ·+anxn. For everyx the triple(a,b,c)= (6x,3x,−2x) satisfies the con-
ditionab+bc+ca= 0. The condition inPgives usP(3x)+P(5x)+P(−8x)= 2P(7x) for all x,
so by comparing the coefficients on both sides we obtainK(i) =

(
3i +5i +(−8)i −2 ·7i

)
= 0

wheneverai 6= 0. SinceK(i) is negative for oddi and positive fori = 0 and eveni ≥ 6, ai = 0
is only possible fori = 2 andi = 4. Therefore,P(x) = a2x2 + a4x4 for some real numbers
a2,a4. It is easily verified that all suchP(x) satisfy the conditions.

17. Let d be the degree ofP. There is a unique polynomialQ of degree at mostd such that
Q(k) = ak for k = 1,2, . . . ,d+1. Let us show thatQ(n) = an for all n.

Let n > d + 1. PolynomialQ might not have integral coefficients, so we cannot deduce that
n−m | Q(n)−Q(m), but it certainly has rational coefficients, i.e. there is a natural numberM
for which R(x) = MQ(x) has integral coefficients. By the condition of the problem,M(an −
Q(n))= M(an−ak)−(R(n)−R(k)) is divisible byn−k for eachk= 1,2, . . . ,d+1. Therefore,
for eachn we either havean = Q(n) or

Ln = lcm(n−1,n−2, . . .,n−d−1) ≤ M(an −Q(n)) < Cnd

for some constantC independent ofn.

Suppose thatan 6= Q(n) for somen. note thatLn is not less than the product(n− 1) · · ·(n−
d − 1) divided by the productP of numbers gcd(n− i,n− j) over all pairs(i, j) of different
numbers from{1,2, . . . ,d + 1}. Since gcd(n− i,n− j) ≤ i − j, we haveP ≤ 1d2d−1 · · ·d. It
follows that

(n−1)(n−2) · · ·(n−d−1) ≤ PLn < CPnd,

which is false for large enoughn as the left hand side is of degreed+1. Thus,an = Q(n) for
each sufficiently largen, sayn > N.

What happens forn ≤ N? By the condition of the problem,M(an − Q(n)) = M(an − ak)−
(R(n) − R(k)) is divisible by m− n for everym > N, so it must be equal to zero. Hence
an = Q(n) for all n.

18. We have shown in 7 from the text that every sucht satisfiesP(P(t)) = t. If every sucht also
satisfiesP(t) = t, the number of solutions is clearly at most degP= n. Suppose thatP(t1) = t2,
P(t2) = t1, P(t3) = t4 i P(t4) = t3, wheret1 6= t2,3,4. By theorem 10,t1 − t3 dividest2 − t4 and
vice versa, from which we deduce thatt1 − t3 = ±(t2 − t4). Assume thatt1 − t3 = t2 − t4, i.e.
t1 − t2 = t3 − t4 = k 6= 0. Since the relationt1 − t4 = ±(t2 − t3) similarly holds, we obtain
t1 − t3 + k = ±(t1 − t3 − k) which is impossible. Therefore, we must havet1 − t3 = t4 − t2,
which gives usP(t1)+ t1 = P(t3)+ t3 = c for somec. It follows that all integral solutionst of
the equationP(P(t)) = t satisfyP(t)+ t = c, and hence their number does not exceedn.
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19. Suppose thatR= P−Q 6= 0 and that 0< k ≤ n−1 is the degree ofR(x). Then

P(P(x))−Q(Q(x)) = [Q(P(x))−Q(Q(x))]+R(P(x)).

Writing Q(x) = xn + · · ·+a1x+a0 yields

Q(P(x))−Q(Q(x)) = [P(x)n −Q(x)n]+ · · ·+a1[P(x)−Q(x)],

where all the summands but the first have a degree at mostn2 − n, while the first summand
equalsR(x) ·

(
P(x)n−1 +P(x)n−2Q(x)+ · · ·+Q(x)n−1

)
and has the degreen2−n+k with the

leading coefficientn. Therefore the degree ofQ(P(x))−Q(Q(x)) is n2 −n+k. On the other
hand, the degree of the polynomialR(P(x)) equalskn< n2 −n+k, from which we conclude
that the differenceP(P(x))−Q(Q(x)) has the degreen2 −n+k, a contradiction.

It remains to check the case of a constantR ≡ c. Then the conditionP(P(x)) = Q(Q(x))
yields Q(Q(x) + c) = Q(Q(x)) − c, so the equalityQ(y+ c) = Q(y)− c holds for infinitely
many values ofy; henceQ(y+c) ≡ Q(y)−c which is only possible forc = 0 (to see this, just
compare the coefficients).

20. Suppose thatf (x) = g(x)h(x) for some nonconstant polynomials with integer coefficients.
Since | f (0)| = p, either |g(0)| = 1 or |h(0)| = 1 holds. Assume w.l.o.g. that|g(0)| = 1.
Write g(x) = (x−α1) · · · (x−αk). Then|α1 · · ·αk| = 1. Sincef (αi)− p= αm

i (αi −a)n = −p,
taking the product overi = 1,2, . . . ,k yields |g(a)|n = |(α1 − a) · · · (αk − a)|n = pk. Since
g(a) divides |g(a)h(a)| = p, we must have|g(a)| = p andn = k. However,a must divide
|g(a)−g(0)| = p±1, which is impossible.

21. Suppose thatF = G ·H for some polynomialsG,H with integer coefficients. Let us consider
this equality modulo 2. Since(x2 + x+ 1)2n ≡ F(x) (mod 2), we obtain(x2 + x+ 1)2n

=
g(x)h(x), whereg ≡ G andh ≡ H are polynomials overZ2. The polynomialx2 + x+ 1 is
irreducible overZ2[x], so there exists a natural numberk for which g(x) = (x2 + x+ 1)k and
h(x) = (x2 +x+1)2n−k; of course, these equalities hold inZ2[x] only.

Back inZ[x], these equalities becomeH(x) = (x2 +x+1)2n−k +2V(x) andG(x) = (x2 +x+
1)k +2U(x) for some polynomialsU andV with integer coefficients. Thus,

[(x2 +x+1)k +2U(x)][(x2+x+1)2n−k +2V(x)] = F(x).

Now if we setx = ε = −1+i
√

3
2 in this equality, we obtainU(ε)V(ε) = 1

4F(ε) = 1
2. However,

this is impossible as the polynomialU(x)V(x) has integer coefficients, soU(ε)V(ε) must be
of the forma+bε for somea,b ∈ Z (sinceε2 = −1− ε), which is not the case with12.

22. It is clear, for example by theorem 16, thatP must have rational coefficients. For somem∈ N
the coefficients of the polynomialmP(x) are integral. Letp be a prime number not dividingm.
We claim that, ifP is not linear, there is no rational numberx for which P(x) = 1

mp. Namely,
such anx would also satisfyQ(x) = mpP(x)−1= 0. On the other hand, the polynomialQ(x)
is irreducible because so is the polynomialxnQ(1/x) by the Eisenstain criterion; indeed, all the
coefficients ofxnQ(1/x) but the first are divisible byp and the constant term is not divisible
by p2. This proves our claim.

23. DenoteP(x) = Pn(x) = Rn(x)+ iSn(x). We prove by induction onn that all zeros ofPn are
real; moreover, ifx1 > x2 > · · · > xn are the zeros ofRn andy1 > y2 > · · · > yn−1 the zeros of
Rn−1, then

x1 > y1 > x2 > y2 > · · · > xn−1 > yn−1 > xn.

This statement is trivially true forn = 1. Suppose that it is true forn−1.
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SinceRn + iSn = (x− i + n)(Rn−1 + iSn−1), the polynomialsRn andSn satisfy the recurrent
relationsRn = (x+n)Rn−1+Sn−1 andSn = (x+n)Sn−1−Rn−1. This gives us

Rn − (2x+2n−1)Rn−1+[(x+n−1)2+1]Rn−2 = 0.

If z1 > · · · > zn−2 are the (real) zerosRn−2, by the inductive hypothesis we havezi−1 > yi > zi .
Since the value ofRn−2 is alternately positive and negative on the intervals(z1,+∞), (z2,z1),
etc, it follows that sgnRn−2(yi) = (−1)i−1. Now we conclude from the relationRn(yi) =
−[(x+n−1)2+1]Rn−2(yi) that

sgnRn(yi) = (−1)i,

which means that the polynomialRn has a zero on each of then intervals(y1,+∞), (y2,y1),
. . . , (−∞,yn−1). This finishes the induction.

24. We first prove the following auxiliary statement.

Lemma.If A,B andC are coprime polynomials withA+B= C, then the degree of each of the
polynomialsA,B,C is less than the number of different zeros of the polynomialABC.

Proof. Let

A(x) =
k

∏
i=1

(x− pi)
ai , B(x) =

l

∏
i=1

(x−qi)
bi , C(x) =

m

∏
i=1

(x− r i)
ci .

Let us rewrite the given equality asA(x)/C(x)+B(x)/C(x) = 1 and differentiate it with
respect tox. We obtain

A(x)
C(x)

(
k

∑
i=1

ai

x− pi
−

m

∑
i=1

ci

x− r i

)
= −B(x)

C(x)

(
l

∑
i=1

bi

x−qi
−

m

∑
i=1

ci

x− r i

)
,

from which we see thatA(x)/B(x) can be expressed as a quotient of two polynomials of
degree not exceedingk+ l + m− 1. The statement follows from the coprimeness ofA
andB.

Now we apply the Lemma on the polynomialsPa,Qb,Rc. We obtain that each of the numbers
adegP, bdegQ, cdegR is less than degP+degQ+degR, and therefore

1
a

>
degP

degP+degQ+degR
,

etc. Adding these yields the desired inequality.

25. Let us fix degP= n. Let P(x) = (x−z1) · · · (x−zn) = xn+an−1xn−1+ · · ·+a0, where|zi | = 1
for i = 1, . . . ,n. By the Vieta formulas,an−i =±σi(z1, . . . ,zn), which is a sum of

(n
i

)
summands

of modulus 1, and hence|an−i| ≤
(n

i

)
. Therefore, there are at most 2

(m
i

)
+1 possible values of

the coefficient ofP(x) atxn−i for eachi. Thus the number of possible polynomialsP of degree
n is finite.

Now consider the polynomialPr(x) = (x− zr
1) · · · (x− zr

n) for each natural numberr. All
coefficients of polynomialPr are symmetric polynomials inzi with integral coefficients, so by
the theorem 24 they must be integers. Therefore, every polynomialPr satisfies the conditions
of the problem, but there are infinitely manyr ’s and only finitely many such polynomials. We
conclude thatPr(x) = Ps(x) for some distinctr,s∈ N, and the main statement of the problem
follows.
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1
Graphs

A graph G consists of a set V (or V (G)) of vertices, a set E (or
E(G)) of edges, and a mapping associating to each edge e ∈ E(G)
an unordered pair x, y of vertices called the endpoints (or simply
the ends) of e. We say an edge is incident with its ends, and that
it joins its ends. We allow x = y, in which case the edge is called
a loop. A vertex is isolated when it is incident with no edges.

It is common to represent a graph by a drawing where we repre-
sent each vertex by a point in the plane, and represent edges by line
segments or arcs joining some of the pairs of points. One can think
e.g. of a network of roads between cities. A graph is called planar
if it can be drawn in the plane such that no two edges (that is, the
line segments or arcs representing the edges) cross. The topic of
planarity will be dealt with in Chapter 33; we wish to deal with
graphs more purely combinatorially for the present.

edge ends

a x, z
b y, w
c x, z
d z, w
e z, w
f x, y
g z, w

Figure 1.1

Thus a graph is described by a table such as the one in Fig. 1.1
that lists the ends of each edge. Here the graph we are describing
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has vertex set V = {x, y, z, w} and edge set E = {a, b, c, d, e, f, g};
a drawing of this graph may be found as Fig. 1.2(iv).

A graph is simple when it has no loops and no two distinct edges
have exactly the same pair of ends. Two nonloops are parallel
when they have the same ends; graphs that contain them are called
multigraphs by some authors, or are said to have ‘multiple edges’.

If an ordered pair of vertices is associated to each edge, we have
a directed graph or digraph. In a drawing of a digraph, we use an
arrowhead to point from the first vertex (the tail) towards the sec-
ond vertex (the head) incident with an edge. For a simple digraph,
we disallow loops and require that no two distinct edges have the
same ordered pair of ends.

When dealing with simple graphs, it is often convenient to iden-
tify the edges with the unordered pairs of vertices they join; thus
an edge joining x and y can be called {x, y}. Similarly, the edges
of a simple digraph can be identified with ordered pairs (x, y) of
distinct vertices.

(i) graph (ii) graph with loop (iii) digraph (iv) multiple edges

Figure 1.2

There are several ways to draw the same graph. For example,
the two graphs of Fig. 1.3 are essentially the same.

We make this more precise, but to avoid unnecessarily technical
definitions at this point, let us assume that all graphs are undirected
and simple for the next two definitions.

We say two graphs are isomorphic if there is a one-to-one cor-
respondence between the vertex sets such that if two vertices are
joined by an edge in one graph, then the corresponding vertices are
joined by an edge in the other graph. To show that the two graphs
in Fig. 1.3 are the same, find a suitable numbering of the vertices
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in both graphs (using 1, 2, 3, 4, 5, 6) and observe that the edge sets
are the same sets of unordered pairs.

Figure 1.3

A permutation σ of the vertex set of a graph G with the property
that {a, b} is an edge if and only if {σ(a), σ(b)} is an edge, is called
an automorphism of G.

Problem 1A. (i) Show that the drawings in Fig. 1.4 represent the
same graph (or isomorphic graphs).

(ii) Find the group of automorphisms of the graph in Fig. 1.4.
Remark: There is no quick or easy way to do this unless you are
lucky; you will have to experiment and try things.

Figure 1.4

The complete graph Kn on n vertices is the simple graph that
has all

(
n
2

)
possible edges.

Two vertices a and b of a graph G are called adjacent if they are
distinct and joined by an edge. We will use Γ(x) to denote the set
of all vertices adjacent to a given vertex x; these vertices are also
called the neighbors of x.
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The number of edges incident with a vertex x is called the degree
or the valency of x. Loops are considered to contribute 2 to the
valency, as the pictures we draw suggest. If all the vertices of a
graph have the same degree, then the graph is called regular.

One of the important tools in combinatorics is the method of
counting certain objects in two different ways. It is a well known
fact that if one makes no mistakes, then the two answers are the
same. We give a first elementary example. A graph is finite when
both E(G) and V (G) are finite sets. We will be primarily con-
cerned with finite graphs, so much so that it is possible we have
occasionally forgotten to specify this condition as a hypothesis in
some assertions.

Theorem 1.1. A finite graph G has an even number of vertices
with odd valency.

Proof: Consider a table listing the ends of the edges, as in Fig.
1.1. The number of entries in the right column of the table is twice
the number of edges. On the other hand, the degree of a vertex x
is, by definition, the number of times it occurs in the table. So the
number of entries in the right column is

(1.1)
∑

x∈V (G)

deg(x) = 2|E(G)|.

The assertion follows immediately. �
The equation (1.1) is simple but important. It might be called

the ‘first theorem of graph theory’, and our Theorem 1.1 is its first
corollary.

A subgraph of a graph G is a graph H such that V (H) ⊆ V (G),
E(H) ⊆ E(G), and the ends of an edge e ∈ E(H) are the same
as its ends in G. H is a spanning subgraph when V (H) = V (G).
The subgraph of G induced by a subset S of vertices of G is the
subgraph whose vertex set is S and whose edges are all the edges
of G with both ends in S.

A walk in a graph G consists of an alternating sequence

x0, e1, x1, e2, x2, . . . , xk−1, ek, xk
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of vertices xi, not necessarily distinct, and edges ei so that the ends
of ei are exactly xi−1 and xi, i = 1, 2, . . . , k. Such a walk has length
k. If the graph is simple, a walk is determined by its sequence of
vertices, any two successive elements of which are adjacent.

If the edge terms e1, . . . , ek are distinct, then the walk is called a
path from x0 to xk. If x0 = xk, then a walk (or path) is called closed.
A simple path is one in which the vertex terms x0, x1, . . . , xk are
also distinct, although we say we have a simple closed path when
k ≥ 1 and all vertex terms are distinct except x0 = xk.

If a path from x to y exists for every pair of vertices x, y of G,
then G is called connected. Otherwise G consists of a number of
connected components (maximal connected subgraphs). It will be
convenient to agree that the null graph with no vertices and no
edges is not connected.

Problem 1B. Suppose G is a simple graph on 10 vertices that is
not connected. Prove that G has at most 36 edges. Can equality
occur?

The length of the shortest walk from a to b, if such walks exist, is
called the distance d(a, b) between these vertices. Such a shortest
walk is necessarily a simple path.

Example 1.1. A well known graph has the mathematicians of the
world as vertices. Two vertices are adjacent if and only if they
have published a joint paper. The distance in this graph from
some mathematician to the vertex P. Erdős is known as his or her
Erdős-number.

Figure 1.5

A polygon is the ‘graph of’ a simple closed path, but more pre-
cisely it can be defined as a finite connected graph that is regular
of degree 2. There is, up to isomorphism, exactly one polygon Pn
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with n vertices (often called the n-gon) for each positive integer n.
The sequence of polygons is shown in Fig. 1.5.

A connected graph that contains no simple closed paths, i.e. that
has no polygons as subgraphs, is called a tree.

Problem 1C. Show that a connected graph on n vertices is a tree
if and only if it has n− 1 edges.

Problem 1D. The complete bipartite graph Kn,m has n + m ver-
tices a1, . . . , an and b1, . . . , bm, and as edges all mn pairs {ai, bj}.
Show that K3,3 is not planar.

No introduction to graph theory can omit the problem of the
bridges of Königsberg (formerly a city in Prussia). The river Pregel
flowed through this city and split into two parts. In the river was
the island Kneiphof. There were seven bridges connecting different
parts of the city as shown in the diagram of Fig. 1.6.

Figure 1.6

In a paper written in 1736 by L. Euler (considered the first paper
on graph theory) the author claims that the following question was
considered difficult: Is it possible to make a walk through the city,
returning to the starting point and crossing each bridge exactly
once? This paper has led to the following definition. A closed path
through a graph using every edge once is called an Eulerian circuit
and a graph that has such a path is called an Eulerian graph.

Theorem 1.2. A finite graph G with no isolated vertices (but pos-
sibly with multiple edges) is Eulerian if and only if it is connected
and every vertex has even degree.
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Proof: That G must be connected is obvious. Since the path
enters a vertex through some edge and leaves by another edge, it
is clear that all degrees must be even. To show that the conditions
are sufficient, we start in a vertex x and begin making a path. We
keep going, never using the same edge twice, until we cannot go
further. Since every vertex has even degree, this can only happen
when we return to x and all edges from x have been used. If
there are unused edges, then we consider the subgraph formed by
these edges. We use the same procedure on a component of this
subgraph, producing a second closed path. If we start this second
path in a point occurring in the first path, then the two paths can
be combined to a longer closed path from x to x. Therefore the
longest of these paths uses all the edges. �

The problem of the bridges of Königsberg is described by the
graph in Fig. 1.6. No vertex has even degree, so there is no Eulerian
circuit.

One can consider a similar problem for digraphs. The necessary
and sufficient condition for a directed Eulerian circuit is that the
graph is connected and that each vertex has the same ‘in-degree’
as ‘out-degree’.

Example 1.2. A puzzle with the name Instant Insanity concerns
four cubes with faces colored red, blue, green, and yellow, in such a
way that each cube has at least one face of each color. The problem
is to make a stack of these cubes so that all four colors appear on
each of the four sides of the stack. In Fig. 1.7 we describe four
possible cubes in flattened form.

R

R Y G B

R

cube 1

R

R Y B G

Y

cube 2

G

B B R Y

G

cube 3

B

G Y R G

Y

cube 4

Figure 1.7

It is not a very good idea to try all possibilities. A systematic
approach is as follows. The essential information about the cubes
is given by the four graphs in Fig. 1.8.
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Figure 1.8

An edge indicates that the two adjacent colors occur on opposite
faces of the cube. We obtain a graph G by superposition of the
four graphs and number the edges according to their origin. It is
not difficult to see that we need to find in G two subgraphs that
are regular of degree 2, with edges numbered 1, 2, 3, 4 and such that
they have no edge in common. One of the subgraphs tells us which
pairs of colors to align on the left side and right side of the stack.
The other graph describes the colors on front and back. Of course
it is easy to rotate the cubes in such a way that the colors are where
we wish them to be. The point of the example is that it takes only
a minute to find two subgraphs as described above. In this example
the solution is unique.

We mention a concept that seems similar to Eulerian circuits but
that is in reality quite different. A Hamiltonian circuit in a graph
G is a simple closed path that passes through each vertex exactly
once (rather than each edge). So a graph admits a Hamiltonian
circuit if and only if it has a polygon as a spanning subgraph. In
the mid-19th century, Sir William Rowan Hamilton tried to popu-
larize the exercise of finding such a closed path in the graph of the
dodecahedron (Fig. 1.9).

Figure 1.9
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The graph in Fig. 1.4 is called the Petersen graph (cf. Chapter 21)
and one of the reasons it is famous is that it is not ‘Hamiltonian’;
it contains n-gons only for n = 5, 6, 8, 9, and not when n = 7 or
n = 10.

By Theorem 1.2, it is easy to decide whether a graph admits an
Eulerian circuit. A computer can easily be programmed to check
whether the degrees of a graph are even and whether the graph is
connected, and even to produce an Eulerian circuit when one exists.
In contrast to this, the problem of deciding whether an arbitrary
graph admits a Hamiltonian circuit is likely ‘intractable’. To be
more precise, it has been proved to be NP-complete—see Garey
and Johnson (1979).

Problem 1E. Let A1, . . . , An be n distinct subsets of the n-set
N := {1, . . . , n}. Show that there is an element x ∈ N such that
the sets Ai\{x}, 1 ≤ i ≤ n, are all distinct. To do this, form a graph
G on the vertices Ai with an edge with ‘color’ x between Ai and Aj

if and only if the symmetric difference of the sets Ai and Aj is {x}.
Consider the colors occurring on the edges of a polygon. Show that
one can delete edges from G in such a way that no polygons are
left and the number of different colors remains the same. Then use
1C. (This idea is due to J. A. Bondy (1972).)

Problem 1F. The girth of a graph is the length of the smallest
polygon in the graph. Let G be a graph with girth 5 for which all
vertices have degree ≥ d. Show that G has at least d2 + 1 vertices.
Can equality hold?
Problem 1G. Show that a finite simple graph with more than one
vertex has at least two vertices with the same degree.

Problem 1H. A graph on the vertex set {1, 2, . . . , n} is often de-
scribed by a matrix A of size n, where aij and aji are equal to
the number of edges with ends i and j. What is the combinatorial
interpretation of the entries of the matrix A2?

Problem 1I. Let Q := {1, 2, . . . , q}. Let G be a graph with the
elements of Qn as vertices and an edge between (a1, a2, . . . , an) and
(b1 , b2, . . . , bn) if and only if ai �= bi for exactly one value of i. Show
that G is Hamiltonian.
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Problem 1J. Let G be a simple graph on n vertices (n > 3) with
no vertex of degree n− 1. Suppose that for any two vertices of G,
there is a unique vertex joined to both of them.

(i) If x and y are not adjacent, prove that they have the same
degree.

(ii) Now show that G is a regular graph.

Notes.
Paul Erdős (1913–1996) (cf. Example 1.1) was probably the most

prolific mathematician of the 20th century with well over 1400 pa-
pers having been published. His contributions to combinatorics,
number theory, set theory, etc., include many important results.
He collaborated with many mathematicians all over the world, all
of them proud to have Erdős-number 1, among them the authors
of this book; see J. W. Grossman (1997).

Leonhard Euler (1707–1783) was a Swiss mathematician who
spent most of his life in St. Petersburg. He was probably the most
productive mathematician of all times. Even after becoming blind
in 1766, his work continued at the same pace. The celebration in
1986 of the 250th birthday of graph theory was based on Euler’s
paper on the Königsberg bridge problem. Königsberg is now the
city of Kaliningrad in Russia.

For an elementary introduction to graph theory, we recommend
R. J. Wilson (1979), and J. J. Watkins and R. J. Wilson (1990).

Sir William Rowan Hamilton (1805–1865) was an Irish mathe-
matician. He was considered a genius. He knew 13 languages at
the age of 12 and was appointed professor of astronomy at Trinity
College Dublin at the age of 22 (before completing his degree). His
most important work was in mathematical physics.

References.
M. Garey and D. S. Johnson (1979), Computers and Intractability;

A Guide to the Theory of NP-completeness, W. H. Freeman and
Co.

J. W. Grossman (1997), Paul Erdős: The Master of Collaboration,
pp. 467–475 in The Mathematics of Paul Erdős, R. L. Graham
and J. Nešetřil (eds.), Springer-Verlag.



1. Graphs 11

J. J. Watkins and R. J. Wilson (1990), Graphs (An Introductory
Approach), J. Wiley & Sons.

R. J. Wilson (1979), Introduction to Graph Theory, Longman.



2
Trees

We come to the first not so easy theorem. It is due to A. Cayley
(1889). We shall give three different proofs here. Two more proofs
will occur in later chapters; see Example 14.14 and Example 38.2.
The first two proofs illustrate a method that is used very often in
combinatorics. In order to count certain objects that seem hard to
count, one finds a one-to-one mapping onto a set of other objects
whose number is easier to determine.

Theorem 2.1. There are nn−2 different labeled trees on n vertices.

The term labeled emphasizes that we are not identifying isomor-
phic graphs. We have fixed the set of vertices, and two trees are
counted as the same if and only if exactly the same pairs of vertices
are adjacent. A spanning tree of a connected graph G is a spanning
subgraph of G that is a tree. The theorem could have been stated:
the complete graph Kn has nn−2 spanning trees.

Example 2.1. Here are the 16 labeled trees on four vertices:
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Example 2.2. There are three nonisomorphic trees on five ver-
tices:

The number of spanning trees in K5 isomorphic to a specific tree
T on five vertices is 5! divided by the order of the automorphism
group of T (why?). Thus there are 5!/4! = 5 trees in K5 isomorphic
to the first tree above, and 5!/2 = 60 trees isomorphic to either of
the other two trees, for a total of 125 spanning trees.

Problem 2A. Find the six nonisomorphic trees on 6 vertices, and
for each compute the number of distinct spanning trees in K6 iso-
morphic to it.

Before starting the proofs, we make the following observations.
(Probably the reader has already noticed these things in solving
Problem 1C.) Firstly, every tree with n ≥ 2 vertices has at least
two monovalent vertices (vertices of degree 1). This is immediate,
for example, from Problem 1C and equation (1.1): the sum of the
degrees d1, d2, . . . , dn, all of which are at least 1, is 2n−2. Secondly,
if a monovalent vertex and its incident edge are deleted from a tree,
the resulting graph is still a tree. Finally, given a tree T , if we
introduce a new vertex x and a new edge joining x to any vertex
of T , the new graph is again a tree.

Figure 2.1

Proof 1: The first proof we present, due to H. Prüfer (1918), uses
an algorithm that associates to any tree T a ‘name’ P(T ) (called
the Prüfer code) that characterizes the tree.
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For the vertices of Kn, we take the ordered set V = {1, 2, 3, . . . , n}.
Given a spanning tree T in Kn, we let T1 = T and generate a se-
quence of trees T1, T2, . . . , Tn−1 and two sequences of vertices as
follows: Given the tree Ti with n− i+1 vertices, i = 1, 2, . . . , n−1,
let xi be the least monovalent vertex of Ti and delete xi and its
incident edge {xi, yi} from Ti to obtain a tree Ti+1 on n− i vertices.
The name of T is to be

P(T ) = (y1, y2, . . . , yn−2).

We claim that the mapping P, from the set of all spanning trees
in Kn to the set V n−2 of all possible names, is one-to-one and onto
(bijective). This will prove that the number of spanning trees in
Kn is nn−2.

For the tree in Fig. 2.1, where n = 10, we have (x1, y1) = (3, 2),
(x2, y2) = (4, 2), (x3, y3) = (2, 1),. . . , (x9, y9) = (9, 10); these edges
are the columns of the matrix below.

[
3 4 2 5 6 7 1 8 9
2 2 1 1 7 1 10 10 10

]

So P(T ) = (2, 2, 1, 1, 7, 1, 10, 10). Don’t include y9 = 10.
To understand why P is bijective, we first note some simple facts

about the xi’s and yi’s. First, yn−1 = n, always. This is because
every tree (with at least two vertices) has at least two monovalent
vertices, so the vertex n will never be the least monovalent vertex.
Second, xk, xk+1, . . . , xn−1 and n are the vertices of the tree Tk.
Third, {xi, yi}, k ≤ i ≤ n− 1, are exactly the edges of Tk, in some
order.

The number of times a vertex v occurs among y1, y2, . . . , yn−2 is
degT (v)−1. This is because v occurs degT (v) times among the edges
{xi, yi}, 1 ≤ i ≤ n − 1, and exactly once in x1, x2, . . . , xn−1, yn−1.
Similarly, the number of times a vertex v of Tk occurs among
yk, yk+1, . . . , yn−2 is its degree in the tree Tk less 1. In particular,
the monovalent vertices of Tk are those elements of V not in

{x1, x2, . . . , xk−1} ∪ {yk, yk+1, . . . , yn−1},

and this means that xk, the least monovalent vertex of Tk, is the
least element of {1, 2, . . . , n} not in the above set. In particular,
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x1 is the least element of V not in the name P(T ), and we can
uniquely determine xk from P(T ) and x1, . . . , xk−1. �

Problem 2B. How many trees T are there on the set of vertices
{1, 2, 3, 4, 5, 6, 7} in which the vertices 2 and 3 have degree 3, vertex
5 has degree 2, and hence all others have degree 1? Do not just
draw pictures but consider the possible Prüfer codes of these trees.

Proof 2: We give another proof, again by a reversible algorithm.
Consider any mapping f from {2, 3, . . . , n − 1} to {1, 2, . . . , n}.
There are nn−2 such mappings f . Construct a digraph D on the
vertices 1 to n by defining (i, f(i)), i = 2, . . . , n−1, to be the edges.
Fig. 2.2 shows an example with n = 21.

D consists of two trees ‘rooted’ at 1 and n and a number (say k) of
circuits (directed polygons) to which trees are attached. (Directed
trees with all the edges pointing in the direction of one vertex, called
the root, are called arborescences.) These circuits are placed as in
Fig. 2.2 where the rightmost vertex in the i-th component, denoted
by ri, is its minimal element (and li is the vertex on the left). The
circuits are ordered by the condition r1 < r2 < · · · < rk. To D we
adjoin the tree obtained by adding the edges {1, l1}, {r1, l2}, . . . ,
{rk−1, lk}, {rk, n} and deleting the edges {ri, li} as in Fig. 2.3.

Figure 2.2

If the tree of Fig. 2.3 is given, consider the path from 1 to n
(=21). Let r0 := 1. Define r1 to be the minimal number on this
path (excluding r0 = 1) and in general ri as the minimal number
on the path from ri−1 to n. It is easily seen that we recover the
function f in this way. �
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Figure 2.3

Generalizations of this proof may be found in Eǧecioǧlu and Rem-
mel (1986).

Problem 2C. Let G be a directed graph with vertices x1, . . . , xn
for which a (directed) Eulerian circuit exists. A spanning arbores-
cence with root xi is a spanning tree T of G, with root xi, such
that for all j 
= i there is a directed path from xj to xi in T . Show
that the number of spanning arborescences of G with root xi does
not depend on i. (This is difficult; see the hints.)

Proof 3: We now give a proof by counting since it is useful to
have seen this method. We remind the reader of the definition of
a multinomial coefficient. Let r1, r2, . . . , rk be nonnegative integers
with sum n. Then

(
n

r1,...,rk

)
is defined by

(2.1) (x1 + x2 + · · · + xk)
n =

∑(
n

r1, . . . , rk

)
xr11 x

r2
2 . . . xrkk ,

where the sum is over all k-tuples (r1, . . . , rk) with sum n.
Since (x1 + · · ·+xk)

n = (x1 + · · ·+xk)
n−1(x1 + · · ·+xk), we have

(2.2)

(
n

r1, . . . , rk

)
=

k∑

i=1

(
n− 1

r1, . . . , ri − 1, . . . , rk

)
.

We denote the number of labeled trees with n vertices for which the
degrees are d1, d2, . . . , dn by t(n; d1, d2, . . . , dn). Clearly this number
is 0 if one of the di is 0. The value of t(n; d1, d2, . . . , dn) depends
only on the multiset of numbers di and not on their order. We
may assume without loss of generality that d1 ≥ d2 ≥ · · · ≥ dn,
so dn = 1. Take the vertex vn corresponding to dn. It is joined to
some vertex vi of degree di ≥ 2, and any of the remaining vertices
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is a candidate. Therefore

(2.3) t(n; d1, . . . , dn) =
n−1∑

i=1

t(n− 1; d1, . . . , di − 1, . . . , dn−1).

It is trivial to check by hand that

(2.4) t(n; d1, . . . , dn) =

(
n− 2

d1 − 1, . . . , dn − 1

)

for n = 3. Since the numbers on the left-hand side, respectively
right-hand side, of (2.4) satisfy the same recurrence relation ( (2.3),
respectively (2.2) ) it follows by induction that (2.4) is true for all n.
In (2.1), we replace n by n − 2, k by n, ri by di − 1 and xi by 1.
We find

nn−2 =
∑

t(n; d1, d2, . . . , dn).

�
Compare (2.4) with Problem 2B.
A spanning tree is easily constructed by starting at any vertex,

taking the edges to vertices at distance 1, then one edge to each
vertex at distance 2, etc. Several other constructions are possible
(e.g. by starting with G and deleting suitable edges).

A graph with no polygons as subgraphs is called a forest. Each
component C1, C2, . . . , Ck of a forest G is a tree, so if a forest with
n vertices has k components, it has

(|V (C1)| − 1) + (|V (C2)| − 1) + · · · + (|V (Ck)| − 1) = n− k

edges.
A weighted graph is a graph G together with a function associat-

ing a real number c(e) (usually nonnegative) to each edge e, called
its length or cost according to context. Let us use the term ‘cost’
here. Given a weighted connected graph G, define the cost of a
spanning tree T of G as

c(T ) :=
∑

e∈E(T )

c(e).
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The graph may represent a network of cities where c({x, y}) is the
cost of erecting a telephone line joining cities x and y, and so it
is clear that finding a cheapest spanning tree in G is a problem of
practical importance.

The following method is often called the greedy algorithm. In fact,
it is only one of a number of algorithms which can be called greedy
algorithms, where one does not plan ahead but takes what seems
to be the best alternative at each moment and does not look back.
It is surprising that such a simple procedure actually produces a
cheapest spanning tree, but this is proved in Theorem 2.2 below.
Let us say that a set S of edges of a graph G is independent when
the spanning subgraph with edge set S (denoted G:S) is a forest.

Greedy algorithm. Let G be a connected weighted graph with
n vertices. At each point, we will have a set {e1, e2, . . . , ei} of i
independent edges (i = 0 to start), so that G:{e1, e2, . . . , ei} has n−i
components. If i < n− 1, let ei+1 be an edge with ends in different
components of G:{e1, e2, . . . , ei} and whose cost is minimum with
respect to this property. Stop when we have chosen n− 1 edges.

Theorem 2.2. With e1, . . . , en−1 chosen as above, the spanning
tree T0 := G:{e1, . . . , en−1} has the property that c(T0) ≤ c(T ) for
any spanning tree T .

Proof: Let {a1, a2, . . . , an−1} be the edge set of a tree T , numbered
so that c(a1) ≤ c(a2) ≤ · · · ≤ c(an−1). We claim something much
stronger than c(T0) ≤ c(T ); namely, we claim that c(ei) ≤ c(ai) for
each i = 1, 2 . . . , n− 1. If this is false, then

c(ek) > c(ak) ≥ c(ak−1) ≥ · · · ≥ c(a1)

for some k. Since none of a1, a2, . . . , ak was chosen at the point
when ek was chosen, each of these k edges has both ends in the
same component of G:{e1, e2, . . . , ek−1}. Then the number of com-
ponents of G:{a1, a2, . . . , ak} is at least the number n − k + 1 of
components of G:{e1, e2, . . . , ek−1} and this contradicts the fact that
{a1, a2, . . . , ak} is independent. �
Problem 2D. Here is a variation on the above greedy algorithm.
Let x1 be any vertex of a weighted connected graph G with n
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vertices and let T1 be the subgraph with the one vertex x1 and
no edges. After a tree (subgraph) Tk, k < n, has been defined,
let ek be a cheapest edge among all edges with one end in V (Tk)
and the other end not in V (Tk), and let Tk+1 be the tree obtained
by adding that edge and its other end to Tk. Prove that Tn is a
cheapest spanning tree in G.

In many practical situations, it is necessary to search through a
tree starting from a particular vertex. (A tree with a distinguished
vertex—the root—is called a rooted tree.) There are two well known
methods known as depth-first search and breadth-first search. We
explain the terminology by the example of Fig. 2.4.

Figure 2.4

In a depth-first search starting at a, one essentially considers the
tree as a fence and walks around it, keeping the fence on the left,
i.e. along the walk abdidjdbebfk . . . lhca. If one decides to number
the vertices in accordance with the search, one finds the numbering
a = 1, b = 2, d = 3, i = 4, . . . , l = 12. In this description, we rely
on a planar drawing of the tree; but see below.

In a breadth-first search, one proceeds as in the construction of
a spanning tree mentioned above. The vertices are then numbered
in the order of Fig. 2.4, i.e. alphabetically.

These ideas apply, more generally, to searching through the ver-
tices of a connected graph.

Given a finite connected graph G, we can obtain a numbering
of the vertices of G and a spanning tree T of G, called a ‘depth-
first search tree’ for G, in the following manner. Pick a vertex v0

and start with the tree T0 with vertex v0 and no edges. Proceed
inductively: once vertices v0, v1, v2, . . . , vk and a tree Tk with exactly
those vertices and some of the edges of G have been chosen, let *
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be the largest index ≤ k so that v* is adjacent to some vertex not
in Tk. Such a vertex will exist if Tk is not yet a spanning tree;
otherwise stop and let T = Tk. Call that new vertex vk+1 and add
it and the edge {v*, vk+1} to Tk to obtain a tree Tk+1. We consider
T as a rooted tree with root v0.

We give two properties of depth-first search trees and use them
to give a simple constructive proof of a theorem on orientations of
graphs.

Given a vertex x of a rooted tree with root v0, the ancestors of x
are the vertices traversed by the (unique) path from x to the root
v0. The first vertex other than x on that path is the parent of x. If
x is an ancestor of y, we also say that y is a descendant of x. We
will count x as a descendent and ancestor of itself.

Proposition 2.3. If vertices x and y are adjacent in G, then one
of them is a descendant of the other in any depth-first search tree
T of G.

Proof: Suppose x is numbered with a smaller index than y in the
depth-first search, say x = vk.

At the stage when v0, v1, v2, . . . , vk have been chosen, the largest
index * so that v* is adjacent to an as-yet-unnumbered vertex is
clearly * = k. So vk+1 is joined to vk (and not to some vi with i < k)
in T . If vk+1 = y, we are done; y is a descendant of vk. Otherwise,
since vk is still adjacent to an as-yet-unnumbered vertex, namely
y, the choice of * will be * = k or * = k+ 1, and vk+2 is adjacent to
either vk or vk+1 in T . If vk+2 = y, we are done; y is a descendant
of vk.

Inductively, as long as y remains unnumbered, vk, vk+1, . . . , vk+j

will be descendants of vk and the next choice of * will be as one of
k, k + 1, . . . , k + j. Then the vertex vk+j+1 numbered next will be
adjacent to one of vk, vk+1, . . . , vk+j and hence will be a descendant
of vk. Since the graph is finite, eventually this newly numbered
vertex must be y. �

An isthmus of a connected graph G is an edge whose deletion
results in a disconnected graph. (Some authors call this a bridge.)

Proposition 2.4. Let {x, y} be an edge of T which is not an
isthmus in G; say x is the parent of y. Then there is an edge in G
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but not in T joining some descendant a of y and some ancestor b
of x.

Proof: Let D be the set of descendants of y. So y ∈ D and x /∈ D.
Since G with {x, y} deleted is still connected, there is some edge
{a, b} 
= {x, y} with one end a ∈ D and the other end b /∈ D. This
edge {a, b} is certainly not in T and by Proposition 2.3, b is an
ancestor of a (since it cannot be a descendant of a because then it
would be a descendant of y too and hence would be in D). The
(unique) path in T from a to v0 passes through y (an ancestor of
a) and then x (the parent of y); but b must be on this path (since
it is an ancestor of a), so b must be an ancestor of x too. �

Any directed graph obtained from an undirected graph G by
assigning a direction to each edge of G is called an orientation of
G. A walk in a digraph D may be called strong when each edge is
traversed by the walk according to its direction, i.e. from its tail to
its head, and the digraph D is strongly connected when for any two
vertices x, y, there is a strong walk from x to y.

Theorem 2.5. Let G be a finite connected graph without isth-
muses. Then G admits a strong orientation, i.e. an orientation
that is a strongly connected digraph.

Proof: We will construct a digraph D from G by choosing a direc-
tion for each edge. Find a depth-first search tree T and numbering
v0, v1, . . . of the vertices of G. Let {vi, vj} be an edge of G with
i < j. If {vi, vj} is in T , direct it from vi to vj, i.e. (vi, vj) is an
edge of D. If {vi, vj} is in not T , direct it from vj to vi, i.e. (vj, vi)
is an edge of D.

It remains to show that D is strongly connected. There is a
strong walk from v0 to any vertex x of G (using only edges of the
tree T ), so it will suffice to show that we can find a strong walk
from any vertex x to v0.

Given a vertex xk, k > 0, Proposition 2.4 says that some edge
{a, b} in G but not in T joins some descendant a of y to some
ancestor b = vi of vk. We get a strong walk in D from vk to vi by
appending the directed edge (a, vi) to a strong walk in T from vk
to its descendant a. Of course, i < k since vi is an ancestor of vk.
If i = 0 we are done. Otherwise, we repeat the argument to find
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a strong walk from vi to some vj with j < i and concatenate the
walks to get a strong walk from vk to vj. Continue in this manner
until you reach v0. �

Problem 2E. A graceful labeling of a tree T on n vertices is a
mapping f : V (T ) → {1, 2, . . . , n} so that the numbers |f(x)−f(y)|
computed across edges {x, y} are all different. Show that the path-
graphs (trees with exactly two monovalent vertices) admit graceful
labelings. (It is conjectured that all trees admit graceful labelings.)

Problem 2F. Suppose a tree G has exactly one vertex of degree
i for 2 ≤ i ≤ m and all other vertices have degree 1. How many
vertices does G have?

Problem 2G. Let G be a graph with exactly one vertex of degree
i for 2 ≤ i ≤ m and k other vertices, all of degree 1. Prove that
k ≥ �m+3

2 �. Give a construction for such a graph.

Problem 2H. Consider labeled trivalent rooted trees T with 2n
vertices, counting the root labeled 2n; see Figure 14.3. The labels
are chosen in such a way that the procedure leading to P(T ) has
1, 2, 3, . . . , 2n − 1 as first row. How many possible codes P(T ) are
there?

Notes.

A. Cayley (1821–1895), professor at Cambridge from 1863 until
his death, was one of the great mathematicians of the 19th century.
His work includes important contributions to the theory of elliptic
functions, analytic geometry and algebra, e.g. the theory of invari-
ants. His paper on trees appeared in 1889 but it did not contain
what we would consider a proof. Of the many proofs (five of which
are treated in this book) the one by Prüfer is the best known.

H. Prüfer (1896–1934) was one of I. Schur’s many pupils. He was
professor at Münster.
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3
Colorings of graphs and

Ramsey’s theorem

We shall first look at a few so-called coloring problems for graphs.

A proper coloring of a graph G is a function from the vertices to
a set C of ‘colors’ (e.g. C = {1, 2, 3, 4}) such that the ends of every
edge have distinct colors. (So a graph with a loop will admit no
proper colorings.) If |C| = k, we say that G is k-colored.

The chromatic number χ(G) of a graph G is the minimal number
of colors for which a proper coloring exists.

If χ(G) = 2 (or χ(G) = 1, which is the case when and only when
G has no edges), then G is called bipartite. A graph with no odd
polygons (equivalently, no closed paths of odd length) is bipartite
as the reader should verify.

The famous ‘Four Color Theorem’ (K. Appel and W. Haken,
1977) states that if G is planar, then χ(G) ≤ 4.

Clearly χ(Kn) = n. If k is odd then χ(Pk) = 3. In the following
theorem, we show that, with the exception of these examples, the
chromatic number is at most equal to the maximum degree (R. L.
Brooks, 1941).

Theorem 3.1. Let d ≥ 3 and let G be a graph in which all vertices
have degree ≤ d and such that Kd+1 is not a subgraph of G. Then
χ(G) ≤ d.

Proof 1: As is the case in many theorems in combinatorial analy-
sis, one can prove the theorem by assuming that it is not true, then
considering a minimal counterexample (in this case a graph with
the minimal number of vertices) and arriving at a contradiction.
We shall use the technique of recoloring: it is possible to change
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the colors of certain vertices to go from one proper coloring to an-
other. For example, let S be a subset of the set C of colors. On any
connected component of the subgraph induced by the vertices with
colors from S, we arbitrarily permute the colors (without changing
those of the vertices with colors in C\S). Clearly we again have a
proper coloring.

So let G be a counterexample with the minimum number of ver-
tices. Let x ∈ G and let Γ(x) = {x1, . . . , xl}, l ≤ d. Since G is
a minimal counterexample, the graph H, obtained by deleting x
and the edges incident with x, has a d-coloring, say with colors
1, 2, . . . , d. If one of these colors is not used in the coloring of Γ(x),
then we can assign this color to x and obtain a d-coloring of G. It
follows that l = d and every d-coloring of H must use all the colors
on the set Γ(x). Let us assume that xi has color i for i = 1, 2, . . . , d.

Now consider xi and xj and the induced subgraph Hij of H with
colors i and j. If xi and xj were in different connected components
of Hij, then we could interchange the colors in one of these com-
ponents, after which xi and xj would have the same color, which
is impossible. So xi and xj are in the same component (say Cij)
of Hij. We shall now show that this component is (the graph of)
a simple path (with alternating colors i and j) from xi to xj. If
two neighbors of xi in H had color j, then the neighbors of xi in H
would have at most d − 2 different colors. Then we could recolor
xi and that is impossible. Suppose y is the first vertex on a path
from xi to xj in Cij that has degree ≥ 3. The neighbors of y in H
have at most d−2 colors, so we can recolor y to some color /∈ {i, j}
and then xi and xj are no longer connected in Hij, which we know
to be impossible. So such a y does not exist, proving that Cij is a
path.

Suppose that z is a vertex 
= xi on Cij and on Cik. Then z has two
neighbors with color j and two with color k. Again the neighbors
of z in H have at most d− 2 colors and z can be recolored to some
color /∈ {i, j, k}, again a contradiction. Hence Cij ∩ Cik = {xi}.

Our assumption that Kd+1 � G shows that there are two vertices
in Γ(x), say x1 and x2, that are not connected by an edge. We have
the situation of Fig. 3.1. The vertex a is the neighbor of x1 with
color 2 on C12.
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We recolor H by interchanging the colors 1 and 3 on the subgraph
C13. For the new coloring, we have new paths that we call C ′

ij.
Clearly a ∈ C ′

23 (since x1 now has color 3). However, on C12 no point
except x1 has changed color, so a ∈ C ′

12. Hence C ′
12 ∩ C ′

23 
= {x2},
contradicting what we proved above. The contradiction shows that
our assumption that a minimal counterexample exists is false. �

Figure 3.1

In preparation for a second proof of Brook’s Theorem, the reader
should do the following problem without applying the theorem.

Problem 3A. Fix an integer d ≥ 3. Let H be a simple graph with
all degrees ≤ d which cannot be d-colored and which is minimal
(with the fewest vertices) subject to these properties. (We claim H
is complete on d+1 vertices, but we don’t know that yet.) (i) Show
that H is nonseparable (this means that every graph obtained from
H by deleting a vertex is connected). (ii) Then show that if the
vertex set V (H) is partitioned into sets X and Y with |Y | ≥ 3,
then there are at least three vertices a, b, c ∈ Y each of which is
adjacent to at least one vertex in X.

Proof 2: Let d and H be as in Problem 3A. If H is not complete,
there are vertices x1, xn−1, xn so that x1 is adjacent to xn−1 and xn
but so that these last two vertices are not adjacent. We want to
number the other n− 3 vertices so that the sequence

x1, x2, . . . , xn−1, xn

has the property that each xk, k ≥ 2, is adjacent to at least one of
the vertices xi preceding it, i.e. with i < k. This is simple: when
x1, x2, . . . , xk have been chosen, k < n − 2, choose xk+1 to be any
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vertex other than xn−1 or xn adjacent to one of x1, x2, . . . , xk; since
there are at least three such vertices, this is always possible.

Once this is done, we d-color the vertices starting at the end of
the sequence. Assign xn−1 and xn the same color. When the last
k vertices xk+1, . . . , xn−1, xn have been colored, k ≥ 2, there is a
color available for xk since xk is adjacent to at most d − 1 of the
already-colored vertices. Finally, there is a color available for x1

since two of the vertices adjacent to x1 have been given the same
color. �

We now consider a coloring problem of a completely different
nature. It serves as an introduction to a very important theorem of
combinatorics, namely Ramsey’s theorem. Before reading on, the
reader should try the following problem.

Problem 3B. Let the edges of K7 be colored with the colors red
and blue. Show that there are at least four subgraphs K3 with all
three edges the same color (monochromatic triangles). Also show
that equality can occur.

The example that is always used to introduce this subject is K6

with its edges colored red or blue. We shall show that there is at
least one monochromatic triangle. A proof is as follows. Let a be
any vertex. Because a has degree 5, it is incident with at least three
edges of the same color, say red edges to the vertices b, c, d. If one
of the edges between these three vertices is red, then we have a red
triangle; if not, then they form a blue triangle.

The idea of the proof is the same as for the more difficult situation
of Ramsey’s theorem. However, it does not show as much as the
following counting argument.

Theorem 3.2. If the edges of Kn are colored red or blue, and ri,
i = 1, 2, . . . , n, denotes the number of red edges with vertex i as an
endpoint, and if ∆ denotes the number of monochromatic triangles,
then

(3.1) ∆ =

(
n

3

)
− 1

2

n∑

i=1

ri(n− 1 − ri).

Proof: Every triangle in Kn that is not monochromatic has ex-
actly two vertices where a red and a blue edge meet. On the i-th
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vertex, two such edges can be chosen in ri(n− 1− ri) ways. So the
sum in (3.1) counts the bichromatic triangles twice. �
Corollary.

(3.2) ∆ ≥
(
n

3

)
− �n

2
�(n− 1

2
)2��.

Proof: From (3.1) we see that ∆ is minimized if ri = (n− 1− ri)
for all i when n is odd, or if ri = n

2 or ri = n
2 − 1 for all i in the

case that n is even. Since ∆ is an integer, the first situation cannot
always arise. It is easy to show that (3.2) cannot be improved. �

Note that this argument shows that a red-blue coloring of K6

must always have at least two monochromatic triangles.
We now treat Ramsey’s theorem (Ramsey, 1930).

Theorem 3.3. Let r ≥ 1 and qi ≥ r, i = 1, 2, . . . , s be given.
There exists a minimal positive integer N(q1, q2, . . . , qs; r) with the
following property. Let S be a set with n elements. Suppose that
all
(
n
r

)
r-subsets of S are divided into s mutually exclusive families

T1, . . . , Ts (‘colors’). Then if n ≥ N(q1, q2, . . . , qs; r) there is an i,
1 ≤ i ≤ s, and some qi-subset of S for which every r-subset is in
Ti.

(The reader should compare this with our introductory example
and show that N(3, 3; 2) = 6.)

Proof: We give the proof only for s = 2. The general case only
involves a little more bookkeeping.

(a) Trivially, the theorem is true for r = 1 and N(p, q; 1) =
p+ q − 1.

(b) For any r and p ≥ r it is also obvious that N(p, r; r) = p and
similarly N(r, q; r) = q for q ≥ r.

(c) We proceed by induction on r. So assume the theorem is true
for r − 1. We now use induction on p + q, using (b). So we can
define p1 = N(p − 1, q; r), q1 = N(p, q − 1; r). Let S be a set with
n elements, where n ≥ 1 + N(p1, q1; r − 1). Let the r-subsets of S
be colored with two colors, say red and blue. As in the proof for
K6, we pick an arbitrary element a of S. We now define a coloring
of the (r − 1)-subsets of S ′ := S\{a} by giving X ⊆ S′ the same



3. Colorings of graphs and Ramsey’s theorem 29

color as X ∪ {a}. By induction S ′ either contains a subset A of
size p1 such that all its (r− 1)-subsets are red or a subset B of size
q1 such that all its (r − 1)-subsets are colored blue. Without loss
of generality the first situation occurs. Since A has N(p − 1, q; r)
elements, there are two possibilities. The first is that A has a subset
of q elements with all its r-subsets blue, in which case we are done.
The other possibility is that A has a subset A′ of p − 1 elements
with all its r-subsets red. The set A′ ∪ {a} also has this property
because A′ ⊆ A. This proves the theorem and furthermore we have
shown

(3.3) N(p, q; r) ≤ N(N(p− 1, q; r), N(p, q − 1; r); r − 1) + 1.

�
A special case of (3.3) occurs when we go back to the coloring of

edges (r = 2) of a graph with two colors. Using (a) from the proof,
we find

(3.4) N(p, q; 2) ≤ N(p− 1, q; 2) + N(p, q − 1; 2).

Problem 3C. Show that equality cannot hold in (3.4) if both
terms on the right-hand side are even.

Theorem 3.4.

N(p, q; 2) ≤
(
p+ q − 2

p− 1

)
.

Proof: Since N(p, 2; 2) = p, the result follows from (3.4) because
binomial coefficients satisfy the same relation with equality. �

Let us look at what we now know about N(p, q; 2). By Problem
3C, we have N(3, 4; 2) ≤ 9. To show that equality holds, we have
to color K8 such that there is no red triangle and no blue K4. We
do this as follows: number the vertices with the elements of Z8. Let
the edge {i, j} be red if and only if i−j ≡ ±3 or i−j ≡ 4 (mod 8).
One easily checks that this coloring does the job.

Problem 3D. Use the same method to show that N(4, 4; 2) = 18
and that N(3, 5; 2) = 14.

With a lot more work it has been shown that

N(3, 6; 2) = 18, N(3, 7; 2) = 23, N(3, 8; 2) = 28, N(3, 9; 2) = 36,
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N(4, 5; 2) = 25.

No other values of N(p, q; 2) are known.
One of the interesting problems in this area that has seen virtu-

ally no progress for 30 years is the asymptotic behavior of N(p, p; 2).
We know by Theorem 3.4 that

(3.5) N(p, p; 2) ≤
(

2p− 2

p− 1

)
≤ 22p−2.

We now show that N(p, p; 2) grows exponentially, using a method
that is used quite often in combinatorics. It is often referred to
as ‘probabilistic’ since it estimates the probability that a random

coloring has a monochromatic Kp. Consider a Kn. There are 2(n2)

different ways of coloring the edges red or blue. Now fix a subgraph

Kp. There are 2(n2)−(p
2)+1 colorings for which that Kp is monochro-

matic. The number of colorings for which some Kp is monochro-
matic is at most

(
n
p

)
times as large (because we may count some

colorings more than once). If this number is less than the total
number of colorings, then there exist colorings with no monochro-
matic Kp. Using the fact that

(
n
p

)
< np/p!, we find that such a

coloring certainly exists if n < 2p/2 (unless p = 2). This proves the
following theorem.

Theorem 3.5. N(p, p; 2) ≥ 2p/2.

From (3.5) and Theorem 3.5, we know that

√
2 ≤ p

√
N(p, p; 2) ≤ 4 (p ≥ 2).

It would be very nice if one could show that this p-th root has a
limit for p → ∞.

To give a considerable improvement of Theorem 3.5, we discuss a
probabilistic method that is useful in many parts of combinatorics.
We consider events A1, A2, . . . , An in a probability space. Denote
by Pr[Ai] the probability of the event Ai and, as usual, let Ai

denote the complement of Ai, i.e. non-occurrence of Ai. We are
interested in applications where the Ai denote situations we do not
wish to occur and where we would like to assert that there is a
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positive probability that none of the events Ai occurs. In some
easy counting situations one can use

n∑

i=1

Pr[Ai] < 1 ⇒ ∩Ai 
= ∅.

Cf. Problem 5E. However, in general, dependence among the unde-
sirable events leads to multiple counting which results in a sum that
is much larger than 1. Of course, if the events Ai are independent,
then it suffices that each has probability less than one to guarantee
that non-occurrence of all of them has positive probability. The
Lovász Sieve handles situations where there is indeed some depen-
dence but simultaneously there are many obviously independent
combinations of events.

We define what we shall call a dependency graph for the events
A1, . . . , An. This is a graph G on the set of indices {1, 2, . . . , n}
with the property that for every i the event Ai is independent of
every subset of {Aj : {i, j} /∈ E(G)}. Note that we require a lot
more than that Ai is independent of each of the Aj in this subset.

Theorem 3.6. Let G be some dependency graph for the events
A1, . . . , An. Suppose that Pr[Ai] ≤ p, i = 1, . . . , n and that every
vertex in G has degree ≤ d. If 4dp < 1, then ∩Ai 
= ∅.
Proof: We first show that for every subset {i1, i2, . . . , im} of the
index set,

(3.6) Pr[Ai1|Ai2 . . . Aim] ≤ 1

2d
.

The case m = 1 is trivial and for m = 2 we have

Pr[A1|A2] ≤
p1

1 − p2
≤ 1

4d− 1
<

1

2d
,

where for convenience of notation we have taken ij = j and pi :=
Pr[Ai]. We proceed by induction.

Suppose that in G, 1 is adjacent to 2, 3, . . . , q and not adjacent
to q + 1, . . . ,m. We have

Pr[A1|A2 . . . Am] =
Pr[A1A2 . . . Aq|Aq+1 . . . Am]

Pr[A2 . . . Aq|Aq+1 . . . Am]
.
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The numerator is (by definition of G) at most

Pr[A1|Aq+1 . . . Am] = Pr[A1] ≤
1

4d
.

Using the induction hypothesis, we find that the denominator is at
least

1 −
q∑

i=2

Pr[A1|Aq+1 . . . Am] ≥ 1 − q − 1

2d
≥ 1

2
.

This proves (3.6). We now have

Pr[A1 . . . An] =
n∏

i=1

Pr[Ai|A1 . . . Ai−1] ≥ (1 − 1

2d
)n > 0,

where we have used (3.6) for each term in the product. �
We apply this method to obtain a lower bound for N(p, p; 2).

Theorem 3.7. N(p, p; 2) ≥ c · p · 2p/2, where c is a constant.
Proof: Consider Kn and color the edges randomly with two col-
ors. For each set S of k vertices let AS be the event that the
subgraph on S is colored monochromatically. We wish to assert
that among the random colorings, there is at least one in which no
monochromatic subgraph on k vertices occurs. We define a depen-
dency graph by making S and T adjacent if and only if |S∩T | ≥ 2,
i.e. the subgraphs on S and T have an edge in common. The degree
d of G is clearly at most

(
k
2

)(
n

k−2

)
. The events AS all have prob-

ability 21−(k
2). From Theorem 3.6, Stirling’s formula and a little

manipulation, we find the result (and if we wish an estimate for c).
�

We have given some examples of an area of combinatorics known
as Ramsey theory. We just mention one more example, namely
a theorem due to B. L. van der Waerden (1927). It states that
there exists a number N(r) such that if N ≥ N(r) and the integers
from 1 to N are colored red or blue, then there is a monochromatic
arithmetic progression of length r in the set. For a short (but not
easy) proof see Graham and Rothschild (1974). A general reference
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for this area is the book Ramsey Theory by R. L. Graham, B. L.
Rothschild and J. L. Spencer (1980).

An interesting application of Ramsey’s theorem is the following
theorem due to Erdős and Szekeres (1935).

Theorem 3.8. For a given n, there is an integer N(n) such that
any collection of N ≥ N(n) points in the plane, no three on a line,
has a subset of n points forming a convex n-gon.

Proof: (i) First we observe that if we have n points, no three on a
line, then they form a convex n-gon if and only if every quadrilateral
formed by taking four of the points is convex.

(ii) We now claim that N(n) = N(n, n; 3) will do the job. Let
S be a set of N(n) points. Number the points and then color tri-
angles red, respectively blue, if the path from the smallest number
via the middle one to the largest number is clockwise, respectively
counterclockwise. There is an n-subset with all its triangles the
same color, say red. We shall show that this set cannot contain the
configuration of Fig. 3.2.

Figure 3.2

Without loss of generality a < b < c. From triangle adc, we see
that a < d < c. Then from triangle abd it follows that a < b < d.
But then triangle bcd is blue, a contradiction. So all quadrilaterals
formed from the n-subset are convex and by (i), we are done. �
Problem 3E. A tournament on n vertices is an orientation of Kn.
A transitive tournament is a tournament for which the vertices can
be numbered in such a way that (i, j) is an edge if and only if i < j.

(a) Show that if k ≤ log2 n, every tournament on n vertices has
a transitive subtournament on k vertices.

(b) Show that if k > 1 + 2 log2 n, there exists a tournament on n
vertices with no transitive subtournament on k vertices.
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Problem 3F. Prove that for all r ∈ N there is a minimal number
N(r) with the following property. If n ≥ N(r) and the integers in
{1, 2, . . . , n} are colored with r colors, then there are three elements
x, y, z (not necessarily distinct) with the same color and x+ y = z.
(A result due to I. Schur.) Determine N(2). Show by an elementary
argument that N(3) > 13.

Problem 3G. Let m be given. Show that if n is large enough,
every n × n (0, 1)-matrix has a principal submatrix of size m, in
which all the elements below the diagonal are the same, and all the
elements above the diagonal are the same.

Problem 3H. Show that if the edges of K17 are colored with three
colors, there must be a monochromatic triangle.

Problem 3I. Let {1, α, α2, . . . , α14} be the multiplicative group
of F16. Number the vertices of K16 with the elements of F16. We
will color the edges of K16 with three colors. Edge {i, j} is to be
colored with a color that depends only on ν, where i− j = αν . Do
this in such a way that there is no monochromatic triangle. (In the
notation of Theorem 3.3, this problem and the previous one show
that N(3, 3, 3; 2) = 17.)

Problem 3J. The edges of Kn are colored red and blue in such a
way that a red edge is in at most one red triangle. Show that there
is a subgraph Kk with k ≥ �

√
2n� that contains no red triangle.

Problem 3K. Let G satisfy the conditions of Theorem 3.1. Show
that by removing at most n/d edges we can find a subgraph G′

with chromatic number ≤ d− 1.

Notes.
The four color conjecture was considered one of the most famous

open problems in combinatorics until 1976. Its solution by Appel
and Haken has caused much debate because the proof depends on
an extensive computer analysis of many cases. The validity of the
argument depends on one’s trust in computers and programs. (See
Chapter 34 for two proofs of the Five Color Theorem.)

The theorem by Brooks, Theorem 3.1, which he discovered while
an undergraduate at Cambridge, is a typical example of the inge-



3. Colorings of graphs and Ramsey’s theorem 35

nious arguments that are quite often necessary in that part of graph
theory where algebraic methods do not apply.

F. P. Ramsey (1902–1928) died too young to produce the results
that he probably would have. He was interested in decision pro-
cedures for logical systems and, strangely enough, this led to the
theorem that in turn led to so-called Ramsey theory.

Theorem 3.5 is due to P. Erdős (1947). For more on probabilistic
methods, see Erdős and Spencer (1974).

Values of and estimates for the numbers N(p, q; 2) can be found
in Radziszowski (1999). The value of N(3, 9; 2) is from Grinstead
and Roberts (1982).

The proof of Theorem 3.6 is not the original proof by Erdős and
Szekeres that one usually finds in books. This proof was produced
by a student in Haifa (M. Tarsy) during an examination! He had
missed the class in which the proof had been presented. See Lewin
(1976). A proof in a similar vein was given by Johnson (1986).
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4
Turán’s theorem and

extremal graphs

As an introduction, we first ask the question how many edges a
simple graph must have to guarantee that the graph contains a
triangle. Since Km,m and Km,m+1 do not contain triangles, we see
that if the graph has n vertices, then �n2/4� edges are not enough.
We claim that if there are more edges, then the graph contains a
triangle (W. Mantel, 1907). The following proof is surprising. Let
G have n vertices, numbered from 1 to n, and no triangles. We
give vertex i a weight zi ≥ 0 such that

∑
zi = 1 and we wish

to maximize S :=
∑

zizj, where the sum is taken over all edges
{i, j}. Suppose that vertex k and vertex l are not joined. Let the
neighbors of k have total weight x, and those of l total weight y,
where x ≥ y. Since (zk + ε)x + (zl − ε)y ≥ zkx + zly, we do not
decrease the value of S if we shift some of the weight of vertex l
to the vertex k. It follows that S is maximal if all of the weight
is concentrated on some complete subgraph of G, i.e. on one edge!
Therefore S ≤ 1

4 . On the other hand, taking all zi equal to n−1

would yield a value of n−2|E| for S. Therefore |E| ≤ 1
4n

2.
Note that Ramsey’s theorem states that if a graph on n vertices

has n ≥ N(p, q; 2), then the graph either has a complete subgraph
on p vertices or a set of q vertices with no edges between them
(called an independent set). We now ask the question whether some
condition on the number of edges guarantees a Kp as a subgraph.
We saw above what the answer is for p = 3. We also already have
an idea of how to avoid a Kp. Divide the vertices into p−1 subsets
S1, . . . , Sp−1 of almost equal size, i.e. r subsets of size t + 1 and
p − 1 − r subsets of size t, where n = t(p − 1) + r, 1 ≤ r ≤ p − 1.
Within each Si there are no edges but every vertex in Si is joined to



38 A Course in Combinatorics

every vertex in Sj if i 
= j. (This is a complete multipartite graph.)
The number of edges is

M(n, p) :=
p− 2

2(p− 1)
n2 − r(p− 1 − r)

2(p− 1)
.

Theorem 4.1. (Turán, 1941) If a simple graph on n vertices has
more than M(n, p) edges, then it contains a Kp as a subgraph.

Proof: The proof is by induction on t. If t = 0, the theorem
is obvious. Consider a graph G with n vertices, no Kp, and the
maximum number of edges subject to those properties. Clearly G
contains a Kp−1 (otherwise adding an edge would not produce a
Kp), say H. Each of the remaining vertices is joined to at most
p−2 vertices of H. The remaining n−p+1 vertices do not contain
a Kp as subgraph. Since n−p+1 = (t−1)(p−1)+r, we can apply
the induction hypothesis to this set of points. So the number of
edges of G is at most

M(n− p+ 1, p) + (n− p+ 1)(p− 2) +

(
p− 1

2

)

and this number is equal to M(n, p). �
Remark. The argument that was used for Mantel’s theorem would
show that if there is no Kp, then |E| ≤ p−2

2(p−1)n
2.

Problem 4A. Let G be a simple graph with 10 vertices and 26
edges. Show that G has at least 5 triangles. Can equality occur?

Turán’s paper on graph theory that contains Theorem 4.1 is con-
sidered the starting point of what is now known as extremal graph
theory—see Bollobás (1978). A simple instance of an extremal
problem will ask for the maximum number of edges a graph with a
certain property may have. The graphs whose number of edges is
maximum are called the extremal graphs with respect to the prop-
erty.

The extremal graphs for Turán’s problem are only the complete
multipartite graphs described above. This follows from an analysis
of the proof of Theorem 4.1; we ask the reader to do this at least
in the case p = 3 in the problem below.
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Problem 4B. Show that a simple graph on n vertices with �n2/4�
edges and no triangles is a complete bipartite graph Kk,k if n = 2k,
or Kk,k+1 if n = 2k + 1.

Problem 4C. If a simple graph on n vertices has e edges, then it
has at least e

3n(4e− n2) triangles.

The girth of a graph G is the size of a smallest polygon Pn in G.
(A forest has infinite girth.) By definition, a graph is simple if and
only if it has girth ≥ 3. By Mantel’s theorem, a graph with more
than n2/4 edges has girth ≤ 3.

Theorem 4.2. If a graph G on n vertices has more than 1
2n
√
n− 1

edges, then G has girth ≤ 4. That is, G is not simple or contains a
P3 or a P4 (a triangle or a quadrilateral).

Proof: Suppose G has girth ≥ 5. Let y1, y2, . . . , yd be the vertices
adjacent to a vertex x, where d := deg(x). No two of these are
adjacent since G has no triangles. Moreover, no vertex (other than
x) can be adjacent to more than one of y1, . . . , yd since there are no
quadrilaterals in G. Thus (deg(y1)−1)+ · · ·+(deg(yd)−1)+(d+1)
cannot exceed the total number n of vertices. That is,

∑

y adjacent to x

deg(y) ≤ n− 1.

Then

n(n− 1) ≥
∑

x

∑

y adjacent to x

deg(y) =
∑

y

deg(y)2

≥ 1

n

(∑

y

deg(y)

)2

=
1

n
(2|E(G)|)2.

�
The number 1

2n
√
n− 1 in Theorem 4.2 is only a bound—it is not

the exact answer for all n. Determination of the extremal graphs
for this problem (maximum number of edges subject to girth ≥ 5)
for all values of n is impossibly difficult; a determination of the
graphs for which equality holds has, however, been almost possible.
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Perhaps surprisingly, there are at most four graphs with n > 2
vertices, girth ≥ 5, and 1

2n
√
n− 1 edges: The pentagon (n = 5),

the Petersen graph (n = 10), one with n = 50, and possibly one
with n = 3250. See the notes and Chapter 21.

Problem 4D. Suppose G is regular of degree r and has girth g
or greater. Find a lower bound for |V (G)|. (Consider the cases g
even and odd separately.)

It is not so interesting to ask how many edges are required to
force a Hamiltonian circuit. But we can ask what bound on the
minimum degree will do the job.

Theorem 4.3. If a simple graph G on n vertices has all vertices
of degree at least n/2, then it contains a Pn as a subgraph, i.e. it
has a Hamiltonian circuit.

Proof: Suppose the theorem is not true and let G be a graph
satisfying the hypothesis for some n but having no Hamiltonian
circuits. We may take G to be such a counterexample with the
maximum number of edges; then the addition of any edge to G (i.e.
joining two nonadjacent vertices by an edge) creates a Hamiltonian
circuit.

Let y and z be nonadjacent vertices. Since adding {y, z} creates
a Hamiltonian circuit, there exists a simple path from y to z with
vertex terms, y = x1, x2, . . . , xn = z, say. The sets

{i : y is adjacent to xi+1}

and
{i : z is adjacent to xi}

each have cardinality ≥ n/2 and are contained in {1, 2, 3, . . . , n−1},
so they must meet; let i0 belong to both. Then

y = x1, x2, . . . , xi0, z = xn, xn−1, . . . , xi0+1, x1 = y

is the vertex sequence of a simple closed path of length n in G,
contradicting our choice of G as a counterexample. �

Theorem 4.3 is due to G. A. Dirac and is best possible at least
in the sense that it does not remain true if we replace n/2 by
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(n− 1)/2. For example, the complete bipartite graphs Kk,k+1 have
no Hamiltonian circuits. But it does admit improvements and
generalizations—see e.g. Lovász (1979), Problem 10.21.

Problem 4E. A 3×3×3 cube of cheese is divided into 27 1×1×1
small cubes. A mouse eats one small cube each day and an adjacent
small cube (sharing a face) the next day. Can the mouse eat the
center small cube on the last day?

Problem 4F. Let G be a simple graph with n vertices. Prove: If
each vertex of G has degree ≥ (n+ 1)/2, then for any edge e, there
exists a Hamiltonian circuit of G that passes through e.

Problem 4G. Prove the remark following Theorem 4.1.

Problem 4H. Show that a graph on n vertices that does not
contain a circuit on four vertices has at most n

4 (1+
√

4n− 3) edges.

Notes.
P. Turán (1910–1976), one of the famous Hungarian mathemati-

cians of the 20th century, is best known for his work in analytic
number theory and real and complex analysis.

For every r ≥ 2 and g ≥ 2, there exists a graph that is regular of
degree r and has girth ≥ g. See Lovász (1979), Problem 10.12.

Analysis of the proof of Theorem 4.2 shows that a graph with
n > 2 vertices, girth ≥ 5, and 1

2n
√
n− 1 edges is regular of degree

k :=
√
n− 1 and also that any two vertices are joined by a (unique)

path of length 2 if they are not adjacent. With the notation of
Chapter 21, such a graph is an srg(n, k, 0, 1) and the methods of
that chapter show that k = 2, 3, 7, or 57. This was first shown
in Hoffman and Singleton (1960) where in addition an example
with k = 7 and n = 50 was described (that is now known as the
Hoffman-Singleton graph). It is not known at this time whether
there exists an srg(3250, 57, 0, 1).
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5
Systems of distinct
representatives

We first give two different formulations of a theorem known as
P. Hall’s marriage theorem. We give a constructive proof and an
enumerative one. If A is a subset of the vertices of a graph, then
denote by Γ(A) the set

⋃
a∈A Γ(a). Consider a bipartite graph G

with vertex set X ∪ Y (every edge has one endpoint in X and one
in Y ). A matching in G is a subset E1 of the edge set such that
no vertex is incident with more than one edge in E1. A complete
matching from X to Y is a matching such that every vertex in X is
incident with an edge in E1. If the vertices of X and Y are thought
of as boys and girls, respectively, or vice versa, and an edge is
present when the persons corresponding to its ends have amicable
feelings towards one another, then a complete matching represents
a possible assignment of marriage partners to the persons in X.

Theorem 5.1. A necessary and sufficient condition for there to
be a complete matching from X to Y in G is that |Γ(A)| ≥ |A| for
every A ⊆ X.

Proof: (i) It is obvious that the condition is necessary.
(ii) Assume that |Γ(A)| ≥ |A| for every A ⊆ X. Let |X| = n,

m < n, and suppose we have a matching M with m edges. We shall
show that a larger matching exists. (We mean larger in cardinality;
we may not be able to find a complete matching containing these
particular m edges.)

Call the edges of M red and all other edges blue. Let x0 ∈ X
be a vertex not incident with an edge of the matching. We claim
that there exists a simple path (of odd length) starting with x0 and
a blue edge, using red and blue edges alternately, and terminating
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with a blue edge and a vertex y not incident with an edge of the
matching. If we find such a path p, we are done because we obtain
a matching with m + 1 edges by deleting the red edges of p from
M and replacing them with the blue edges of p. In other words,
we switch the colors on the edges of p.

Since |Γ({x0})| ≥ 1, there is a vertex y1 adjacent to x0 (obviously
by a blue edge since x0 is not incident with any red edges). If y1

is also not incident with any red edges, we have the required path
(of length one); if y1 is incident with a red edge, let x1 be the other
end of that red edge. Recursively, define x0, x1, . . . and y1, y2, . . . as
follows. If x0, x1, . . . , xk and y1, . . . , yk have been defined, then since
|Γ({x0, x1, . . . , xk})| ≥ k+1, there exists a vertex yk+1, distinct from
y1, . . . , yk, that is adjacent to at least one vertex in {x0, x1, . . . , xk}.
If yk+1 is not incident with a red edge, stop; otherwise, let xk+1 be
the other end of that red edge.

When the procedure terminates, we construct the path p by start-
ing with yk+1 and the blue edge joining it to, say, xi1, i1 < k + 1.
Then add the red edge {xi1, yi1}. By construction, yi1 is joined by
an edge (necessarily blue) to some xi2, i2 < i1. Then add the red
edge {xi2, yi2}. Continue in this way until x0 is reached. �
Problem 5A. A perfect matching in a graph G (not necessarily
bipartite) is a matching so that each vertex of G is incident with
one edge of the matching. (i) Show that a finite regular bipartite
graph (regular of degree d > 0) has a perfect matching. (ii) Find a
trivalent (regular of degree 3) simple graph which does not have a
perfect matching. (iii) Suppose G is bipartite with vertices X ∪ Y
(every edge having one end in X and one in Y ). Further assume
that every vertex in X has the same degree s > 0 and every vertex
in Y has the same degree t. (This condition is called semiregular-
ity.) Prove: If |X| ≤ |Y | (equivalently, if s ≥ t), then there is a
complete matching M of X into Y .

Example 5.1. A parlor trick involving a standard deck of 52 cards
is as follows. You are dealt five cards at random. You keep one and
put the other four (in a specific order) into an envelope which is
taken to your partner in another room. Your partner looks at these
and announces the name of the fifth card, that you had retained.

Using the values of suits and ranks, it is possible to think of clever
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or relatively simple ways to determine which card to keep and which
to pass, and for the partner to determine the retained card; see
the notes. Ignoring complexity of solution, however, the relevant
general mathematical problem, stated for a deck of N cards, is
does there exist an injective mapping f from the set X of the

(
N
5

)

5-element subsets of the N cards into the set Y of N(N − 1)(N −
2)(N−3) ordered 4-tuples of distinct cards, subject to the condition
that if f(S) = (c1, c2, c3, c4), then {c1, c2, c3, c4} ⊆ S.

In terms of matchings, we consider the bipartite graph G whose
vertices are X ∪ Y as defined above, and where there is an edge
joining S ∈ X to {c1, c2, c3, c4} ∈ Y exactly when {c1, c2, c3, c4} ⊆
S. We require a complete matching M of X into Y . The reader
may check that G is semiregular and that |X| ≤ |Y | if and only if
N ≤ 124. So by Problem 5A(iii), for N ≤ 124, there exists such a
matching.

We now reformulate Theorem 5.1 in terms of sets and not only
prove the theorem but also give a lower bound for the number of
matchings. We consider subsets A0, A1, . . . , An−1 of a finite set S.
We shall say that this collection has property H (Hall’s condition)
if (for all k) the union of any k-tuple of subsets Ai has at least k
elements. If the union of some k-tuple of subsets contains exactly
k elements (0 < k < n), then we call this k-tuple a critical block.

We define a system of distinct representatives (SDR) of the sets
A0, . . . , An−1 to be a sequence of n distinct elements a0, . . . , an−1

with ai ∈ Ai, 0 ≤ i ≤ n− 1.
Let m0 ≤ m1 ≤ · · · ≤ mn−1. We define

Fn(m0,m1, . . . ,mn−1) :=
n−1∏

i=0

(mi − i)∗,

where (a)∗ := max{1, a}.
From now on, we assume that the sequence mi := |Ai| is nonde-

creasing.
For the proof of the main theorem, we need a lemma.

Lemma 5.2. For n ≥ 1, let fn : Zn → N be defined by

fn(a0, a1, . . . , an−1) := Fn(m0,m1, . . . ,mn−1)
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if (m0, . . . ,mn−1) is a nondecreasing rearrangement of the n-tuple
(a0, . . . , an−1). Then fn is nondecreasing with respect to each of the
variables ai.

Proof: Let

m0 ≤ · · · ≤ mk−1 ≤ ai = mk ≤ mk+1 ≤ · · ·
≤ ml ≤ ml+1 ≤ · · · ≤ mn−1

be a nondecreasing rearrangement of (a0, . . . , an−1). If a′i ≥ ai and

m0 ≤ · · · ≤ mk−1 ≤ mk+1 ≤ · · · ≤ ml ≤ a′i ≤ ml+1 ≤ · · · ≤ mn−1

is a nondecreasing rearrangement of (a0,. . ., ai−1, a
′
i, ai+1,. . ., an−1)

then
fn(a0, . . . , ai−1, a

′
i, ai+1, . . . , an−1)

fn(a0, . . . , an−1)
=

=
(mk+1 − k)∗

(ai − k)∗
· (a′i − l)∗
(ml − l)∗

l−1∏

j=k+1

(mj+1 − j)∗
(mj − j)∗

and this is ≥ 1 since ai ≤ mk+1, a
′
i ≥ ml, and mj+1 ≥ mj for

j = k + 1, . . . , l − 1. �
We now come to the second form of Hall’s theorem. We denote

by N(A0, . . . , An−1) the number of SDRs of (A0, . . . , An−1).

Theorem 5.3. Let (A0, . . . , An−1) be a sequence of subsets of a set
S. Let mi := |Ai| (i = 0, . . . , n− 1) and let m0 ≤ m1 ≤ · · · ≤ mn−1.
If the sequence has property H, then

N(A0, . . . , An−1) ≥ Fn(m0, . . . ,mn−1).

Proof: The proof is by induction. Clearly the theorem is true for
n = 1. We distinguish two cases.

Case 1. There is no critical block. In this case, we choose any
element a of A0 as its representative and then remove a from all the
other sets. This yields sets, that we call A1(a), . . . , An−1(a), and
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for these sets property H still holds. By the induction hypothesis
and by the lemma, we find

N(A0, . . . , An−1) ≥
∑

a∈A0

fn−1(|A1(a)|, . . . , |An−1(a)|)

≥
∑

a∈A0

fn−1(m1 − 1, . . . ,mn−1 − 1)

= m0fn−1(m1 − 1, . . . ,mn−1 − 1)

= Fn(m0,m1, . . . ,mn−1).

Case 2. There is a critical block (Aν0, . . . , Aνk−1
) with ν0 < · · · <

νk−1 and 0 < k < n. In this case, we delete all elements of Aνo ∪
· · ·∪Aνk−1

from all the other sets Ai which produces A′
µ0
, . . . , A′

µl−1
,

where {ν0, . . . , νk−1, µ0, . . . , µl−1} = {0, 1, . . . , n− 1}, k + l = n.
Now both (Aν0, . . . , Aνk−1

) and (A′
µ0
, . . . , A′

µl−1
) satisfy property

H and SDRs of the two sequences are always disjoint. Hence by
the induction hypothesis and the lemma, we have

N(A0, . . . , An−1) = N(Aν0, . . . , Aνk−1
)N(A′

µ0
, . . . , A′

µl−1
)

(5.1)

≥ fk(mν0, . . . ,mνk−1
)fl(|A′

µ0
|, . . . , |A′

µl−1
|)

≥ fk(mν0, . . . ,mνk−1
)fl(mµ0

− k, . . . ,mµl−1
− k)

≥ fk(m0, . . . ,mk−1)fl(mµ0
− k, . . . ,mµl−1

− k).

Now we remark that

mνk−1
≤ |Aν0 ∪ · · · ∪Aνk−1

| = k,

and therefore we have

(mr − r)∗ = 1 if k ≤ r ≤ νk−1,

and
(mµi

− k − i)∗ = 1 if µi ≤ νk−1.

This implies that

fk(m0, . . . ,mk−1) =
∏

0≤i≤νk−1

(mi − i)∗,

fl(mµ0
− k, . . . ,mµl−1

− k) =
∏

νk−1<j<n

(mj − j)∗,
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i.e. the product (5.1) is equal to Fn(m0, . . . ,mn−1), which proves
the theorem. �

Problem 5B. Show that Theorem 5.3 gives the best lower bound
for the number of SDRs of the sets Ai that only involves the num-
bers |Ai|.

We now come to a theorem known as König’s theorem. It is
equivalent (whatever that means) to Hall’s theorem. In the theo-
rem, A is a (0,1)-matrix with entries aij. By a line, we mean a row
or a column of A.

Theorem 5.4. The minimum number of lines of A that contain
all the 1’s of A is equal to the maximum number of 1’s in A, no
two on a line.

Proof: Let m be the minimum number of lines of A containing all
the 1’s of A and let M be the maximum number of 1’s, no two on
a line. Clearly m ≥M . Let the minimum covering by lines consist
of r rows and s columns (r + s = m). Without loss of generality,
these are the first r rows and the first s columns. We now define
sets Ai, 1 ≤ i ≤ r, by Ai := {j > s : aij = 1}. If some k-tuple of
the Ai’s contained less than k elements, then we could replace the
corresponding k rows by k − 1 columns, still covering all the 1’s.
Since this is impossible, we see that the Ai’s satisfy property H. So
the Ai’s have an SDR. This means that there are r 1’s, no two on a
line, in the first r rows and not in the first s columns. By the same
argument there are s 1’s, no two on a line, in the first s columns
and not in the first r rows. This shows that M ≥ r + s = m and
we are done. �

The following theorem of G. Birkhoff is an application of Hall’s
theorem.

Theorem 5.5. Let A = (aij) be an n × nmatrix with nonnegative
integers as entries, such that every row and column of A has sum
l. Then A is the sum of l permutation matrices.

Proof: Define Ai, 1 ≤ i ≤ n, by Ai := {j : aij > 0}. For any
k-tuple of the Ai’s, the sum of the corresponding rows of A is kl.
Since every column of A has sum l, the nonzero entries in the



5. Systems of distinct representatives 49

chosen k rows must be in at least k columns. Hence the Ai’s satisfy
property H. An SDR of the Ai’s corresponds to a permutation
matrix P = (pij) such that aij > 0 if pij = 1. The theorem now
follows by induction on l. �
Problem 5C. In the hypothesis of Theorem 5.5, we replace ‘inte-
gers’ by ‘reals’. Show that in this case, A is a nonnegative linear
combination of permutation matrices. (Equivalently, every dou-
bly stochastic matrix—see Chapter 11—is a convex combination of
permutation matrices.)

Problem 5D. Let S be the set {1, 2, . . . ,mn}. We partition S into
m sets A1, . . . , Am of size n. Let a second partitioning into m sets
of size n be B1, . . . , Bm. Show that the sets Ai can be renumbered
in such a way that Ai ∩Bi 
= ∅.
Problem 5E. Let Ai = {i−1, i, i+1}∩{1, 2, . . . , n}, i = 1, 2, . . . , n.
Let Sn denote the number of SDR’s of the collection {A1, . . . , An}.
Determine Sn and limn→∞ S

1/n
n .

Let G be a bipartite graph, finite or infinite; say the vertex set
is partitioned into sets X,Y of vertices so that every edge of G has
one end in X and one end in Y . We say that a matching M in G
covers a subset S of the vertices when every vertex in S is incident
with one of the edges in M .

Theorem 5.6. If there exists a matching M1 that covers a subset
X0 of X and there exists a matching M2 that covers a subset Y0 of
Y , then there exists a matching M3 that covers X0 ∪ Y0.

Proof: Think of the edges of M1 as ‘red edges’ and the edges of
M2 as ‘blue edges’. If an edge belongs to both M1 and M2, it is
‘purple’.

A connected graph all of whose vertices have degree at most
two is easily seen to be one of: a finite path-graph (allowing the
trivial case of length 0, when the component has one vertex and
no edges), a finite polygon, an infinte ‘one-sided’ path-graph (with
one monovalent vertex), or an infinite ‘two-sided’ path-graph. The
graph H whose vertices are those of G and whose edges M1 ∪M2

has the property that every vertex has degree at most two, so its
connected components are of the types enumerated above. The
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edges of any of these components, other than the graphs consisting
of a purple edge and its two ends, are alternately colored red and
blue; in particular, all polygons have even length. Every vertex of
X0 ∪ Y0 is in one of these nontrivial components.

For the matching M3, we will take all purple edges, and either
all red edges or all blue edges from every other component of H.
From the cycles and infinite two-sided paths, it doesn’t matter;
take all red or all blue edges, and they will cover all vertices of the
component. From the paths of odd length and infinite one-sided
paths, take all red or blue edges depending on whether the first
edge is red or blue (for a path of odd length, the first and last edge
have the same color, so it doesn’t matter what side you start on).
Again, the selected edges will cover all vertices of the component.

We have to think just a tiny bit harder for a component that is a
finite path P of even length, with vertices v0, v1, . . . , vk, say. There
is an odd number of vertices and they alternate between X and Y ,
so v0 and vk are both in X or both in Y . If they are both in X,
take all red edges of P (those of M1) and put them in M3; if they
are both in Y , take all blue edges of P and put them in M3. Only
one end of the path is not covered by the chosen edges.

Consider the case that both v0, vk ∈ X (the case when they are
in Y is completely analogous). If the first edge of P is red, then the
last is blue and it follows that vk /∈ X0 since no edge of M1 covers
vk. Thus the red edges of P still cover all vertices of X0 and Y0 that
were in P . Similarly, if the first edge of P is blue, then v0 /∈ X0 and
the red edges of P still cover all vertices of X0 and Y0 that were in
P . �

For the case X0 = X, Y0 = Y , and when the graph G is complete
bipartite, matchings that cover X0 or Y0 correspond to, or can be
interpreted as, injective mappings X → Y or Y → X, respectively.
Theorem 5.6 says:

Corollary. If X and Y are sets and there exist injective map-
pings f : X → Y and g : Y → X, then there exists a bijective
mapping from X to Y , or from Y to X, i.e. there is a one-to-one
correspondence between the two sets.

In terms of ‘cardinality’ of sets, this says that if |X| ≤ |Y | and
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|Y | ≤ |X|, then |X| = |Y |. This is the Schröder-Bernstein Theo-
rem; see Section 22 of P. R. Halmos (1974). It is trivial for finite
sets, of course.

Problem 5F. Let A1, A2, . . . , An be finite sets. Show that if

∑

1≤i<j≤n

|Ai ∩Aj|
|Ai| · |Aj|

< 1,

then the sets A1, A2, . . . An have a system of distinct representatives.

Problem 5G. (i) From Problem 5A we know that a bipartite
graph on 2n vertices that is regular of degree 3 has a perfect match-
ing. How many different perfect matchings are there if n = 4? (ii)
The same question for a bipartite graph on 10 vertices that is reg-
ular of degree 4.

Notes.
Philip Hall published his result in 1935 (with a rather difficult

proof). The proof that we gave is a generalization of ideas of Hal-
mos and Vaughan, Rado, and M. Hall. The proof is due to Ostrand
(1970) and Hautus and Van Lint (1972). See Van Lint (1974). The
problem of complete matchings is often referred to as the marriage
problem.

D. König (1884–1944) was professor at Budapest. He wrote the
first comprehensive treatise on graph theory (Theorie der endlichen
und unendlichen Graphen, 1936). König (1916) contains the first
proof of (one of the theorems called) König’s theorem.

Just before Theorem 5.4, we referred to the ‘equivalence’of these
theorems. This expression is often used when each of two theorems
is more or less an immediate consequence of the other.

The theorem by Birkhoff (1946), i.e. Theorem 5.5, is extremely
useful and will be applied a number of times in later chapters.

For the card problem mentioned in Example 5.1, here is one so-
lution. In a set of five cards, some suit must be represented at
least twice. The first card you pass to your partner should be
the ‘larger’ of two cards of the same suit, and you will retain the
‘smaller’, where we think of the ranks 2, 3, . . . , 10, J,Q,K,A as ar-
ranged clockwise on a circle (modulo 13), and by ‘smaller’ we mean
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the card from which we must travel the least distance clockwise
to get to the other. For example, if S = {3♠, Q♦, 6♣, 3♦, 7♠},
you pass either the 7♠ or 3♦ to your partner. This already tells
your partner the suit of the retained card and limits that card to
six possibilities in that suit. To determine how far to count back
(counterclockwise) from the rank of the first card, you and your
partner use the order of the remaining three cards (the 52 cards
are ordered lexicographically), and agree on some correspondence
between the six permutations of three objects and the integers from
1 to 6.
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6
Dilworth’s theorem and

extremal set theory

A partially ordered set (also poset) is a set S with a binary relation
≤ (sometimes ⊆ is used) such that:

(i) a ≤ a for all a ∈ S (reflexivity),
(ii) if a ≤ b and b ≤ c then a ≤ c (transitivity),
(iii) if a ≤ b and b ≤ a then a = b (antisymmetry).
If for any a and b in S, either a ≤ b or b ≤ a, then the partial

order is called a total order, or a linear order. If a ≤ b and a 
= b,
then we also write a < b. Examples of posets include the integers
with the usual order or the subsets of a set, ordered by inclusion.
If a subset of S is totally ordered, it is called a chain. An antichain
is a set of elements that are pairwise incomparable.

The following theorem is due to R. Dilworth (1950). This proof
is due to H. Tverberg (1967).

Theorem 6.1. Let P be a partially ordered finite set. The min-
imum number m of disjoint chains which together contain all ele-
ments of P is equal to the maximum number M of elements in an
antichain of P .

Proof: (i) It is trivial that m ≥ M .
(ii) We use induction on |P |. If |P | = 0, there is nothing to

prove. Let C be a maximal chain in P . If every antichain in P\C
contains at most M − 1 elements, we are done. So assume that
{a1, . . . , aM} is an antichain in P\C. Now define S− := {x ∈ P :
∃i[x ≤ ai]}, and define S+ analogously. Since C is a maximal chain,
the largest element in C is not in S− and hence by the induction
hypothesis, the theorem holds for S−. Hence S− is the union of M
disjoint chains S−

1 , . . . , S
−
M , where ai ∈ S−

i . Suppose x ∈ S−
i and
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x > ai. Since there is a j with x ≤ aj, we would have ai < aj,
a contradiction. This shows that ai is the maximal element of the
chain S−

i , i = 1, . . . ,m. We do the same for S+. By combining the
chains the theorem follows. �

A ‘dual’ to Dilworth’s theorem was given by Mirsky (1971).

Theorem 6.2. Let P be a partially ordered set. If P possesses no
chain of m+ 1 elements, then P is the union of m antichains.

Proof: For m = 1 the theorem is trivial. Let m ≥ 2 and assume
that the theorem is true for m−1. Let P be a partially ordered set
that has no chain of m+ 1 elements. Let M be the set of maximal
elements of P . M is an antichain. Suppose x1 < x2 < · · · < xm
were a chain in P\M . Then this would also be a maximal chain in
P and hence we would have xm ∈M , a contradiction. Hence P\M
has no chain of m elements. By the induction hypothesis, P\M is
the union of m− 1 antichains. This proves the theorem. �

The following famous theorem due to Sperner (1928) is of a sim-
ilar nature. This proof is due to Lubell (1966).

Theorem 6.3. If A1, A2, . . . , Am are subsets of N := {1, 2, . . . , n}
such that Ai is not a subset of Aj if i 
= j, then m ≤

(
n

�n/2�
)
.

Proof: Consider the poset of subsets of N . A := {A1, . . . , Am} is
an antichain in this poset.

A maximal chain C in this poset will consist of one subset of each
cardinality 0, 1, . . . , n, and is obtained by starting with the empty
set, then any singleton set (n choices), then any 2-subset containing
the singleton (n − 1 choices), then any 3-subset containing the 2-
subset (n − 2 choices), etc. Thus there are n! maximal chains.
Similarly, there are exactly k!(n−k)! maximal chains which contain
a given k-subset A of N .

Now count the number of ordered pairs (A, C) such that A ∈ A,
C is a maximal chain, and A ∈ C. Since each maximal chain C
contains at most one member of an antichain, this number is at
most n!. If we let αk denote the number of sets A ∈ A with |A| = k,
then this number is

∑n
k=0 αkk!(n− k)!. Thus

n∑

k=0

αkk!(n− k)! ≤ n!, or equivalently,
n∑

k=0

αk(
n
k

) ≤ 1.
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Since
(
n
k

)
is maximal for k = �n/2� and

∑
αk = m, the result

follows. �
Equality holds in Theorem 6.3 if we take all �n/2�-subsets of N

as the antichain.

We now consider the poset Bn (with 2n elements) of the subsets
of the n-set N , ordered by inclusion. The set of i-subsets of N is
denoted by Ai. We define a symmetric chain in Bn to be a sequence
Pk, Pk+1, . . . , Pn−k of vertices such that Pi ∈ Ai and Pi ⊆ Pi+1 for
i = k, k + 1, . . . , n − k − 1. We describe an algorithm due to De
Bruijn, Van Ebbenhorst Tengbergen and Kruyswijk (1949), that
splits Bn into (disjoint) symmetric chains.

Algorithm: Start with B1. Proceed by induction. If Bn has
been split into symmetric chains, then for each such symmetric
chain Pk, . . . , Pn−k define two symmetric chains in Bn+1, namely
Pk+1, . . . , Pn−k and Pk, Pk∪{n+1}, Pk+1∪{n+1}, . . . , Pn−k∪{n+1}.

It is easy to see that this algorithm does what we claim. Fur-
thermore it provides a natural matching between k-subsets and
(n − k)-subsets in Bn (cf. Theorem 5.1). Also, see Problem 6D
below.

Problem 6A. Let a1, a2, . . . , an2+1 be a permutation of the inte-
gers 1, 2, . . . , n2 +1. Show that Dilworth’s theorem implies that the
sequence has a subsequence of length n + 1 that is monotone.

A nice direct proof of the assertion of Problem 6A is as follows.
Suppose there is no increasing subsequence of n + 1 terms. De-
fine bi to be the length of the longest increasing subsequence that
starts with the term ai. Then by the pigeonhole principle, there are
at least n + 1 terms in the bi-sequence that have the same value.
Since i < j and bi = bj imply that ai > aj, we have a decreasing
subsequence of n+ 1 terms.

To show a connection between Chapters 5 and 6, we now prove
that Theorem 5.1 immediately follows from Theorem 6.1. We
consider the bipartite graph G of Theorem 5.1. Let |X| = n,
|Y | = n′ ≥ n. We introduce a partial order by defining xi < yj
if and only if there is an edge from vertex xi to vertex yj. Suppose
that the largest antichain contains s elements. Let this antichain be
{x1, . . . , xh, y1, . . . , yk}, where h + k = s. Since Γ({x1, . . . , xh}) ⊆
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Y \{y1, . . . , yk}, we have h ≤ n′ − k. Hence s ≤ n′. The partially
ordered set is the union of s disjoint chains. This will consist of
a matching of size a, the remaining n − a elements of X, and the
remaining n′ − a elements of Y . Therefore n+ n′ − a = s ≤ n′, i.e.
a ≥ n, which means that we have a complete matching.

Theorem 6.3 is a (fairly easy) example of an area known as ex-
tremal set theory in which the problems are often quite difficult.
We first give one more example as an easy exercise.

Problem 6B. Let the sets Ai, 1 ≤ i ≤ k, be distinct subsets of
{1, 2, . . . , n}. Suppose Ai ∩ Aj 
= ∅ for all i and j. Show that
k ≤ 2n−1 and give an example where equality holds.

We now give one more example of the method that we used to
prove Sperner’s theorem. We prove the so-called Erdős–Ko–Rado
theorem (1961).

Theorem 6.4. Let A = {A1, . . . , Am} be a collection of m distinct
k-subsets of {1, 2, . . . , n}, where k ≤ n/2, with the property that
any two of the subsets have a nonempty intersection. Then m ≤(
n−1
k−1

)
.

Proof: Place the integers 1 to n on a circle and consider the family
F := {F1, . . . , Fn} of all consecutive k-tuples on the circle, i.e. Fi
denotes {i, i+ 1, . . . , i+ k − 1} where the integers should be taken
mod n. We observe that |A∩F| ≤ k because if some Fi equals Aj,
then at most one of the sets {l, l+1, . . . , l+k−1}, {l−k, . . . , l−1}
(i < l < i+ k) is in A. The same assertion holds for the collection
Fπ obtained from F by applying a permutation π to {1, . . . , n}.
Therefore

Σ :=
∑

π∈Sn

|A ∩ Fπ| ≤ k · n!.

We now count this sum by fixing Aj ∈ A, Fi ∈ F and observing
that there are k!(n−k)! permutations π such that Fπ

i = Aj. Hence
Σ = m · n · k!(n− k)!. This proves the theorem. �

By a slight modification of the proof, one can show that the
theorem also holds if the sets in A are assumed to have size at
most k and they form an antichain. However we shall give a proof
using Theorem 5.1.
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Theorem 6.5. Let A = {A1, . . . , Am} be a collection of m subsets
of N := {1, 2, . . . , n} such that Ai � Aj and Ai ∩ Aj 
= ∅ if i 
= j

and |Ai| ≤ k ≤ n/2 for all i. Then m ≤
(
n−1
k−1

)
.

Proof: (i) If all the subsets have size k, then we are done by
Theorem 6.4.

(ii) Let A1, . . . , As be the subsets with the smallest cardinality,
say l ≤ n

2 − 1. Consider all the (l+ 1)-subsets Bj of N that contain
one or more of the sets Ai, 1 ≤ i ≤ s. Clearly none of these is in A.
Each of the sets Ai, 1 ≤ i ≤ s, is in exactly n − l of the Bj’s and
each Bj contains at most l + 1 ≤ n− l of the Ai’s. So by Theorem
5.1, we can pick s distinct sets, say B1, . . . , Bs, such that Ai ⊆ Bi.
If we replace A1, . . . , As by B1, . . . , Bs, then the new collection A′

satisfies the conditions of the theorem and the subsets of smallest
cardinality now all have size > l. By induction, we can reduce to
case (i). �

By replacing the counting argument of the proof of Theorem 6.4
by an argument in which the subsets are counted with weights, we
can prove the following generalization due to B. Bollobás (1973).

Theorem 6.6. Let A = {A1, . . . , Am} be a collection of m distinct
subsets of {1, 2, . . . , n}, where |Ai| ≤ n/2 for i = 1, . . . ,m, with the
property that any two of the subsets have a nonempty intersection.
Then

m∑

i=1

1(
n−1

|Ai|−1

) ≤ 1.

Proof: Let π be a permutation of 1, 2, . . . , n placed on a circle
and let us say that Ai ∈ π if the elements of Ai occur consecutively
somewhere on that circle. By the same argument as in the proof
of Theorem 6.4 we see that if Ai ∈ π, then Aj ∈ π for at most |Ai|
values of j.

Now define

f(π, i) :=

{ 1
|Ai| , if Ai ∈ π

0, otherwise.

By the argument above
∑

π∈Sn

∑m
i=1 f(π, i) ≤ n!. Changing the

order of summation we have to count, for a fixed Ai, the number of
permutations π placed on a circle such that Ai ∈ π. This number
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(by the same argument as in Theorem 6.4) is n · |Ai|!(n− |Ai|)!. So
we have

m∑

i=1

1

|Ai|
· n · |Ai|!(n− |Ai|)! ≤ n!,

which yields the result. �

Problem 6C. Let A = {A1, . . . , Am} be a collection of m distinct
subsets of N := {1, 2, . . . , n} such that if i 
= j then Ai � Aj,
Ai ∩Aj 
= ∅, Ai ∪Aj 
= N . Prove that

m ≤
(

n− 1

�n2 � − 1

)
.

Problem 6D. Consider the decomposition of Bn into symmetric
chains as described above. Show that Theorem 6.3 is an immediate
consequence of this decomposition. Show that Theorem 6.5 reduces
to Theorem 6.4 via this decomposition. How many of the chains
have their smallest element in Ai?

Problem 6E. Here is an algorithm to construct a symmetric chain
in the poset Bn which contains a given element S (a subset of
{1, 2, . . . , n}). Consider the characteristic vector x of S; for ex-
ample, if n = 7 and S = {3, 4, 7}, then x = 0011001. Mark
all consecutive pairs 10, temporarily delete these pairs and again
mark all consecutive pairs 10, and repeat until only a string of the
form 00 · · · 01 · · · 11 remains. In our example, we obtain 001̇1̇0̇0̇1,
where the i-th coordinates are marked for i = 3, 4, 5, 6; when these
are deleted, the string 001 remains. The characteristic vectors of
the subsets in the chain are obtained by fixing all marked coordi-
nates and letting the remaining coordinates range over the strings
0 · · · 000, 0 · · · 001, 0 · · · 011, . . . , 1 · · · 111. In our example, these
characteristic vectors are

001̇1̇0̇0̇0,

001̇1̇0̇0̇1,

011̇1̇0̇0̇1,

111̇1̇0̇0̇1,
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which correspond to the subsets

{3, 4}, {3, 4, 7}, {2, 3, 4, 7}, {1, 2, 3, 4, 7}.

Show that this algorithm produces exactly the same symmetric
chain containing S as is produced by the inductive algorithm of De
Bruijn et al. described above.

Notes.
We shall return to partially ordered sets in Chapters 23 and 25.
E. Sperner (1905–1980) is best known for a lemma in combina-

torial topology known as ‘Sperner’s lemma’, which occurred in his
thesis (1928). It was used to give a proof of Brouwer’s fixed point
theorem. (Another connection to combinatorics: his first professor-
ship was in Königsberg!) He was one of the pioneers of the famous
Oberwolfach research institute.

For a survey of extremal set theory, we refer to Frankl (1988).
The short proof of the Erdős–Ko–Rado theorem is due to Katona

(1974). Theorem 6.5 is due to Kleitman and Spencer (1973) and
Schönheim (1971). The proof of Theorem 6.6 is due to Greene,
Katona and Kleitman (1976).
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P. Erdős, Chao Ko, and R. Rado (1961), Extremal problems among
subsets of a set, Quart. J. Math. Oxford Ser. (2) 12, 313–318.

P. Frankl (1988), Old and new problems on finite sets, Proc. Nine-
teenth S. E. Conf. on Combinatorics, Graph Th. and Computing,
Baton Rouge, 1988.

C. Greene, G. Katona, and D. J. Kleitman (1976), Extensions of
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7
Flows in networks

By a transportation network, we will mean a finite directed graph
D together with two distinguished vertices s and t called the source
and the sink, respectively, and which is provided with a function
c associating to each edge e a nonnegative real number c(e) called
its capacity. We may further assume that there are no loops, no
multiple edges, and that no edges enter the source s or leave the sink
t (although there would be no harm in admitting any of these types
of edges other than our having to be more careful in a definition or
two).

Figure 7.1

In Fig. 7.1 we give an example. We could think of a network
of pipes through which some liquid could flow in the direction of
the arrows. The capacity would indicate the maximal possible flow
(per time unit) in that section of pipe.

A flow in a transportation network is a function f assigning a
real number f(e) to each edge e such that:

(a) 0 ≤ f(e) ≤ c(e) for all edges e (the flow is feasible);

(b) for each vertex x (not the source or the sink) the sum of the
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values of f on incoming edges equals the sum of the values of f on
outgoing edges (conservation of flow).

The sum of the values of a flow f on the edges leaving the source
is called the strength of the flow (denoted by |f |). It seems obvious
that the strength of the flow is also equal to the sum of the values
of f on edges entering the sink; the reader might try to verify this
formally before reading further.

One of our objectives will be to find a method for constructing
a maximum flow, that is, a flow with maximum strength. Before
we begin, it will be good to have a goal or an upper bound for the
strength of a flow; for example, the sum of the capacities of all edges
leaving the source is clearly such an upper bound. More generally,
by a cut separating s and t (or simply a cut), we mean here a pair
(X,Y ) of subsets of the vertex set V := V (D) which partition V
and such that s ∈ X and t ∈ Y . We define the capacity c(X,Y ) of
the cut to be the sum of the capacities of the edges directed from
X to Y (that is, edges e = (x, y) with x ∈ X and y ∈ Y ). We claim
that the capacity of any cut is an upper bound for the strength of
any flow. More strongly, we claim that the conservation law implies
(see below) that the strength of a flow f can be computed as

(7.1) |f | = f(X,Y ) − f(Y,X),

where f(A,B) denotes the sum of the values of f on all edges
directed from A to B; then the feasibility of f immediately implies
that |f | ≤ c(X,Y ). Thus the minimum capacity of all cuts in a
network (e.g. in Fig. 7.1 the minimum cut capacity is 20) is an
upper bound for the strength of a flow in that network.

To establish (7.1), we introduce the function φ by defining for
each pair (x, e), where x is a vertex incident with the edge e,
φ(x, e) := −1 if the edge is incoming, and φ(x, e) := +1 if the
edge is outgoing; φ(x, e) is to be 0 if x is not incident with e. (We
remark that φ is essentially the incidence matrix of the directed
graph—see Chapter 36.) The conservation law is equivalent to∑

e∈E φ(x, e)f(e) = 0 for x 
= s, t. Notice that
∑

x∈X φ(x, e) is +1
if e is directed from X to Y , −1 if e is directed from Y to X, and
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0 if e has both endpoints in X or both in Y . Then

|f | =
∑

e∈E
φ(s, e)f(e) =

∑

x∈X

∑

e∈E
φ(x, e)f(e)

=
∑

e∈E
f(e)

∑

x∈X
φ(x, e) = f(X,Y ) − f(Y,X).

(In the first double sum above, the inner sum is 0 for all terms x
other than s.)

A special instance of (7.1) is |f | = f(V \{t}, {t}), the assertion
which we invited the reader to reflect on earlier.

We now construct flows. Fix a flow f , possibly the 0-flow. We
shall say that the sequence x0, x1, . . . , xk−1, xk of distinct vertices is
a special path from x0 to xk if for each i, 1 ≤ i ≤ k, either

(i) e = (xi−1, xi) is an edge with c(e) − f(e) > 0, or

(ii) e = (xi, xi−1) is an edge with f(e) > 0.

Edges e with f(e) = c(e) are said to be saturated and conditions (i)
and (ii) can be stated in words as requiring that ‘forward’ edges of
the path are unsaturated while ‘backward’ edges are positive—all
with respect to a given flow f . Suppose there exists such a special
path from s to t. Define αi as c(e) − f(e) in the first case and as
f(e) in the second case (picking one of the edges to use if both cases
hold) and let α be the minimum of these positive numbers αi. On
each edge of type (i) increase the flow value by α, and on each edge
of type (ii) decrease the flow by α. It is easy to check that the two
conditions for a flow (feasibility and conservation of flow) are still
satisfied. Clearly the new flow has strength |f | + α.

This idea for obtaining a stronger flow becomes an algorithm
when we iterate it (starting with the 0-flow) and incorporate a
systematic procedure for searching for special paths from s to t
with respect to the current flow. We make brief remarks concerning
termination in the notes to this chapter. But what happens when
we can go no further?

Suppose that no special path from source to sink exists with re-
spect to some flow f0. Let X0 be the set of vertices x which can be
reached from s by a special path, Y0 the set of remaining vertices.
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In this way we produce a cut. If x ∈ X0, y ∈ Y0 and e = (x, y) is
an edge, then e must be saturated or we could adjoin y to a special
path from s to x to get a special path from s to y, contradicting
the definitions of X0 and Y0. If, on the other hand, e = (y, x) is an
edge, then, for a similar reason, f(e) must be 0. In view of (7.1),
we have then

|f0| = f0(X0, Y0) − f0(Y0, X0) = c(X0, Y0).

Now it is clear that not only can no stronger flow be obtained by
our method of special paths, but that no stronger flows exist at all
because |f | ≤ c(X0, Y0) for any flow f .

If f0 is chosen to be a maximum flow (which exists by continuity
reasons in case one is unsure of the termination of the algorithm),
then surely no special paths from s to t exist. Note that the con-
structed cut (X0, Y0) is a minimum cut (i.e. a cut of minimum ca-
pacity), since c(X,Y ) ≥ |f0| for any cut (X,Y ). Our observations
have combined to prove the following famous theorem of Ford and
Fulkerson (1956).

Theorem 7.1. In a transportation network, the maximum value
of |f | over all flows f is equal to the minimum value of c(X,Y ) over
all cuts (X,Y ).

This theorem is usually referred to as the ‘maxflow-mincut’ the-
orem. The procedure for increasing the strength of a flow that we
used above shows somewhat more.

Theorem 7.2. If all the capacities in a transportation network
are integers, then there is a maximum strength flow f for which all
values f(e) are integers.

Proof: Start with the 0-flow. The argument above provides a way
to increase the strength until a maximum flow is reached. At each
step α is an integer, so the next flow is integer valued too. �
Problem 7A. Construct a maximum flow for the transportation
network of Fig. 7.1.

Problem 7B. An elementary flow in a transportation network is
a flow f which is obtained by assigning a constant positive value



7. Flows in networks 65

α to the set of edges traversed by a simple (directed) path from s
to t, and 0 to all other edges. Show that every flow is the sum of
elementary flows and perhaps a flow of strength zero. (This means
we can arrive at a maxflow by starting from the 0-flow and using
only special paths with ‘forward’ edges.) Give an example of a
network and a flow which is not maximum, but with respect to
which there are no special paths using only ‘forward’ edges.

Problem 7C. Let (X1, Y1) and (X2, Y2) be minimum cuts (i.e. cuts
of minimum capacity) in a transportation network. Show that (X1∪
X2, Y1 ∩ Y2) is also a minimum cut. (This can be done either from
first principles, or with an argument involving maximum flows.)

Problem 7D. Prove P. Hall’s marriage theorem, Theorem 5.1,
from Theorems 7.1 and 7.2.

It should be clear that the topic of this chapter is of great practi-
cal importance. Routing schemes for all kinds of products depend
on algorithms that produce optimal flows through transportation
networks. We do not go into the algorithmic aspect of this area.
Instead, we shall show a beautiful application of Theorem 7.2 to a
problem related to Birkhoff’s theorem, Theorem 5.5. Before giving
the theorem and its proof, we observe that several attempts were
made to prove it by reducing it to Theorem 5.5 but with no success.
The proof below is due to A. Schrijver. (If b = v in Theorem 7.3,
then we have the situation of Theorem 5.5.)

Theorem 7.3. Let A be a b × v (0, 1)-matrix with k ones per row
and r ones per column (so bk = vr). Let α be a rational number,
0 < α < 1, such that k′ = αk and r′ = αr are integers. Then there
is a (0, 1)-matrix A′ of size b × v with k′ ones per row and r′ ones
per column such that entries a′ij of A

′ are 1 only if the corresponding
entries of A are 1, i.e. A′ can be obtained from A by changing some
ones into zeros.

Proof: We construct a transportation network with vertices s (the
source), x1, . . . , xb (corresponding to the rows of A), y1, . . . , yv (cor-
responding to the columns of A), and t (the sink). Edges are (s, xi)
with capacity k, 1 ≤ i ≤ b, (xi, yj) with capacity 1 if and only if
aij = 1, and (yj, t) with capacity r, 1 ≤ j ≤ v. The definition
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ensures that there is a maximum flow with all edges saturated.
We now change the capacities of the edges from the source to k′

and those of the edges to the sink to r′. Again, all the capacities
are integers and clearly a maximum flow exists for which the flows
f((xi, yj)) are equal to α. By Theorem 7.2 there is also a maximum
flow f ∗ for which all the flows are integers, i.e. f ∗((xi, yj)) = 0 or
1. From this flow, we immediately find the required matrix A′. �

The theorem above can be generalized in several ways with es-
sentially the same proof idea, but see below for a slightly different
approach.

For some combinatorial applications, it is convenient to use the
following theorem, which does not require the introduction of ca-
pacities or the concept of strength. It can be derived from Theorem
7.2—see Ford and Fulkerson (1956)—but we choose to give a direct
proof.

A circulation on a digraph D is a mapping f from E(D) to the
reals satisfying conservation of flow at every vertex. We do not
require nonnegativity. Circulations may be identified with vectors
in the null space of the incidence matrix of the digraph.

Theorem 7.4. Let f be a circulation on a finite digraph D. Then
there exists an integral circulation g such that for every edge e, g(e)
is equal to one of �f(e)� or "f(e)#.

We may say that the values of g are those of f ‘rounded up or
down’. Of course, if f(e) is already an integer, then g(e) = f(e).

Proof: Given a circulation f , consider a circulation g that satisfies

(7.2) �f(e)� ≤ g(e) ≤ "f(e)#

and for which the number of edges e with g(e) an integer is as large
as possible subject to (7.2).

Let H be the spanning subgraph of D with edge set consisting of
those edges of D for which g(e) is not an integer, i.e. for which strict
inequality holds both times in (7.2). Conservation of flow implies
that no vertex can have degree 1 in H, so if g is not integral, then
H contains a polygon.

Let P be a polygon in H and traverse P with a simple closed
path; let A be the set of edges of P that are forward edges of the
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path in D, and B the set of edges of P that are backward edges in
this path. For any constant c, we obtain a new circulation g′ by

g′(e) :=





g(e) + c if e ∈ A,

g(e) − c if e ∈ B,

g(e) if e /∈ E(P ).

If c is small, (7.2) will still hold with g replaced by g′. Now choose

c := min
{

min
e∈A

(
"f(e)# − g(e)

)
,min
e∈B

(
g(e) − �f(e)�

)}
.

Then g′ still satisfies (7.2), yet g′(e) is an integer for at least one
more edge (any edge for the which term in the expression above
achieves the minimum). This would contradict the choice of g,
were g not integral. �
Corollary. Let f be an integral circulation on a finite digraph
D and d any positive integer. Then f can be written as the sum
g1 + g2 + · · ·+ gd of integral circulations such that for each index j
and each edge e,

(7.3) �f(e)/d� ≤ gj(e) ≤ "f(e)/d#.

Proof: By induction on d. For d = 1, there is nothing to prove.
Given d ≥ 2, apply Theorem 7.4 to f/d to find an integral circu-

lation g1 satisfying (7.3) for j = 1. Apply the induction hypothesis
to find

f − g1 = g2 + g3 + · · · + gd

where for each j = 2, 3, . . . , d, gj is an integral circulation satisfying

�(f(e) − g1(e))/(d− 1)� ≤ gj(e) ≤ "(f(e) − g1(e))/(d− 1)#.

An easy exercise is that if a is an integer and b is either �a/d� or
"a/d#, then

�a
d
� ≤ �a− b

d− 1
� and "a− b

d− 1
# ≤ "a

d
#,

so that the above inequalities imply (7.3) for j = 2, 3, . . . , d. �
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From an m × n matrix A of real numbers aij, not necessarily
nonnegative or integers, we obtain a circulation on a digraph with
m + n + 2 vertices and mn + m + n + 1 edges. The digraph is
similar to the one used in the proof of Theorem 7.3. There are ver-
tices x1, . . . , xm corresponding to the rows, vertices y1, . . . , yn cor-
responding to the columns, and two others called s and t. There
is an edge from xi to yj with circulation value aij, an edge from s
to xi with circulation value equal to the i-th row-sum ri, an edge
from yj to t with circulation value equal to the j-th column-sum kj
(i = 1, . . . ,m, j = 1, . . . , n), and an edge from t to s with circula-
tion value equal to the sum of all entries of M . If we multiply this
circulation f by any scalar α, apply Theorem 7.4 to αf , and rein-
terpret the resulting integral circulation as a matrix, we obtain part
(i) of the following theorem. Part (ii) follows from the corollary.

Theorem 7.5. (i) Given a matrix A and a real number α, there
is an integral matrix B so that the entries of B, the row-sums of
B, the column-sums of B, and the sum of all entries of B, are the
corresponding values for αA rounded up or down. (ii) If A is an
integral matrix and d any positive integer, then

A = B1 +B2 + · · · +Bd

where eachBi is an integral matrix whose entries, row-sums, column-
sums, and sum of all entries, are those of (1/d)A, rounded up or
down.

Problem 7E. Show that the following results are quick conse-
quences of Theorem 7.5: (i) Problem 5A(iii); (ii) Theorem 5.5; (iii)
Theorem 7.3; (iv) A finite graph all of whose vertices have even de-
gree has a balanced orientation, where the in-degree and out-degree
of each vertex are equal; (v) If a bipartite graph has minimum de-
gree d and maximum degree d, then its edges may be colored with
d colors so that the colors that appear at every vertex are distinct,
and with d colors so that all colors appear at each vertex.

Problem 7F. Show that the dimension of the vector space of all
circulations on a connected digraph D is |E(D)| − |V (D)| + 1.
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Notes.

The term augmenting path is often used instead of special path.

If the capacities of a transportation network are integers, the spe-
cial path method for constructing maximum flows will terminate af-
ter finitely many iterations, since the strength increases by at least
one each time. But Ford and Fulkerson (1962) give an example with
irrational capacities where certain contrived choices of special paths
lead to an infinite sequence of flows whose strengths converge—but
only to one-fourth of the actual maximum flow strength! If one
is careful to pick shortest special paths, however, then it can be
shown that a maximum flow is reached after at most O(n3) itera-
tions, where n is the number of vertices. See Edmonds and Karp
(1972).

The problem of finding a maximum flow is an example of a linear
programming problem and can be solved e.g. by the simplex algo-
rithm. The network flow problem is special in that its matrix is
totally unimodular, and this is one way of explaining why Theorem
7.2 holds. See the references below for more discussion of linear and
integer programming. Graphical methods are usually faster than
the simplex algorithm, and add insight.

Circulations on a digraph are called 1-cycles in algebraic topol-
ogy. An analogue of Theorem 7.4 holds for vectors f in the null
space of any totally unimodular matrix.

Theorems 7.1, 7.2, 7.4, and the algorithm have many further
combinatorial applications, since certain combinatorial problems
can be phrased in terms of transportation networks. For example,
finding a maximum matching in a bipartite graph is equivalent to
finding a maximum (integer valued) flow in a certain associated
network—see the references—and thus a good algorithm exists to
find a maximum matching. We give further applications of these
theorems in Chapter 16 to an existence problem on (0,1)-matrices,
and in Chapter 38 to a problem on partitions of sets.

References.
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8
De Bruijn sequences

The following problem has a practical origin: the so-called rotating
drum problem. Consider a rotating drum as in Fig. 8.1.

Figure 8.1

Each of the segments is of one of two types, denoted by 0 and 1.
We require that any four consecutive segments uniquely determine
the position of the drum. This means that the 16 possible quadru-
ples of consecutive 0’s and 1’s on the drum should be the binary
representations of the integers 0 to 15. Can this be done and, if yes,
in how many different ways? The first question is easy to answer.
Both questions were treated by N. G. de Bruijn (1946) and for this
reason the graphs described below and the corresponding circular
sequences of 0’s and 1’s are often called De Bruijn graphs and De
Bruijn sequences, respectively.

We consider a digraph (later to be called G4) by taking all 3-
tuples of 0’s and 1’s (i.e. 3-bit binary words) as vertices and joining
the vertex x1x2x3 by a directed edge (arc) to x2x30 and x2x31.
The arc (x1x2x3, x2x3x4) is numbered ej, where x1x2x3x4 is the
binary representation of the integer j. The graph has a loop at 000
and at 111. As we saw before, the graph has an Eulerian circuit
because every vertex has in-degree 2 and out-degree 2. Such a
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closed path produces the required 16-bit sequence for the drum.
Such a (circular) sequence is called a De Bruijn sequence. For
example the path 000 → 000 → 001 → 011 → 111 → 111 → 110 →
100 → 001 → 010 → 101 → 011 → 110 → 101 → 010 → 100 → 000
corresponds to 0000111100101101 (to be read circularly). We call
such a path a complete cycle.

We define the graph Gn to be the directed graph on (n−1)-tuples
of 0’s and 1’s in a similar way as above. (So Gn has 2n edges.)

The graph G4 is given in Fig. 8.2. In this chapter, we shall call a
digraph with in-degree 2 and out-degree 2 for every vertex, a ‘2-in
2-out graph’. For such a graph G we define the ‘doubled’ graph G∗

as follows:
(i) to each edge of G there corresponds a vertex of G∗;
(ii) if a and b are vertices of G∗, then there is an edge from a to

b if and only if the edge of G corresponding to a has as terminal
end (head) the initial end (tail) of the edge of G corresponding to
b.

Clearly G∗
n = Gn+1.

Figure 8.2

Theorem 8.1. Let G be a 2-in 2-out graph on m vertices with M
complete cycles. Then G∗ has 2m−1M complete cycles.

Proof: The proof is by induction on m.
(a) If m = 1 then G has one vertex p and two loops from p to p.

Then G∗ = G2 which has one complete cycle.
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(b) We may assume that G is connected. If G has m vertices
and there is a loop at every vertex, then, besides these loops, G is
a circuit p1 → p2 → · · · → pm → p1. Let Ai be the loop pi → pi and
Bi the arc pi → pi+1. We shall always denote the corresponding
vertices in G∗ by lower case letters. The situation in G∗ is as in
Fig. 8.3.

Figure 8.3

Clearly a cycle in G∗ has two ways of going from bi to bi+1. So
G∗ has 2m−1 complete cycles, whereas G has only one.

(c) We now assume that G has a vertex x that does not have
a loop on it. The situation is as in Fig. 8.4, where P,Q,R, S are
different edges of G (although some of the vertices a, b, c, d may
coincide).

From G we form a new 2-in 2-out graph with one vertex less by
deleting the vertex x. This can be done in two ways: G1 is obtained
by the identification P = R, Q = S, and G2 is obtained by P = S,
Q = R. By the induction hypothesis, the theorem applies to G1

and to G2.

Figure 8.4

There are three different types of complete cycle in G∗, depending
on whether the two paths leaving r and returning to p, respectively
q, both go to p, both to q, or one to p and one to q. We treat one



74 A Course in Combinatorics

case; the other two are similar and left to the reader. In Fig. 8.5
we show the situation where path 1 goes from r to p, path 2 from
s to q, path 3 from s to p, and path 4 from r to q.

Figure 8.5

These yield the following four complete cycles in G∗:

1, pr, 4, qs, 3, ps, 2, qr
1, ps, 2, qr, 4, qs, 3, pr
1, ps, 3, pr, 4, qs, 2, qr
1, ps, 2, qs, 3, pr, 4, qr

In G∗
1 and G∗

2 the situation reduces to Fig. 8.6.

Figure 8.6

In each of G∗
1 and G∗

2 one complete cycle using the paths 1, 2, 3, 4
is possible. In the remaining two cases, we also find two complete
cycles in G∗

1 and G∗
2 corresponding to four complete cycles in G∗.

Therefore the number of complete cycles in G∗ is twice the sum of
the numbers for G∗

1 and G∗
2. On the other hand, the number of

complete cycles in G is clearly equal to the sum of the correspond-
ing numbers for G1 and G2. The theorem then follows from the
induction hypothesis. �

We are now able to answer the question how many complete
cycles there are in a De Bruijn graph.
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Theorem 8.2. Gn has exactly 22n−1−n complete cycles.

Proof: The theorem is true for n = 1. Since G∗
n = Gn+1, the

result follows by induction from Theorem 8.1. �
For a second proof, see Chapter 36.

Problem 8A. Let α be a primitive element in F2n . For 1 ≤ i ≤
m := 2n − 1, let

αi =
n−1∑

j=0

cijα
j.

Show that the sequence

0, c10, c20, . . . , cm0

is a De Bruijn sequence.

Problem 8B. Find a circular ternary sequence (with symbols
0, 1, 2) of length 27 so that each possible ternary ordered triple
occurs as three (circularly) consecutive positions of the sequence.
First sketch a certain directed graph on 9 vertices so that Eulerian
circuits in the graph correspond to such sequences.

Problem 8C. We wish to construct a circular sequence a0, . . . , a7

(indices mod 8) in such a way that a sliding window ai, ai+1, ai+3

(i = 0, 1, . . . 7) will contain every possible three-tuple once. Show
(not just by trial and error) that this is impossible.

Problem 8D. Let m := 2n − 1. An algorithm to construct a De
Bruijn sequence a0, a1, . . . , am works as follows. Start with a0 =
a1 = · · · = an−1 = 0. For k > n, we define ak to be the maximal
value in {0, 1} such that the sequence (ak−n+1, . . . , ak−1, ak) has
not occurred in (a0, . . . , ak−1) as a (consecutive) subsequence. The
resulting sequence is known as a Ford sequence. Prove that this
algorithm indeed produces a De Bruijn sequence.

Notes.
Although the graphs of this chapter are commonly called De

Bruijn graphs, Theorem 8.1 was proved in 1894 by C. Flye Sainte-
Marie. This went unnoticed for a long time. We refer to De Bruijn
(1975).
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N. G. de Bruijn (1918–), one of the best-known Dutch mathe-
maticians, worked in many different areas such as analysis, number
theory, combinatorics, and also computing science and crystalogra-
phy.

We mention a peculiarity concerning the spelling of some Dutch
names. When omitting the initials of N. G. de Bruijn, one should
capitalize the word ‘de’ and furthermore the name should be listed
under B. Similarly Van der Waerden is correct when the initials are
omitted and he should be listed under W.

For a proof of Theorem 8.1 using algebraic methods, we refer to
Chapter 36.

References.
N. G. de Bruijn (1946), A combinatorial problem, Proc. Kon. Ned.

Akad. v. Wetensch. 49, 758–764.
N. G. de Bruijn (1975), Acknowledgement of priority to C. Flye
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75-WSK-06, Eindhoven University of Technology.
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9
Two (0,1,*) problems:

addressing for graphs and

a hash-coding scheme

The following problem originated in communication theory. For
a telephone network, a connection between terminals A and B is
established before messages flow in either direction. For a network
of computers it is desirable to be able to send a message from A
to B without B knowing that a message is on its way. The idea is
to let the message be preceded by some ‘address’ of B such that
at each node of the network a decision can be made concerning the
direction in which the message should proceed.

A natural thing to try is to give each vertex of a graph G a
binary address, say in {0, 1}k, in such a way that the distance of two
vertices in the graph is equal to the so-called Hamming distance of
the addresses, i.e. the number of places where the addresses differ.
This is equivalent to regarding G as an induced subgraph of the
hypercube Hk, which has V (Hk) := {0, 1}k and where k-tuples are
adjacent when they differ in exactly one coordinate. The example
G = K3 already shows that this is impossible. We now introduce a
new alphabet {0, 1, ∗} and form addresses by taking n-tuples from
this alphabet. The distance between two addresses is defined to be
the number of places where one has a 0 and the other a 1 (so stars
do not contribute to the distance). For an addressing of a graph
G, we require that the distance of any two vertices in G is equal to
the distance of their addresses. It is trivial to show that this can be
done if n is large enough. We denote by N(G) the minimum value
of n for which there exists an addressing of G with length n.
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For a tree we can do without the stars as follows. We use in-
duction. For a tree with two vertices, we have a trivial addressing
with length 1. Suppose that we can address trees with k vertices.
If x0, x1, . . . , xk are the vertices of the tree T and x0 is a monova-
lent vertex, then consider an addressing for the tree obtained by
removing x0. Let xi be the address of xi and suppose x0 is joined
to x1. We change all addresses to (0,xi), 1 ≤ i ≤ k, and give x0

the address (1,x1). Clearly this is now an addressing for T . So for
a tree, we have N(T ) ≤ |V (T )| − 1.

As a second example, consider Km. In the identity matrix of
size m − 1, we replace the zeros above the diagonal by stars and
add a row of zeros. Any two rows now have distance 1 and hence
N(Km) ≤ m− 1.

As a third example, we consider the graph of Fig. 9.1.

Figure 9.1

A possible (though not optimal) addressing is

1 1 1 1 ∗ ∗
2 1 0 ∗ 1 ∗
3 ∗ 0 0 0 1
4 0 0 1 ∗ ∗
5 0 0 0 0 0

We now show a correspondence between addressings of a graph
and quadratic forms (an idea of Graham and Pollak, 1971). Con-
sider the graph G of Fig. 9.1 and the addressing given above.
To the first column of the addressing, we associate the product
(x1 +x2)(x4 +x5). Here xi is in the first, respectively second, factor
if the address of i has a 1, respectively a 0, in the first column.
If we do the same thing for each column and then add the terms,
we obtain a quadratic form

∑
dijxixj, where dij is the distance of
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the vertices i and j in G. Thus an addressing of G corresponds to
writing the quadratic form

∑
dijxixj as a sum of n products

(xi1 + · · · + xik)(xj1 + · · · + xjl)

such that no xi occurs in both of the factors. The number of vari-
ables is |V (G)|.

Theorem 9.1. Let n+, respectively n−, be the number of positive,
respectively negative, eigenvalues of the distance matrix (dij) of the
graph G. Then N(G) ≥ max{n+, n−}.

Proof: Each of the quadratic forms mentioned above can be rep-
resented as 1

2x
$Ax, where x := (x1, x2, . . . , xn) and A has entry

aij = 1 if the term xixj occurs in the quadratic form and 0 other-
wise. Such a matrix has rank 2 and trace 0. Therefore it has one
positive and one negative eigenvalue. Since (dij) is the sum of the
matrices corresponding to the quadratic forms, it can have at most
n positive (respectively negative) eigenvalues. �

Theorem 9.2. N(Km) = m− 1.

Proof: We have already seen that N(Km) ≤ m− 1. Since J − I,
of size m, is the distance matrix of Km and the eigenvalues of J− I
are m−1, with multiplicity 1, and −1, with multiplicity m−1, the
result follows from Theorem 9.1. �

With slightly more work, we shall now show that the shortest
addressing for a tree T has length |V (T )| − 1.

Theorem 9.3. If T is a tree on n vertices, then N(T ) = n− 1.

Proof: We first calculate the determinant of the distance matrix
(dij) of T . We number the vertices p1, . . . , pn in such a way that pn is
an endpoint adjacent to pn−1. In the distance matrix, we subtract
row n − 1 from row n, and similarly for the columns. Then all
the entries in the new last row and column are 1 except for the
diagonal element which is equal to −2. Now renumber the vertices
p1, . . . , pn−1 in such a way that the new vertex pn−1 is an endpoint
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of T\{pn} adjacent to pn−2. Repeat the procedure for the rows and
columns with numbers n− 1 and n− 2. After n− 1 steps, we have
the determinant

∣∣∣∣∣∣∣∣∣∣

0 1 1 . . . 1
1 −2 0 . . . 0
1 0 −2 . . . 0
...

...
...

. . .
...

1 0 0 . . . −2

∣∣∣∣∣∣∣∣∣∣

.

From this we find the remarkable result that the determinant Dn

of the distance matrix of a tree on n vertices satisfies

Dn = (−1)n−1(n− 1)2n−2,

i.e. it depends only on |V (T )|. If we number the vertices accord-
ing to the procedure described above, then the k × k principal
minor in the upper left-hand corner of the distance matrix is the
distance matrix of a subtree on k vertices. Therefore the sequence
1, D1, D2, . . . , Dn, where Dk is the determinant of the k × k minor,
is equal to

1, 0,−1, 4,−12, . . . , (−1)n−1(n− 1)2n−2.

If we consider the sign of 0 to be positive, then this sequence has
only one occurrence of two consecutive terms of the same sign. By
an elementary theorem on quadratic forms this implies that the
corresponding quadratic form has index 1, and hence (dij) has one
positive eigenvalue; see B. W. Jones (1950), Theorem 4. Now the
result follows from Theorem 9.1. �

The conjecture that in fact N(G) ≤ |V (G)|−1 for all (connected)
graphs G was proved by P. Winkler in 1983. The proof is construc-
tive. In order to describe the addressing, we need some preparation.
Consider the graph of Fig. 9.2.
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Figure 9.2

We pick a vertex x0, then construct a spanning tree T by a
breadth-first search, and then number the vertices by a depth-first
search. The result is shown on the right-hand side of Fig. 9.2, where
edges of E(G)\E(T ) are dashed.

Let n := |V (G)| − 1. We need several definitions.
For i ≤ n, we define

P (i) := {j : xj is on a path from x0 to xi in T}.

For example, P (6) = {0, 3, 4, 6}. Let

i%j := max(P (i) ∩ P (j)).

We describe the general situation in Fig. 9.3.

Figure 9.3

Note that in Fig. 9.3, we have i < j if and only if k < l.
For i ≤ n, we define

i′ := max(P (i)\{i}).

For example, 7′ = 3 in Fig. 9.2. Define

i ∼ j ⇔ P (i) ⊆ P (j) or P (j) ⊆ P (i).
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We denote distances in G, respectively T , by dG, respectively dT .
The discrepancy function c(i, j) is now defined by

c(i, j) := dT (xi, xj) − dG(xi, xj).

For example, in Fig. 9.2, c(6, 9) = 4.

Lemma 9.4.
(i) c(i, j) = c(j, i) ≥ 0;
(ii) if i ∼ j, then c(i, j) = 0;
(iii) if i 
∼ j, then c(i, j′) ≤ c(i, j) ≤ c(i, j′) + 2.

Proof: (i) is trivial; (ii) follows from the definition of T since

dG(xi, xj) ≥ |dG(xj, x0) − dG(xi, x0)| = dT (xi, xj);

(iii) follows from the fact that |dG(xi, xj)−dG(xi, xj′)| ≤ 1 and that
dT (xi, xj) = 1 + dT (xi, xj′). �

Now we can define the addressing. For 0 ≤ i ≤ n the vertex xi
is given the address ai ∈ {0, 1, ∗}n, where

ai = (ai(1), ai(2), . . . , ai(n))

and

ai(j) :=





1 if j ∈ P (i),

∗ if





c(i, j) − c(i, j′) = 2, or

c(i, j) − c(i, j′) = 1, i < j, c(i, j) even, or

c(i, j) − c(i, j′) = 1, i > j, c(i, j) odd,

0 otherwise.

Theorem 9.5. d(ai,ak) = dG(xi, xk).

Proof: We may assume i < k.
(i) Suppose i ∼ k. Then dG(xi, xk) = |P (k)\P (i)|. The values of

j such that j ∈ P (k)\P (i) are exactly the positions where ak(j) =
1, ai(j) 
= 1. For these values of j we see that c(i, j) = 0, hence
ai(j) = 0 and we are done.

(ii) The hard case is when i 
∼ k. The key observation is the
following. Let n1 ≤ n2 ≤ · · · ≤ nl be a nondecreasing sequence of
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integers such that |ni+1 − ni| ≤ 2 for all i. If m is an even integer
between n1 and nl that does not occur in the sequence, then there
is an i such that ni = m − 1, ni+1 = m + 1. Now consider the
sequence

c(i, k) ≥ c(i, k′) ≥ c(i, k′′) ≥ · · · ≥ c(i, i%k) = 0.

By the definition of ai(j) and the observation above, ai(j) = ∗ and
ak(j) = 1 exactly as many times as there are even integers between
c(i, i%k) and c(i, k). Similarly ak(j) = ∗ and ai(j) = 1 as many
times as there are odd integers between c(i, i%k) and c(i, k). So

d(ai,ak) = |P (k)\P (i)| + |P (i)\P (k)| − c(i, k)

= dT (xi, xk) − c(i, k) = dG(xi, xk).

�
Therefore we have proved the following theorem.

Theorem 9.6. N(G) ≤ |V (G)| − 1.

Problem 9A. If we use the scheme defined above, what are the
addresses of x2 and x6 in Fig. 9.2?

Problem 9B. Let G be a cycle (polygon) on 2n vertices. Deter-
mine N(G).

Problem 9C. Let G be a cycle (polygon) on 2n+1 vertices. Prove
that N(G) = 2n. Hint: if Ck is the permutation matrix with
entries cij = 1 if and only if j − i ≡ 1 (mod k) and ζk = 1, then
(1, ζ, ζ2, . . . , ζk−1) is an eigenvector of Ck.

* * *

We now look at a second problem involving k-tuples from the
alphabet {0, 1, >}. The objects we shall study were introduced by
Rivest (1974) and given the (unfortunate) name associative block
design; cf. Chapter 19 for block designs. An ABD(k,w) is a set of
b := 2w elements of {0, 1, >}k with the following properties: if the
elements are the rows of a b × k matrix C, then
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(i) each row of C has k − w stars;
(ii) each column of C has b(k − w)/k stars;
(iii) any two distinct rows have distance at least 1.
Note that the definition implies that each vector in Fk2 has dis-

tance 0 to exactly one row of C.
The origin of the problem is the following. Consider a file of k-bit

binary words. Each sequence in {0, 1, >}k is called a partial match
query. The partial match retrieval problem is to retrieve from the
file all words agreeing with the query in those positions where the
query specifies a bit. So-called hash-coding schemes divide a file
into b disjoint lists L1, L2, . . . , Lb. A record x will be stored in the
list with index h(x), where h is the ‘hash-function’ mapping {0, 1}k
onto {1, 2, . . . , b}. For a given partial match query, some of the lists
must be searched. An analysis of the worst-case number of lists to
be searched led to the concept of ABD. In this case h(x) is the
index of the unique row of C which has distance 0 to x.

Example 9.1. The following matrix is an ABD(4, 3):




> 0 0 0
0 > 1 0
0 0 > 1
0 1 0 >
> 1 1 1
1 > 0 1
1 1 > 0
1 0 1 >




.

We first prove some elementary properties of an ABD.

Theorem 9.7. If an ABD(k,w) exists, then:

(1) it has exactly bw/(2k) zeros and bw/(2k) ones in each col-
umn;

(2) for each x in Fk2 it has exactly
(
w
u

)
rows which agree with x

in u positions;
(3) the parameters satisfy

w2 ≥ 2k

(
1 − 1

b

)
;
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(4) for any row, the number of rows with stars in the same
positions is even.

Proof: Let C be the ABD(k,w).

(1) A row of C with a star, respectively a zero, in column j rep-
resents (i. e. has distance 0 to) 2k−w−1, respectively 2k−w, elements
of Fk2. From (i) and (ii) of the definition, it follows that column j
must contain bw/(2k) zeros.

(2) Let x ∈ Fk2. Denote by ni the number of rows of C which

agree with x in i positions. There are
(
k
l

)
vectors in Fk2 which agree

with x in exactly l positions. Therefore
(
k
l

)
=
∑

ni
(
k−w
l−i
)
, i. e.

(1 + z)k = (1 + z)k−w ·
∑

niz
i.

This proves that ni =
(
w
i

)
.

(3) The sum of the distances between pairs of rows of C is k( bw2k )2

by (1). Since any two rows have distance at least 1, this sum is at

least
(
b
2

)
.

(4) Consider a row of C. Count vectors in Fk2 which have zeros
in the positions where the row has stars. Each row with a different
star pattern represents an even number of such vectors whereas a
row with the same star pattern represents exactly one such vector.

�
Note that property (1) in Theorem 9.7(3) implies that a neces-

sary condition for the existence of an ABD(k,w) is that k divides
w · 2w−1.

The following strengthening of Theorem 9.7(3) is due to A. E.
Brouwer (1999).

Theorem 9.8. Let C be an ABD(k,w) with w > 3.

(1) If two rows of C agree in all but one position, then

(
w

2

)
≥ k;

(2) otherwise w2 > 2k.
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Proof: Suppose c1 and c2 are two rows of C which differ only
in position one. Then all the other rows of C must differ from c1

in some other position. So, by (i) of the definition and Theorem
9.7(3), we find

b− 2 ≤ (w − 1) · bw
2k

.

To prove the assertion, we must show that the right-hand side of
the inequality cannot be equal to b − 2 or b − 1. In both cases,
equality would imply 2w−1|k which contradicts Theorem 9.7 unless
w = 4, which is excluded by substitution.

(ii) Consider two rows of C which have the same star pattern.
By hypothesis, they differ in more than one position. Again, count
the sum of the distances of all the rows from one of this pair. This
sum is at least 2 + (b − 2) = b and, by Theorem 9.7.1, it is equal
to w · (bw)/(2k). So w2 ≥ 2k. We must show that equality cannot
hold. By the argument above, equality would imply that rows with
the same star pattern occur in pairs which have distance 2, and
furthermore all the other rows have distance 1 to each row of such
a pair. Without loss of generality, such a pair would be

(> > · · · > 00 . . . 000) and (> > · · · > 00 . . . 011).

The bw/(2k) − 1 other rows ending in a 1 would have to end in
01, for otherwise they would have distance 0 to the second row or
distance > 1 to the first row. Similarly, there would be bw/(2k)−1
rows ending in 10. Since we now have rows with distance 2, we
find that necessarily bw/(2k)− 1 = 1. Therefore 2w = 2w, which is
impossible if w ≥ 3. �
Corollary. An ABD(8, 4) does not exist.

Using these results, it is easy to find all ABD(k,w) with w ≤ 4.
Of course, w = 0 is trivial. For w = 1, 2, or 4, we must have k = w
(no stars). If w = 3, then either k = 3 (no stars) or k = 4. In that
case there are two types of ABD, one given in Example 9.1.

Problem 9D. Construct an ABD(4, 3) that has the same first
four rows as Example 9.1 but differs in the others.

In 1987 La Poutré and Van Lint proved that an ABD(10, 5)
does not exist but the smaller possibility ABD(8, 5) turned out to
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be quite difficult to handle. In 1999 D. E. Knuth asked Brouwer
whether any progress had been made in this area since the early
results and this made Brouwer decide it was time the question was
settled. An example can be found in Brouwer (1999). It does not
seem to have any structure. Now the smallest open case is the
question whether an ABD(12, 6) exists.

We shall now describe some construction methods. Some of the
ideas will be used in other chapters.

Theorem 9.9. If an ABD(ki, wi) exists for i = 1, 2, then an
ABD(k1k2, w1w2) exists.

Proof: We can assume w2 > 0. Partition the rows of ABD(k2, w2)
into two classes R0 and R1 of equal size. In ABD(k1, w1) we replace
each star by a row of k2 stars, each 0 by a row from R0 and each 1
by a row from R1 in all possible ways. A trivial calculation shows
that the resulting matrix is an ABD(k1k2, w1w2). �
Corollary. An ABD(4t, 3t) exists.

For the proof of the next theorem, we introduce a new symbol,
namely −. A k-tuple consisting of the symbols 0, 1, >, and − rep-
resents all possible words with only 0, 1, > that can be obtained by
replacing each − by a 0 or a 1 in all possible ways.

Theorem 9.10. Let w > 0. Suppose an ABD(k,w) exists, where
k = k0 · 2l, k0 odd. Then an ABD(k,w + ik0) exists for 0 ≤ i ≤
(k − w)/k0.

Proof: It is sufficient to consider i = 1. Let C be the ABD(k,w).
Define a matrix A of the same size by requiring aij = 1 if Cij = >
and aij = 0 otherwise. By Theorem 7.3, A is the sum of two
matrices A1 and A2, where A1 has k0 ones in each row and 2w−l

ones in each column. In a row of C, replace stars by − if the star
occurs in a position where A1 has a one. This produces the required
ABD(k,w + k0). �
Theorem 9.11. If ABD(k,w) exists and α ≥ 1 is a number such
that αk and αw are integers, then an ABD(αk, αw) exists.

Proof: It is sufficient to show that ABD(k + l, w +m) exists for
(k + l)/(w + m) = k/w and (l,m) = 1. Let k = k0 · 2e, k0 odd.
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From (ii) of the definition we know that k0|w. Therefore wl = mk
and (l,m) = 1 imply that l is a power of 2. Consider the l × l
circulant matrix with a row of l − m stars and m minus signs as
first row. Since l divides b we can adjoin a column of b/l copies
of this circulant to the matrix C of the ABD(k,w). It is easy to
check that this larger matrix is an ABD(k + l, w +m). �
Example 9.2. From the corollary to Theorem 9.9 we have an
ABD(64, 27). Theorem 9.10 then shows that an ABD(64, w) exists
for 27 ≤ w ≤ 64. In particular, there is an ABD(64, 32). Then
Theorem 9.11 implies that an ABD(2w,w) exists for all w ≥ 32.
As mentioned before, nonexistence has been shown for w = 4 and
w = 5 and the case w = 6 is still open.

Notes.
The first problem considered in this chapter was introduced by

J. R. Pierce at Bell Laboratories as the loop switching problem.
Several people (including one of the present authors) tried in vain
to solve it. Shortly after R. L. Graham raised the reward for the
solution to $200, it was solved by P. Winkler. It is worth noting that
Winkler stated that the idea of numbering the vertices as was done
in the proof was a regular habit due to his background in computer
science. Going over the proof, one sees that this numbering indeed
played a crucial role.
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10
The principle of inclusion

and exclusion;
inversion formulae

As we have seen in several of the previous chapters, many problems
of combinatorial analysis involve the counting of certain objects.
We now treat one of the most useful methods for counting. It
is known as the principle of inclusion and exclusion. The idea is
as follows. If A and B are subsets of S and we wish to count
the elements of S\{A ∪ B}, then the answer is not |S| − |A| − |B|
because the elements of A∩B have been subtracted twice. However
|S|−|A|−|B|+|A∩B| is correct. The following theorem generalizes
this idea.

Theorem 10.1. Let S be an N -set; E1, . . . , Er not necessarily
distinct subsets of S. For any subset M of {1, . . . , r}, we define
N(M) to be the number of elements of S in

⋂
i∈M Ei and for 0 ≤

j ≤ r, we defineNj :=
∑

|M |=j N(M). Then the number of elements
of S not in any of the subsets Ei, 1 ≤ i ≤ r, is

(10.1) N −N1 +N2 −N3 + · · · + (−1)rNr.

Proof: (i) If x ∈ S and x is in none of the Ei, then x contributes
1 to the expression (10.1).

(ii) If x ∈ S and x is in exactly k of the sets Ei, then the contri-
bution to (10.1) equals

1 −
(
k

1

)
+

(
k

2

)
− · · · + (−1)k

(
k

k

)
= (1 − 1)k = 0.

�
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Remark. If we truncate the sum in (10.1) after a positive (respec-
tively, negative) term, then we have an upper (respectively, lower)
bound for the number of elements of S not in any of the Ei.

Because this method is of great importance, we shall give several
examples as illustration.

Example 10.1. Let dn denote the number of permutations π of
1, 2, . . . , n such that π(i) 
= i for all i (these are called derange-
ments). Let S := Sn, and let Ei be the subset of those permutations
π with π(i) = i. By (10.1) we find

(10.2) dn =
n∑

i=0

(−1)i
(
n

i

)
(n− i)! = n!

n∑

i=0

(−1)i

i!
.

From this formula, we see that for large values of n the probability
that a permutation is a derangement is nearly e−1. From (10.2) for
n and n− 1, we find a recursion formula for dn:

(10.3) dn = ndn−1 + (−1)n.

The formula (10.2) can also be obtained by inversion as follows.
Consider the power series D(x) :=

∑∞
n=0 dn

xn

n! (d0 = 1). Now if
F (x) := exD(x), then

F (x) =
∞∑

m=0

(
m∑

r=0

(
m

r

)
dm−r

)
xm

m!

and since
∑m

r=0

(
m
r

)
dm−r = m!, we find F (x) = (1−x)−1. It follows

that D(x) = e−x(1 − x)−1 and by multiplying the power series for
the two factors, we find (10.2) again.

Example 10.2. Let X be an n-set, Y = {y1, . . . , yk} a k-set. We
count the surjections of X to Y . Let S be the set of all mappings
from X to Y , Ei the subset of mappings for which yi is not in the
image of X. By (10.1) we find the number of surjections to be∑k

i=0(−1)i
(
k
i

)
(k − i)n. Now this number is trivially 0 if k > n and

clearly n! if k = n. So we have proved:

(10.4)

k∑

i=0

(−1)i
(
k

i

)
(k − i)n =

{
n! if k = n,

0 if k > n.



10. Inclusion-exclusion; inversion formulae 91

There are many formulae like (10.4) that are often quite hard to
prove directly. The occurrence of (−1)i is usually a sign that count-
ing the right kind of objects using the principle of inclusion and ex-
clusion can produce the formula, as in this example. Nevertheless
it is useful in this case to see another proof.

Let P (x) be a polynomial of degree n, with highest coefficient an.
We denote the sequence of values P (0), P (1), . . . by P. We now
consider the sequence of differences P (1) − P (0), P (2) − P (1), . . . .
This is Q1, where Q1(x) := P (x + 1) − P (x), a polynomial of
degree n − 1 with highest coefficient nan. By repeating this pro-
cedure a number of times, we find a sequence Qk whose terms are∑k

i=0(−1)i
(
k
i

)
P (x+ k − i), corresponding to the polynomial Qk(x)

of degree n − k with highest coefficient n(n − 1) . . . (n − k + 1)an.
If k = n, then all the terms of Qk are n!an and if k > n, then they
are all 0. Take P (x) = xn. We again find (10.4).

Example 10.3. The following identity is a well known relation
between binomial coefficients:

(10.5)

n∑

i=0

(−1)i
(
n

i

)(
m+ n− i

k − i

)
=

{ (m
k

)
if m ≥ k,

0 if m < k.

We see that if we wish to prove this using inclusion-exclusion, then
the sets Ei that we wish to exclude involve choosing from an n-
set, and after choosing i of them, we must choose k − i elements
from some set of size m + n − i. This shows us that the following
combinatorial problem will lead us to the result (10.5). Consider a
set Z = X ∪ Y , where X = {x1, . . . , xn} is an n-set of blue points
and Y is an m-set of red points. How many k-subsets consist of red
points only? The answer is trivially the right-hand side of (10.5).
If we take S to be all the k-subsets of Z and Ei those k-subsets
that contain xi, then (10.1) gives us the left-hand side of (10.5).

Again we can ask whether this result can be proved directly. The
answer is yes. To do this, we use the following expansion:

(10.6)

∞∑

j=0

(
a+ j

j

)
xj = (1 − x)−a−1.
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Note that (−1)i
(
n
i

)
is the coefficient of xi in the expansion of (1 −

x)n. From (10.6) we find that
(
m+n−i
k−i

)
is the coefficient of xk−i in

the expansion of (1 − x)k−m−n−1. So the left-hand side of (10.5) is
the coefficient of xk in the expansion of (1−x)k−m−1. If m ≤ k− 1,
this is obviously 0 and if m ≥ k, it is

(
m
k

)
, again by (10.6).

Example 10.4. (The Euler function) Let n = pa11 pa22 . . . parr be a
positive integer. We denote by φ(n) the number of integers k with
1 ≤ k ≤ n such that the g.c.d. (n, k) = 1. We apply Theorem 10.1
with S := {1, 2, . . . , n} and Ei the set of integers divisible by pi,
1 ≤ i ≤ r. Then (10.1) yields

(10.7) φ(n) = n−
r∑

i=1

n

pi
+

∑

1≤i<j≤r

n

pipj
− · · · = n

r∏

i=1

(1 − 1

pi
).

The next theorem is used quite often.

Theorem 10.2.
∑

d|n φ(d) = n.

Proof: Consider {1, 2, . . . , n} = N . For each m ∈ N , we have
(m,n)|n. The number of integers m with (m,n) = d, i.e. m = m1d,
n = n1d and (m1, n1) = 1 clearly equals φ(n1) = φ(n/d). So
n =

∑
d|n φ(n/d) which is equivalent to the assertion. �

At this point, it is useful to introduce the so-called Möbius func-
tion:

(10.8) µ(d) :=




1 if d = product of an even number of distinct primes,

−1 if d = product of an odd number of distinct primes,

0 otherwise, i.e. d not squarefree.

Theorem 10.3.

∑

d|n
µ(d) =

{
1 if n = 1,

0 otherwise.

Proof: If n = 1, there is nothing to prove. If n = pa11 . . . parr , then
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by (10.8) we have

∑

d|n
µ(d) =

r∑

i=0

(
r

i

)
(−1)i = (1 − 1)r = 0.

�
Note how similar the proofs of Theorems 10.1 and 10.3 are.
Using the Möbius function, we can reformulate (10.7) as follows:

(10.9)
φ(n)

n
=
∑

d|n

µ(d)

d
.

Problem 10A. How many positive integers less than 1000 have
no factor between 1 and 10?

Problem 10B. How many monic polynomials of degree n are
there in Fp[x] that do not take on the value 0 for x ∈ Fp?

Problem 10C. Determine
∑

n≤x µ(n)�xn�.
Problem 10D. One of the most famous functions in complex
analysis is the so-called Riemann ζ-function ζ(s) :=

∑∞
n=1 n

−s, de-
fined in the complex plane for Re(s)> 1. Prove that 1/ζ(s) =∑∞

n=1 µ(n)n−s.

Problem 10E. Let fn(z) be the function that has as its zeros all
numbers η for which ηn = 1 but ηk 
= 1 for 1 ≤ k < n. Prove that

fn(z) =
∏

k|n
(zk − 1)µ(n/k).

Theorem 10.3 makes it possible to derive a very useful inversion
formula known as the Möbius inversion formula.

Theorem 10.4. Let f(n) and g(n) be functions defined for every
positive integer n satisfying

(10.10) f(n) =
∑

d|n
g(d).
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Then g satisfies

(10.11) g(n) =
∑

d|n
µ(d)f(

n

d
).

Proof: By (10.10) we have

∑

d|n
µ(d)f(

n

d
) =

∑

d|n
µ(
n

d
)f(d)

=
∑

d|n
µ(
n

d
)
∑

d′|d
g(d′) =

∑

d′|n
g(d′)

∑

m|(n/d′)
µ(m).

By Theorem 10.3 the inner sum on the right-hand side is 0 unless
d′ = n. �

Remark. The equation (10.11) also implies (10.10).

Example 10.5. We shall count the number Nn of circular se-
quences of 0’s and 1’s, where two sequences obtained by a rotation
are considered the same. Let M(d) be the number of circular se-
quences of length d that are not periodic. Then Nn =

∑
d|n M(d).

We observe that
∑

d|n dM(d) = 2n since this counts all possible cir-
cular sequences. By Theorem 10.4 we find from this equation that
nM(n) =

∑
d|n µ(d)2n/d and therefore

(10.12) Nn =
∑

d|n
M(d) =

∑

d|n

1

d

∑

l|d
µ(
d

l
)2l

=
∑

l|n

2l

l

∑

k|nl

µ(k)

k
=

1

n

∑

l|n
φ(
n

l
)2l.

The final expression has the advantage that all the terms are posi-
tive. This raises the question whether we could have obtained that
expression by some other counting technique. We shall see that
the following theorem, known as Burnside’s lemma (although the
theorem is actually due to Cauchy and Frobenius; see the notes),
provides the answer.
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Theorem 10.5. Let G be a permutation group acting on a set X.
For g ∈ G let ψ(g) denote the number of points of X fixed by g.
Then the number of orbits of G is equal to 1

|G|
∑

g∈G ψ(g).

Proof: Count pairs (g, x), where g ∈ G, x ∈ X, xg = x. Starting
with g, we find

∑
g∈G ψ(g). For each x ∈ X there are |G|/|Ox|

such pairs, where Ox is the orbit of x. So the total number equals
|G|∑x∈X 1/|Ox|. The orbits of G partition X, and if we sum the
terms 1/|Ox| over all x in a particular orbit, we obtain 1. Thus∑

x∈X 1/|Ox| is the number of orbits. �

Example 10.5 (continued). Let G be the cyclic group of order
n, i.e. the group of rotations of a circular sequence of 0’s and 1’s.
If d|n there are φ(n/d) integers g such that (n, g) = d and for each
such g there are 2d circular sequences that are fixed by the rotation
over g positions. So Theorem 10.5 immediately yields the result
(10.12).

Example 10.6. The following problem, introduced by Lucas in
1891, is known as the ‘problème des ménages’. We wish to seat n
couples at a circular table so that men and women are in alternate
places and no husband will sit on either side of his wife. In how
many ways can this be done? We assume that the women have
been seated at alternate places. Call the ladies 1 to n and the
corresponding men also 1 to n. The problem amounts to placing
the integers 1 to n on a circle with positions numbered 1 to n such
that for all i the integer i is not in position i or position i + 1
(mod n). Let Ei be the set of seatings in which husband i is sitting
next to his wife. We now wish to use inclusion-exclusion and we
must therefore calculate in how many ways it is possible to seat r
husbands incorrectly. Call this number Ar. We do this as follows.
Consider a circular sequence of 2n positions. Put a 1 in position
2i − 1 if husband i is sitting to the right of his wife; put a 1 in
position 2i if he is sitting to the left of his wife. Put zeros in
the remaining positions. The configurations that we wish to count
therefore are circular sequences of 2n zeros and ones, with exactly r
ones, no two adjacent. Let A′

r be the number of sequences starting
with a 1 (followed by a 0). By considering 10 as one symbol, we
see that we must choose r− 1 out of 2n− r− 1 positions. To count
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the number A′′
r of sequences starting with a 0, we place the 0 at the

end, and then it amounts to choosing r out of 2n− r places. Hence

Ar = A′
r +A′′

r =

(
2n− r − 1

r − 1

)
+

(
2n− r

r

)
=

2n

2n− r

(
2n− r

r

)
.

By (10.1) we find that the number of ways to seat the men is

(10.13)
n∑

r=0

(−1)r(n− r)!

(
2n− r

r

)
2n

2n− r
.

Problem 10F. We color the integers 1 to 2n red or blue in such
a way that if i is red then i− 1 is not blue. Prove that

n∑

k=0

(−1)k
(

2n− k

k

)
22n−2k = 2n + 1.

Can you prove this identity directly?

Problem 10G. Count the number of permutations x1, x2, . . . , x2n

of the integers 1 to 2n such that xi + xi+1 
= 2n + 1 for i =
1, 2, . . . , 2n− 1.

Problem 10H. Prove that for 0 ≤ k ≤ n

k∑

i=0

(
k

i

)
Dn−i =

n−k∑

j=0

(−1)j
(
n− k

j

)
(n− j)!.

Notes.
The principle of inclusion and exclusion occurred as early as 1854

in a paper by Da Silva and later in a paper by Sylvester in 1883.
For this reason (10.1) and similar formulae are sometimes called the
formula of Da Silva, respectively Sylvester. A better name that is
also often used is ‘sieve formula’. The formula is indeed an example
of a principle that is used extensively in number theory, referred to
as ‘sieve methods’. An example that is probably familiar to most
readers is the sieve of Eratosthenes: to find the primes ≤ n2, take
the integers ≤ n2 and sieve out all the multiples of primes ≤ n.
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The derangements treated in Example 10.1 occur again in Exam-
ple 14.1 and Example 14.10. The first occurrence of this question
is in one of the early books on games of chance: Essai d’analyse
sur les jeux de hazard by P. R. de Montmort (1678–1719). It is
still often referred to by the name that he gave it: ‘problème des
rencontres’. Formula (10.2) is sometimes stated as follows. If n
persons check their umbrellas (a typical Dutch example; it’s always
raining in Holland) and subsequently pick one at random in the
dark after a power failure, then the probability that nobody gets
his own umbrella is roughly e−1 (if n is large).

The second proof in Example 10.2 is an example of the use of
‘calculus of finite differences’, used extensively in numerical analy-
sis.

A. F. Möbius (1790–1868) was an astronomer (and before that an
assistant to Gauss) who made important contributions to geometry
and topology (e.g. the Möbius band).

G. F. B. Riemann (1826–1866) was professor in Göttingen, where
he also obtained his doctorate under Gauss. He is famous for many
of his ideas, which include the Riemann integral, Riemann surfaces
and manifolds, and of course the so-called Riemann hypothesis on
the location of the zeros of the ζ-function. One wonders what he
would have left us if he had not died so young.

In most books in which it occurs, Theorem 10.5 is called Burn-
side’s lemma. This is just one of many examples of theorems, etc.
attributed to the wrong person. For a history of this misnomer, we
refer to Neumann (1979).

F. E. A. Lucas (1842–1891) was a French number theorist. He
is known for his books on number theory and mathematical recre-
ations. The former book contained the problem of Example 10.6.
The Fibonacci numbers were given this name by Lucas. See the
notes to Chapter 14.

References.
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1 Cross Ratio. Harmonic Conjugates. Perspectivity. Projectivity

Definition 1. Let A, B, C, and D be colinear points. Thecross ratioof the pairs of points(A,B) and
(C,D) is

R(A,B;C,D) =

−→
AC
−→
CB

:
−→
AD
−→
DB

. (1)

Let a, b, c, d be four concurrent lines. For the
given linesp1 and p2 let us denoteAi = a∩ pi,
Bi = b∩ pi, Ci = c∩ pi, Di = d∩ pi , for i = 1, 2.
Then

R(A1,B1;C1,D1) = R(A2,B2;C2,D2). (2)
A1 B1C1 D1

A2
B2

C2

D2

O

Thus it is meaningful to define the cross ratio
of the pairs of concurrent points as

R(a,b;c,d) = R(A1,B1;C1,D1). (3)

Assume that pointsO1, O2, A, B,C, D belong
to a circle. Then

R(O1A,O1B;O1C,O1D)

= R(O2A,O2B;O2C,O2D). (4)
A

B
C

D

O1

O2

Hence it is meaningful to define the cross-ratio for cocyclicpoints as

R(A,B;C,D) = R(O1A,O1B;O1C,O1D). (5)



2 Olympiad Training Materials, www.imomath.com

Assume that the pointsA, B, C, D are colin-
ear or cocyclic. Let an inversion with centerO
mapsA, B, C, D into A∗, B∗, C∗, D∗. Then

R(A,B;C,D) = R(A∗,B∗;C∗,D∗). (6)
O A

B

C

D

A∗

B∗
C∗

D∗

Definition 2. Assume that A, B, C, and D are cocyclic or colinear points. Pairs of points(A,B) and
(C,D) are harmonic conjugatesif R(A,B;C,D) = −1. We also writeH (A,B;C,D) when we want
to say that(A,B) and(C,D) are harmonic conjugates to each other.

Definition 3. Let each of l1 and l2 be either line or circle.Perspectivitywith respect to the point S
=∧
S , is the mapping of l1 → l2, such that

(i) If either l1 or l2 is a circle than it contains S;

(ii) every point A1 ∈ l1 is mapped to the point A2 = OA1 ∩ l2.

According to the previous statements perspectivity preserves the cross ratio and hence the har-
monic conjugates.

Definition 4. Let each of l1 and l2 be either line or circle.Projectivity is any mapping from l1 to l2
that can be represented as a finite composition of perspectivities.

Theorem 1. Assume that the points A, B, C, D1, and D2 are either colinear or cocyclic. If the
equationR(A,B;C,D1) = R(A,B;C,D2) is satisfied, then D1 = D2. In other words, a projectivity
with three fixed points is the identity.

Theorem 2. If the points A, B, C, D are mutually discjoint andR(A,B;C,D) = R(B,A;C,D) then
H (A,B;C,D).

2 Desargue’s Theorem

The trianglesA1B1C1 andA2B2C2 areperspective with respect to a centerif the linesA1A2, B1B2,
andC1C2 are concurrent. They areperspective with respect to an axisif the pointsK = B1C1∩B2C2,
L = A1C1 ∩A2C2, M = A1B1 ∩A2B2 are colinear.

Theorem 3 (Desargue).Two triangles are perspective with respect to a center if andonly if they
are perspective with respect to a point.

3 Theorems of Pappus and Pascal

Theorem 4 (Pappus).The points A1, A2, A3 belong to the line a, and the points B1, B2, B3 belong
to the line b. Assume that A1B2∩A2B1 =C3, A1B3∩A3B1 = C2, A2B3∩A3B2 = C1. Then C1, C2, C3

are colinear.

Proof. DenoteC′
2 = C1C3 ∩A3B1, D = A1B2 ∩A3B1, E = A2B1 ∩A3B2, F = a∩b. Our goal is to

prove that the pointsC2 andC′
2 are identical. Consider the sequence of projectivities:

A3B1DC2 =∧
A1 FB1B2B3 =∧

A2 A3EB2C1 =∧
C3 A3B1DC′

2.

We have got the projective transformation of the lineA3B1 that fixes the pointsA3, B1, D, and maps
C2 to C′

2. Since the projective mapping with three fixed points is the identity we haveC2 = C′
2. �



Milivoje Lukić: Projective Geometry 3

A1 A2 A3

B1

B2

B3

C1

C3
D

C2

F

A1

A2 A3

B1 B2 B3

C1

C3
D

C2

Theorem 5 (Pascal).Assume that the points A1, A2, A3, B1, B2, B3 belong to a circle. The point in
intersections of A1B2 with A2B1, A1B3 with A3B1, A2B3 with A3B2 lie on a line.

Proof. The pointsC′
2, D, andE as in the proof of the Pappus theorem. Consider the sequence of

perspectivities
A3B1DC2 =∧

A1 A3B1B2B3 =∧
A2 A3EB2C1 =∧

C3 A3B1DC′
2.

In the same way as above we conclude thatC2 = C′
2. �

4 Pole. Polar. Theorems of Brianchon and Brokard

Definition 5. Given a circle k(O, r), let A∗ be the image of the point A6= O under the inversion with
respect to k. The line a passing through A∗ and perpendicular to OA is called thepolarof A with
respect to k. Conversely A is called thepoleof a with respect to k.

Theorem 6. Given a circle k(O, r), let and a and b be the polars of A and B with respect to k. The
A ∈ b if and only if B∈ a.

Proof. A ∈ b if and only if ∠AB∗O = 90◦. AnalogouslyB ∈ a if and only if ∠BA∗O = 90◦, and it
reamins to notice that according to the basic properties of inversion we have∠AB∗O = ∠BA∗O. �

Definition 6. Points A and B are calledconjugatedwith respect to the circle k if one of them lies on
a polar of the other.

Theorem 7. If the line determined by two conjugated points A and B intersects k(O, r) at C and D,
thenH (A,B;C,D). Conversely ifH (A,B;C,D), where C,D ∈ k then A and B are conjugated with
respect to k.

Proof. Let C1 andD1 be the intersection points ofOA with k. Since the inversion preserves the
cross-ratio andR(C1,D1;A,A∗) = R(C1,D1;A∗,A) we have

H (C1,D1;A,A∗). (7)

Let p be the line that containsA and intersectsk atC andD. Let E = CC1 ∩DD1, F = CD1 ∩DC1.
SinceC1D1 is the diameter ofk we haveC1F⊥D1E andD1F⊥C1E, henceF is the orthocenter of
the triangleC1D1E. Let B = EF ∩CD andĀ∗ = EF ∩C1D1. Since

C1D1AĀ∗ =∧
E CDAB =∧

F D1C1AĀ∗

haveH (C1,D1;A, Ā∗) andH (C,D;A,B). (7) now implies two facts:

1◦ From H (C1,D1;A, Ā∗) andH (C1,D1;A,A∗) we getA∗ = Ā∗, henceA∗ ∈ EF. However,
sinceEF⊥C1D1, the lineEF = a is the polar ofA.

2◦ For the pointB which belongs to the polar ofA we haveH (C,D;A,B). This completes the
proof.�

Theorem 8 (Brianchon’s theorem). Assume that the hexagon A1A2A3A4A5A6 is circumscribed
about the circle k. The lines A1A4, A2A5, and A3A6 intersect at a point.
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Proof. We will use the convention in which the points will be denotedby capital latin letters, and
their repsective polars with the corresponding lowercase letters.

Denote byMi , i = 1,2, . . . ,6, the points of tangency ofAiAi+1 with k. Sincemi = AiAi+1, we
haveMi ∈ ai , Mi ∈ ai+1, henceai = Mi−1Mi .

Let b j = A jA j+3, j = 1,2,3. ThenB j = a j ∩ a j+3 = M j−1M j ∩ M j+3M j+4. We have to prove
that there exists a pointP such thatP ∈ b1,b2,b3, or analogously, that there is a linep such that
B1,B2,B3 ∈ p. In other words we have to prove that the pointsB1, B2, B3 are colinear. However this
immediately follows from the Pascal’s theorem applied toM1M3M5M4M6M2. 2

From the previous proof we see that the Brianchon’s theorem is obtained from the Pascal’s by
replacing all the points with their polars and all lines by theirs poles.

Theorem 9 (Brokard). The quadrilateral ABCD is inscribed in the circle k with center O. Let
E = AB∩CD, F = AD∩BC, G= AC∩BD. Then O is the orthocenter of the triangle EFG.

Proof. We will prove thatEG is a polar ofF . Let
X = EG∩BC andY = EG∩AD. Then we also
have

ADYF =∧
E BCXF =∧

G DAYF,

which implies the relationsH (A,D;Y,F) and
H (B,C;X,F). According to the properties of
polar we have that the pointsX andY lie on a
polar of the pointF, henceEG is a polar of the
pointF.

A

B C

D

E

F

G

O

Y

X

SinceEG is a polar ofF , we haveEG⊥OF. Analogously we haveFG⊥OE, thusO is the
orthocenter of△EFG. �

5 Problems

1. Given a quadrilateralABCD, let P = AB∩CD, Q = AD∩ BC, R= AC∩ PQ, S= BD∩ PQ.
Prove thatH (P,Q;R,S).

2. Given a triangleABCand a pointM onBC, letN be the point of the lineBCsuch that∠MAN=
90◦. Prove thatH (B,C;M,N) if and only if AM is the bisector of the angle∠BAC.

3. LetA andB be two points and letC be the point of the lineAB. Using just a ruler find a point
D on the lineABsuch thatH (A,B;C,D).

4. Let A, B, C be the diagonal points of the quadrilateralPQRS, or equivalentlyA = PQ∩ RS,
B= QR∩SP, C = PR∩QS. If only the pointsA, B, C, S, are given using just a ruler construct
the pointsP, Q, R.

5. Assume that the incircle of△ABCtouches the sidesBC, AC, andABatD, E, andF. Let M be
the point such that the circlek1 incscibed in△BCM touchesBC at D, and the sidesBM and
CM at P andQ. Prove that the linesEF, PQ, BC are concurrent.

6. Given a triangleABC, let D andE be the points onBC such thatBD = DE = EC. The linep
intersectsAB, AD, AE, AC at K, L, M, N, respectively. Prove thatKN ≥ 3LM.

7. The pointM1 belongs to the sideAB of the quadrilateralABCD. Let M2 be the projection of
M1 to the lineBC from D, M3 projection ofM2 toCD from A, M4 projection ofM3 to DA from
B, M5 projection ofM4 to AB fromC, etc. Prove thatM13 = M1.
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8. (butterfly theorem) PointsM andN belong to the circlek. Let P be the midpoint of the chord
MN, and letABandCD (A andC are on the same side ofMN) be arbitrary chords ofk passing
throughP. Prove that linesAD andBC intersectMN at points that are equidistant fromP.

9. Given a triangleABC, let D andE be the points of the sidesAB andAC respectively such that
DE‖BC. Let P be an interior point of the triangleADE. Assume that the linesBP andCP
intersectDE at F andG respectively. The circumcircles of△PDG and△PFE intersect atP
andQ. Prove that the pointsA, P, andQ are colinear.

10. (IMO 1997 shortlist) LetA1A2A3 be a non-isosceles triangle with the incenterI . LetCi , i = 1,
2, 3, be the smaller circle throughI tangent to bothAiAi+1 andAiAi+2 (summation of indeces
is done modulus 3). LetBi , i = 1, 2, 3, be the other intersection point ofCi+1 andCi+2. Prove
that the circumcenters of the trianglesA1B1I , A2B2I , A3B3I are colinear.

11. Given a triangleABC and a pointT, let P andQ be the feet of perpendiculars fromT to the
linesABandAC, respectively. LetRandSbe the feet of perpendiculars fromA to TCandTB,
respectively. Prove that the intersection ofPRandQSbelongs toBC.

12. Given a triangleABC and a pointM, a line passing throughM intersectsAB, BC, andCA at
C1, A1, andB1, respectively. The linesAM, BM, andCM intersect the circumcircle of△ABC
repsectively atA2, B2, andC2. Prove that the linesA1A2, B1B2, andC1C2 intersect in a point
that belongs to the circumcircle of△ABC.

13. LetP andQ isogonaly conjugated points and assume that△P1P2P3 and△Q1Q2Q3 are their
pedal triangles, respectively. LetX1 = P2Q3 ∩ P3Q2, X2 = P1Q3 ∩ P3Q1, X3 = P1Q2 ∩ P2Q1.
Prove that the pointsX1, X2, X3 belong to the linePQ.

14. If the pointsA andM are conjugated with respect tok, then the circle with diameterAM is
orthogonal tok.

15. From a pointA in the exterior of a circlek two tangentsAM andAN are drawn. Assume that
K andL are two points ofk such thatA,K,L are colinear. Prove thatMN bisects the segment
PQ.

16. The point isogonaly conjugated to the centroid is calledtheLemuanpoint. The lines connected
the vertices with the Lemuan point are calledsymmedians. Assume that the tangents fromB
andC to the circumcircleΓ of △ABC intersect at the pointP. Prove thatAP is a symmedian
of △ABC.

17. Given a triangleABC, assume that the incircle touches the sidesBC, CA, AB at the pointsM,
N, P, respectively. Prove thatAM, BN, andCP intersect in a point.

18. LetABCDbe a quadrilateral circumscribed about a circle. LetM, N, P, andQ be the points of
tangency of the incircle with the sidesAB, BC, CD, andDA respectively. Prove that the lines
AC, BD, MP, andNQ intersect in a point.

19. LetABCDbe a cyclic quadrilateral whose diagonalsAC andBD intersect atO; extensions of
the sidesABandCD atE; the tangents to the circumcircle fromA andD atK; and the tangents
to the circumcircle atB andC atL. Prove that the pointsE, K, O, andL lie on a line.

20. LetABCD be a cyclic quadrilateral. The linesAB andCD intersect at the pointE, and the
diagonalsAC andBD at the pointF. The circumcircle of the triangles△AFD and△BFC
intersect again atH. Prove that∠EHF = 90◦.
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6 Solutions

1. LetT = AC∩BD. Consider the sequence of the perspectivities

PQRS=∧
A BDTS=∧

C QPRS.

Since the perspectivity preserves the cross-ratioR(P,Q;R,S) = R(Q,P;R,S) we obtain that
H (P,Q;R,S).

2. Let α = ∠BAC, β = ∠CBA, γ = ∠ACBandϕ = ∠BAM. Using the sine theorem on△ABM
and△ACM we get

BM
MC

=
BM
AM

AM
CM

=
sinϕ
sinβ

sinγ
sin(α − ϕ)

.

Similarly using the sine theorem on△ABNand△ACNwe get

BN
NC

=
BN
AN

AN
CN

=
sin(90◦ − ϕ)

sin(180◦ − β )

sinγ
sin(90◦ + α − ϕ)

.

Combining the previous two equations we get

BM
MC

:
BN
NC

=
tanϕ

tan(α − ϕ)
.

Hence,|R(B,C;M,N)| = 1 is equivalent to tanϕ = tan(α −ϕ), i.e. toϕ = α/2. SinceB 6= C
andM 6= N, the relation|R(B,C;M,N)| = 1 is equivalent toR(B,C;M,N) = −1, and the
statement is now shown.

3. The motivation is the problem 1. Choose a pointK outsideAB and pointL on AK different
from A andK. Let M = BL∩CK andN = BK ∩ AM. Now let us construct a pointD as
D = AB∩LN. From the problem 1 we indeed haveH (A,B;C,D).

4. Let us denoteD = AS∩ BC. According to the problem 1 we haveH (R,S;A,D). Now we
construct the pointD = AS∩ BC. We have the pointsA, D, andS, hence according to the
previous problem we can construct a pointR such thatH (A,D;S,R). Now we construct
P = BS∩CRandQ = CS∩BR, which solves the problem.

5. It is well known (and is easy to prove using Ceva’s theorem)that the linesAD, BE, andCF
intersect at a pointG (called a Gergonne point of△ABC) Let X = BC∩EF. As in the problem
1 we haveH (B,C;D,X). If we denoteX′ = BC∩PQ we analogously haveH (B,C;D,X′),
henceX = X′.

6. Let us denotex = KL, y = LM, z= MN. We have to prove thatx+y+z≥ 3y, or equivalently
x+z≥ 2y. SinceR(K,N;L,M) = R(B,C;D,E), we have

x
y+z

:
x+y

z
=

−→
KL
−→
LN

:
−−→
KM
−−→
MN

=

−→
BD
−→
DC

:
−→
BE
−→
EC

=
1
2

:
1
2
,

implying 4xz= (x+y)(y+z).

If it were y > (x+z)/2 we would have

x+y>
3
2

x+
1
2

z= 2
1
4
(x+x+x+z) ≥ 2 4

√
xxxz,

and analogouslyy+z> 2 4
√

xzzzas well as(x+y)(y+z) > 4xzwhich is a contradiction. Hence
the assumptiony > (x+z)/2 was false so we havey ≤ (x+z)/2.

Let us analyze the case of equality. Ify = (x+z)/2, then 4xz= (x+y)(x+z) = (3x+z)(x+
3z)/4, which is equivalent to(x−z)2 = 0. Hence the equality holds ifx = y = z. We leave to
the reader to prove thatx = y = z is satisfied if and only ifp ‖ BC.
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7. LetE = AB∩CD, F = AD∩BC. Consider the sequence of perspectivities

ABEM1 =∧
D FBCM2 =∧

A DECM3 =∧
B DAFM4 =∧

C EABM5. (8)

According to the conditions given in the problem this sequence of perspectivites has two
be applied three more times to arrive to the pointM13. Notice that the given sequence of
perspectivities mapsA to E, E to B, andB to A. Clearly if we apply (8) three times the points
A, B, andE will be fixed whileM1 will be mapped toM13. ThusM1 = M13.

8. LetX′ be the point symmetric toY with respect toP. Notice that

R(M,N;X,P) = R(M,N;P,Y) (from MNXP =∧
D MNAC =∧

B MNPY)

= R(N,M;P,X′) ( the reflection with the centerP preserves

the ratio, hence it preserves the cross-ratio)

=
1

R(N,M;X′,P)
= R(M,N;X′,P),

where the last equality follows from the basic properties ofthe cross ratio. It follows that
X = X′.

9. LetJ = DQ∩BP, K = EQ∩CP. If we prove thatJK ‖ DE this would imply that the triangles
BDJ andCEK are perspective with the respect to a center, hence with repsect to an axis as
well (according to Desargue’s theorem) which immediately implies thatA, P, Q are colinear
(we encourage the reader to verify this fact).

Now we will prove thatJK‖DE. Let us denoteT = DE∩PQ. Applying the Menelaus theorem
on the triangleDTQand the linePF we get

−→
DJ
−→
JQ

−→
QP
−→
PT

−→
TF
−→
FD

= −1.

Similarly from the triangleETQand the linePG:

−→
EK
−→
KQ

−→
QP
−→
PT

−→
TG
−→
GE

= −1.

Dividing the last two equalities and usingDT ·TG= FT ·TE (T is on the radical axis of the
circumcircles of△DPGand△FPE), we get

−→
DJ
−→
JQ

=

−→
EK
−→
KQ

.

ThusJK ‖ DE, q.e.d.

10. Apply the inversion with the respect toI . We leave to the reader to draw the inverse picture.
Notice that the condition thatI is the incentar now reads that the circumcirclesA∗

i A∗
i+1I are of

the same radii. Indeed ifR is the radius of the circle of inversion andr the distance between
I andXY then the radius of the circumcircle of△IX∗Y∗ is equal toR2/r. Now we use the
following statement that is very easy to prove: ”Letk1, k2, k3 be three circles such that all
pass through the same pointI , but no two of them are mutually tangent. Then the centers of
these circles are colinear if and only if there exists another common pointJ 6= I of these three
circles.”

In the inverse picture this transforms into proving that thelinesA∗
1B∗

1, A∗
2B∗

2, andA∗
3B∗

3 intersect
at a point.
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In order to prove this it is enough to show that the corresponding sides of the trianglesA∗
1A∗

2A∗
3

andB∗
1B∗

2B∗
3 are parallel (then these triangles would be perspective with respect to the infinitely

far line). Afterwards the Desargue’s theorem would imply that the triangles are perspective
with respect to a center. LetP∗

i be the incenter ofA∗
i+1A∗

i+2I , and letQ∗
i be the foot of the

perpendicular fromI to P∗
i+1P∗

i+2. It is easy to prove that

−−→
A∗

1A∗
2 = 2

−−−→
Q∗

1Q∗
2 = −−−→

P∗
1P∗

2 .

Also since the circlesA∗
i A∗

i+1I are of the same radii, we haveP∗
1 P∗

2 ‖ B∗
1B∗

2, henceA∗
1A∗

2 ‖ B∗
1B∗

2.

11. We will prove that the intersectionX of PRandQSlies on the lineBC. Notice that the points
P, Q, R, Sbelong to the circle with centerAT. Consider the six pointsA, S, R, T, P, Q that lie
on a circle. Using Pascal’s theorem with respect to the diagram

A S R

T P Q

XB
C

we get that the pointsB, C, andX = PR∩QSare colinear.

12. First solution, using projective mappings.Let A3 = AM∩BC andB3 = BM∩AC. Let X be
the other intersection point of the lineA1A2 with the circumcirclek of △ABC. Let X′ be the
other intersection point of the lineB1B2 with k. Consider the sequence of perspectivities

ABCX =∧
A2 A3BCA1 =∧

M AB3CB1 =∧
B2 ABCX′

which has three fixed pointsA, B, C, henceX = X′. Analogously the lineC1C2 containsX and
the problem is completely solved.

Second solution, using Pascal’s theorem.Assume that the lineA1A2 intersect the circumcircle
of the trianlgeABCatA2 andX. Let XB2∩AC= B′

1. Let us apply the Pascal’s theorem on the
pointsA, B, C, A2, B2, X according the diagram:

A B X

B2 A2 C

A1M
B′

1

It follows that the pointsA1, B′
1, andM are colinear. HenceB′

1 ∈ A1M. According to the
definition of the pointB′

1 we haveB′
1 ∈ AChenceB′

1 = A1M ∩AC= B1. The conclusion is that
the pointsX, B1, B2 are colinear. Analogously we prove that the pointsX, C1, C2 are colinear,
hence the linesA1A2, B1B2, C1C2 intersect atX that belongs to the circumcircle of the triangle
ABC.

13. It is well known (from the theory of pedal triangles) thatpedal triangles corresponding to
the isogonally conjugated points have the common circumcircle, so calledpedal circleof the
pointsP andQ. The center of that circle which is at the same time the midpoint of PQ will
be denoted byR. Let P′

1 = PP1 ∩Q1R andP′
2 = PP2 ∩Q2R (the pointsP′

1 andP′
2 belong to the

pedal circle of the pointP, as point on the same diameters asQ1 andQ2 respectively). Using
the Pascal’s theorem on the pointsQ1, P2, P′

2, Q2, P1, P′
1 in the order shown by the diagram
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P1 P′
2 Q1

P2 P′
1 Q2

RP
X3

we get that the pointsP, R, X1 are colinear orX1 ∈ PQ. Analogously the pointsX2, X3 belong
to the linePQ.

14. Let us recall the statement according to which the circlel is invariant under the inversion with
respect to the circlek if and only if l = k or l ⊥ k.

Since the pointM belongs to the polar of the pointA with respect tok we have∠MA∗A= 90◦

whereA∗ = ψl (A). ThereforeA∗ ∈ l wherel is the circle with the radiusAM. Analogously
M∗ ∈ l . However fromA ∈ l we getA∗ ∈ l∗; A∗ ∈ l yieldsA ∈ l∗ (the inversion is inverse to
itself) henceψl (A∗) = A). Similarly we getM ∈ l∗ andM∗ ∈ l∗. Notice that the circlesl and
l∗ have the four common pointsA, A∗, M, M∗, which is exactly two too much. Hencel = l∗

and according to the statement mentioned at the beginning weconcludel = k or l ⊥ k. The
casel = k can be easily eliminated, because the circlel has the diameterAM, andAM can’t be
the diameter ofk becauseA andM are conjugated to each other.

Thusl ⊥ k, q.e.d.

15. LetJ = KL∩MN, R= l ∩MN, X∞ = l ∩AM. SinceMN is the polar ofA from J ∈ MN we get
H (K,L;J,A). FromKLJA =∧

M PQRX∞ we also haveH (P,Q;R,X∞). This implies thatR is the
midpoint ofPQ.

16. LetQ be the intersection point of the linesAPandBC. Let Q′ be the point ofBCsuch that the
rayAQ′ is isogonal to the rayAQ in the triangleABC. This exactly means that∠Q′AC=∠BAQ
i ∠BAQ′ = ∠QAC.

For an arbitrary pointX of the segmentBC, the sine theorem applied to trianglesBAX and
XACyields

BX
XC

=
BX
AX

AX
XC

=
sin∠BAX
sin∠ABX

sin∠ACX
sin∠XAC

=
sin∠ACX
sin∠ABX

sin∠BAX
sin∠XAC

=
AB
AC

sin∠BAX
sin∠XAC

.

Applying this toX = Q andX = Q′ and multiplying together afterwards we get

BQ
QC

BQ′

Q′C
=

AB
AC

sin∠BAQ
sin∠QAC

AB
AC

sin∠BAQ′

sin∠Q′AC
=

AB2

AC2 . (9)

Hence if we proveBQ/QC = AB2/AC2 we would immediately haveBQ′/Q′C = 1, making
Q′ the midpoint ofBC. Then the lineAQ is isogonaly conjugated to the median, implying the
required statement.

SinceP belongs to the polars ofB andC, then the pointsB andC belong to the polar of the
point P, and we conclude that the polar ofP is preciselyBC. Consider the intersectionD of
the lineBC with the tangent to the circumcircle atA. Since the pointD belongs to the polars
of A andP, AP has to be the polar ofD. HenceH (B,C;D,Q). Let us now calculate the ratio
BD/DC. Since the trianglesABDandCADare similar we haveBD/AD= AD/CD= AB/AC.
This impliesBD/CD= (BD/AD)(AD/CD) = AB2/AC2. The relationH (B,C;D,Q) implies
BQ/QC= BD/DC = AB2/AC2, which proves the statement.

17. The statement follows from the Brianchon’s theorem applied toAPBMCN.

18. Applying the Brianchon’s theorem to the hexagonAMBCPDwe get that the lineMP contains
the intersection ofAB andCD. Analogously, applying the Brianchon’s theorem toABNCDQ
we get thatNQ contains the same point.



10 Olympiad Training Materials, www.imomath.com

19. The Brokard’s theorem claims that the polar ofF = AD∩BC is the line f = EO. Since the
polar of the point on the circle is equal to the tangent at thatpoint we know thatK = a∩d,
wherea andd are polars of the pointsA andD. Thusk = AD. SinceF ∈ AD = k, we have
K ∈ f as well. Analogously we can prove thatL ∈ f , hence the pointsE, O, K, L all belong to
f .

20. LetG = AD∩BC. Let k be the circumcircle ofABCD. Denote byk1 andk2 respectively the
circumcircles of△ADF and△BCF. Notice thatAD is the radical axis of the circlesk andk1;
BC the radical axis ofk andk2; andFH the radical axis ofk1 andk2. According to the famous
theorem these three radical axes intersect at one pointG. In other words we have shown that
the pointsF, G, H are colinear.

Without loss of generality assume thatF is betweenG andH (alternatively, we could use
the oriented angles). Using the inscribed quadrilateralsADFH andBCFH, we get∠DHF =
∠DAF =∠DACand∠FHC=∠FBC=∠DBC, hence∠DHC=∠DHF +∠FHC=∠DAC+
∠DBC= 2∠DAC=∠DOC. Thus the pointsD, C, H, andO lie on a circle. Similarly we prove
that the pointsA, B, H, O lie on a circle.

Denote byk3 andk4 respectively the circles circumscribed about the quadrilateralsABHOand
DCHO. Notice that the lineAB is the radical axis of the circlesk andk3. SimlarlyCD and
OH, respectively, are those of the pairs of circles(k,k2) and(k3,k4). Thus these lines have
to intersect at one point, and that has to beE. This proves that the pointsO, H, andE are
colinear.

According to the Brocard’s theorem we haveFH⊥OE, which according toFH = GH and
OE = HE in turn implies thatGH⊥HE, q.e.d.



terug naar echt bestand
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1. Construction of the symmedian.

Let ABC be a triangle and Γ its circumcircle. Let the tangent to Γ at B and C meet at D. Then
AD coincides with a symmedian of 4ABC. (The symmedian is the reflection of the median
across the angle bisector, all through the same vertex.)

M

Q

C

P

B

D

M'
F E

DD

C C

O

B

A

B

A
A

We give three proofs. The first proof is a straightforward computation using Sine Law. The
second proof uses similar triangles. The third proof uses projective geometry.

First proof. Let the reflection of AD across the angle bisector of ∠BAC meet BC at M ′. Then

BM ′

M ′C
=
AM ′ sin∠BAM ′

sin∠ABC

AM ′ sin∠CAM ′
sin∠ACB

=
sin∠BAM ′
sin∠ACD

sin∠ABD
sin∠CAM ′ =

sin∠CAD
sin∠ACD

sin∠ABD
sin∠BAD =

CD

AD

AD

BD
= 1

Therefore, AM ′ is the median, and thus AD is the symmedian.

Second proof. Let O be the circumcenter of ABC and let ω be the circle centered at D with radius
DB. Let lines AB and AC meet ω at P and Q, respectively. Since ∠PBQ = ∠DQC+∠BAC =
1
2(∠BDC + ∠DOC) = 90◦, we see that PQ is a diameter of ω and hence passes through D.
Since ∠ABC = ∠AQP and ∠ACB = ∠APQ, we see that triangles ABC and AQP are similar.
If M is the midpoint of BC, noting that D is the midpoint of QP , the similarity implies that
∠BAM = ∠QAD, from which the result follows.

Third proof. Let the tangent of Γ at A meet line BC at E. Then E is the pole of AD (since the
polar of A is AE and the pole of D is BC). Let BC meet AD at F . Then point B,C,E, F are
harmonic. This means that line AB,AC,AE,AF are harmonic. Consider the reflections of the
four line across the angle bisector of ∠BAC. Their images must be harmonic too. It’s easy to
check that AE maps onto a line parallel to BC. Since BC must meet these four lines at harmonic
points, it follows that the reflection of AF must pass through the midpoint of BC. Therefore,
AF is a symmedian.

1Updated July 26, 2008
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Related problems:

(i) (Poland 2000) Let ABC be a triangle with AC = BC, and P a point inside the triangle such
that ∠PAB = ∠PBC. If M is the midpoint of AB, then show that ∠APM+∠BPC = 180◦.

(ii) (IMO Shortlist 2003) Three distinct points A,B,C are fixed on a line in this order. Let Γ
be a circle passing through A and C whose center does not lie on the line AC. Denote by
P the intersection of the tangents to Γ at A and C. Suppose Γ meets the segment PB at
Q. Prove that the intersection of the bisector of ∠AQC and the line AC does not depend
on the choice of Γ.

(iii) (Vietnam TST 2001) In the plane, two circles intersect at A and B, and a common tangent
intersects the circles at P and Q. Let the tangents at P and Q to the circumcircle of triangle
APQ intersect at S, and let H be the reflection of B across the line PQ. Prove that the
points A, S, and H are collinear.

(iv) (USA TST 2007) Triangle ABC is inscribed in circle ω. The tangent lines to ω at B and C
meet at T . Point S lies on ray BC such that AS ⊥ AT . Points B1 and C1 lies on ray ST
(with C1 in between B1 and S) such that B1T = BT = C1T . Prove that triangles ABC
and AB1C1 are similar to each other.

(v) (USA 2008) Let ABC be an acute, scalene triangle, and let M , N , and P be the midpoints
of BC, CA, and AB, respectively. Let the perpendicular bisectors of AB and AC intersect
ray AM in points D and E respectively, and let lines BD and CE intersect in point F ,
inside of triangle ABC. Prove that points A, N , F , and P all lie on one circle.

2. Diameter of the incircle.

F

E

D

A

B C

Let the incircle of triangle ABC touch side BC at D, and let DE be a diameter of the circle. If
line AE meets BC at F , then BD = CF .

Proof. Consider the dilation with center A that carries the incircle to an excircle. The diameter
DE of the incircle must be mapped to the diameter of the excircle that is perpendicular to BC.
It follows that E must get mapped to the point of tangency between the excircle and BC. Since
the image of E must lie on the line AE, it must be F . That is, the excircle is tangent to BC at
F . Then, it follows easily that BD = CF .

Related problems:

(i) (IMO Shortlist 2005) In a triangle ABC satisfying AB+BC = 3AC the incircle has centre I
and touches the sides AB and BC at D and E, respectively. Let K and L be the symmetric
points of D and E with respect to I. Prove that the quadrilateral ACKL is cyclic.

2
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(ii) (IMO 1992) In the plane let C be a circle, ` a line tangent to the circle C, and M a point on
`. Find the locus of all points P with the following property: there exists two points Q,R
on ` such that M is the midpoint of QR and C is the inscribed circle of triangle PQR.

(iii) (USAMO 1999) Let ABCD be an isosceles trapezoid with AB ‖ CD. The inscribed circle
ω of triangle BCD meets CD at E. Let F be a point on the (internal) angle bisector of
∠DAC such that EF ⊥ CD. Let the circumscribed circle of triangle ACF meet line CD
at C and G. Prove that the triangle AFG is isosceles.

(iv) (USAMO 2001) Let ABC be a triangle and let ω be its incircle. Denote by D1 and E1 the
points where ω is tangent to sides BC and AC, respectively. Denote by D2 and E2 the points
on sides BC and AC, respectively, such that CD2 = BD1 and CE2 = AE1, and denote by
P the point of intersection of segments AD2 and BE2. Circle ω intersects segment AD2 at
two points, the closer of which to the vertex A is denoted by Q. Prove that AQ = D2P .

(v) (Tournament of Towns 2003 Fall) Triangle ABC has orthocenter H, incenter I and circum-
center O. Let K be the point where the incircle touches BC. If IO is parallel to BC, then
prove that AO is parallel to HK.

(vi) (IMO 2008) Let ABCD be a convex quadrilateral with |BA| 6= |BC|. Denote the incircles
of triangles ABC and ADC by ω1 and ω2 respectively. Suppose that there exists a circle ω
tangent to the ray BA beyond A and to the ray BC beyond C, which is also tangent to the
lines AD and CD. Prove that the common external tangents of ω1 and ω2 intersect on ω.

3. Dude, where’s my spiral center?

Let AB and CD be two segments, and let lines AC and BD meet at X. Let the circumcircles of
ABX and CDX meet again at O. Then O is the center of the spiral similarity that carries AB
to CD.

O

D

C

X
B

A

Proof. Since ABOX and CDXO are cyclic, we have ∠OBD = ∠OAC and ∠OCA = ∠ODB. It
follows that triangles AOC and BOD are similar. The result is immediate.

Remember that spiral similarities always come in pairs: if there is a spiral similarity that carries
AB to CD, then there is one that carries AC to BD.

Related problems:

(i) (IMO Shortlist 2006) Let ABCDE be a convex pentagon such that

∠BAC = ∠CAD = ∠DAE and ∠CBA = ∠DCA = ∠EDA.

Diagonals BD and CE meet at P . Prove that line AP bisects side CD.

3
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(ii) (China 1992) Convex quadrilateral ABCD is inscribed in circle ω with center O. Diagonals
AC and BD meet at P . The circumcircles of triangles ABP and CDP meet at P and Q.
Assume that points O,P , and Q are distinct. Prove that ∠OQP = 90◦.

(iii) Let ABCD be a quadrilateral. Let diagonals AC and BD meet at P . Let O1 and O2 be
the circumcenters of APD and BPC. Let M , N and O be the midpoints of AC, BD and
O1O2. Show that O is the circumcenter of MPN .

(iv) (USAMO 2006) Let ABCD be a quadrilateral, and let E and F be points on sides AD and
BC, respectively, such that AE/ED = BF/FC. Ray FE meets rays BA and CD at S and
T , respectively. Prove that the circumcircles of triangles SAE, SBF , TCF , and TDE pass
through a common point.

(v) (IMO 2005) Let ABCD be a given convex quadrilateral with sides BC and AD equal in
length and not parallel. Let E and F be interior points of the sides BC and AD respectively
such that BE = DF . The lines AC and BD meet at P , the lines BD and EF meet at Q,
the lines EF and AC meet at R. Consider all the triangles PQR as E and F vary. Show
that the circumcircles of these triangles have a common point other than P .

(vi) (IMO Shortlist 2002) Circles S1 and S2 intersect at points P and Q. Distinct points A1 and
B1 (not at P or Q) are selected on S1. The lines A1P and B1P meet S2 again at A2 and
B2 respectively, and the lines A1B1 and A2B2 meet at C. Prove that, as A1 and B1 vary,
the circumcentres of triangles A1A2C all lie on one fixed circle.

(vii) (USA TST 2006) In acute triangle ABC, segments AD,BE, and CF are its altitudes, and
H is its orthocenter. Circle ω, centered at O, passes through A and H and intersects sides
AB and AC again at Q and P (other than A), respectively. The circumcircle of triangle
OPQ is tangent to segment BC at R. Prove that CR/BR = ED/FD.

(viii) (IMO Shortlist 2006) Points A1, B1 and C1 are chosen on sides BC,CA, and AB of a triangle
ABC, respectively. The circumcircles of triangles AB1C1, BC1A1, and CA1B1 intersect the
circumcircle of triangle ABC again at points A2, B2, and C2, respectively (A2 6= A,B2 6= B,
and C2 6= C). Points A3, B3, and C3 are symmetric to A1, B1, C1 with respect to the
midpoints of sides BC,CA, and AB, respectively. Prove that triangles A2B2C2 and A3B3C3

are similar.

4. Arc midpoints are equidistant to vertices and in/excenters

Let ABC be a triangle, I its incenter, and IA, IB, IC its excenters. On the circumcircle of ABC,
let M be the midpoint of the arc BC not containing A and let N be the midpoint of the arc BC
containing A. Then MB = MC = MI = MIA and NB = NC = NIB = NIC .

Proof. Straightforward angle-chasing (do it yourself!). Another perspective is to consider the
circumcircle of ABC as the nine-point-circle of IAIBIC .

Related problems:

(i) (APMO 2007) Let ABC be an acute angled triangle with ∠BAC = 60◦ and AB > AC. Let I
be the incenter, and H the orthocenter of the triangle ABC. Prove that 2∠AHI = 3∠ABC.

(ii) (IMO 2006) Let ABC be a triangle with incentre I. A point P in the interior of the triangle
satisfies ∠PBA+∠PCA = ∠PBC +∠PCB. Show that AP ≥ AI, and that equality holds
if and only if P = I.

4
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N

M

CB

A

I

IC

IB

IA

(iii) (Romanian TST 1996) Let ABCD be a cyclic quadrilateral and letM be the set of incenters
and excenters of the triangles BCD,CDA,DAB,ABC (16 points in total). Prove that there
are two sets K and L of four parallel lines each, such that every line in K∪L contains exactly
four points of M.

5. I is the midpoint of the touch-chord of the mixtilinear incircles

Let ABC be a triangle and I its incenter. Let Γ be the circle tangent to sides AB, AC, as well
as the circumcircle of ABC. Let Γ touch AB and AC at X and Y , respectively. Then I is the
midpoint of XY .

P

Q

I

C

B

Y

X

A

T

I

C

B

Y

X

A

Proof. Let the point of tangency between the two circles be T . Extend TX and TY to meet the
circumcircle of ABC again at P and Q respectively. Note that P and Q are the midpoint of the
arcs AB and AC. Apply Pascal’s theorem to BACPTQ and we see that X, I, Y are collinear.
Since I lies on the angle bisector of ∠XAY and AX = AY , I must be the midpoint of XY .

Related problems:

(i) (IMO 1978) In triangle ABC, AB = AC. A circle is tangent internally to the circumcircle
of triangle ABC and also to sides AB,AC at P,Q, respectively. Prove that the midpoint of
segment PQ is the center of the incircle of triangle ABC.

5
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(ii) Let ABC be a triangle. Circle ω is tangent to AB and AC, and internally tangent to the
circumcircle of triangle ABC. The circumcircle and ω are tangent at P . Let I be the
incircle of triangle ABC. Line PI meets the circumcircle of ABC at P and Q. Prove that
BQ = CQ.

6. More curvilinear incircles.

(A generalization of the previous lemma) Let ABC be a triangle, I its incenter and D a point on
BC. Consider the circle that is tangent to the circumcircle of ABC but is also tangent to DC,
DA at E, F respectively. Then E, F and I are collinear.

M

D

I

C
B

A

E

F/F'

K

D

I

CB

A

F

E

Proof. There is a “computational” proof using Casey’s theorem2 and transversal theorem3. You
can try to work that out yourself. Here, we show a clever but difficult synthetic proof (commu-
nicated to me via Oleg Golberg).

Denote Ω the circumcircle of ABC and Γ the circle tangent tangent to the circumcircle of ABC
and lines DC, DA. Let Ω and Γ touch at K. Let M be the midpoint of arc B̂C on Ω not
containing K. Then K,E,M are collinear (think: dilation with center K carrying Γ to Ω). Also,
A, I,M are collinear, and MI = MC.

Let line EI meet Γ again at F ′. It suffices to show that AF ′ is tangent to Γ.

Note that ∠KF ′E is subtended by K̂E in Γ and ∠KAM is subtended by K̂M in Ω. Since K̂E
and K̂M are homothetic with center K, we have ∠KF ′E = ∠KAM , implying that A,K, I ′, F ′

are concyclic.

We have ∠BCM = ∠CBM = ∠CKM . So 4MCE ∼ 4MKC. Hence MC2 = ME ·MK.
Since MC = MI, we have MI2 = ME ·MK, implying that 4MIE ∼ 4MKI. Therefore,

2Casey’s theorem, also known as Generalized Ptolemy Theorem, states that if there are four circles Γ1,Γ2,Γ3,Γ4

(could be degenerated into a point) all touching a circle Γ such that their tangency points follow that order around the
circle, then

t12t34 + t23t14 = t13t24,

where t12 is the length of the common tangent between Γi and Γj (if Γi and Γj on the same side of Γ, then take their
common external tangent, else take their common internal tangent.) I think the converse is also true—if both equations
hold, then there is some circle tangent to all four circles.

3The transversal theorem is a criterion for collinearity. It states that if A,B,C are three collinear points, and P is
a point not on the line ABC, and A′, B′, C′ are arbitrary points on lines PA,PB, PC respectively, then A′, B′, C′ are
collinear if and only if

BC · AP

A′P
+ CA · BP

B′P
+ AB · CP

C′P
= 0,

where the lengths are directed. In my opinion, it’s much easier to remember the proof than to memorize this huge formula.
The simplest derivation is based on relationships between the areas of [PAB], [PA′B′], etc.

6
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∠KEI = ∠AIK = ∠AF ′K (since A,K, I, F ′ are concyclic). Therefore, AF ′ is tangent to Ω and
the proof is complete.

Related problems:

(i) (Bulgaria 2005) Consider two circles k1, k2 touching externally at point T . A line touches
k2 at point X and intersects k1 at points A and B. Let S be the second intersection point
of k1 with the line XT . On the arc T̂ S not containing A and B is chosen a point C . Let
CY be the tangent line to k2 with Y ∈ k2 , such that the segment CY does not intersect
the segment ST . If I = XY ∩ SC . Prove that:

(a) the points C, T, Y, I are concyclic.

(b) I is the excenter of triangle ABC with respect to the side BC.

(ii) (Sawayama-Thébault4) Let ABC be a triangle with incenter I. Let D a point on side BC.
Let P be the center of the circle that touches segments AD, DC, and the circumcircle
of ABC, and let Q be the center of the circle that touches segments AD, BD, and the
circumcircle of ABC. Show that P,Q, I are collinear.

(iii) Let P be a quadrilateral inscribed in a circle Ω, and let Q be the quadrilateral formed by
the centers of the fourcircles internally touching O and each of the two diagonals of P . Show
that the incenters of the four triangles having for sides the sides and diagonals of P form a
rectangle R inscribed in Q.

(iv) (Romania 1997) Let ABC be a triangle with circumcircle Ω, and D a point on the side BC.
Show that the circle tangent to Ω, AD and BD, and the circle tangent to Ω, AD and DC,
are tangent to each other if and only if ∠BAD = ∠CAD.

(v) (Romania TST 2006) Let ABC be an acute triangle with AB 6= AC. Let D be the foot
of the altitude from A and ω the circumcircle of the triangle. Let ω1 be the circle tangent
to AD, BD and ω. Let ω2 be the circle tangent to AD, CD and ω. Let ` be the interior
common tangent to both ω1 and ω2, different from CD. Prove that ` passes through the
midpoint of BC if and only if 2BC = AB +AC.

(vi) (AMM 10368) For each point O on diameter AB of a circle, perform the following construc-
tion. Let the perpendicular to AB at O meet the circle at point P . Inscribe circles in the
figures bounded by the circle and the lines AB and OP . Let R and S be the points at which
the two incircles to the curvilinear triangles AOP and BOP are tangent to the diameter
AB. Show that ∠RPS is independent of the position of O.

7. Concurrent lines from the incircle.

Let the incircle of ABC touch sides BC,CA,AB at D,E, F respectively. Let I be the incenter
of ABC and M be the midpoint of BC. Then the lines EF,DI and AM are concurrent.

Proof. Let lines DI and EF meet at N . Construct a line through N parallel to BC, and let it
meet sides AB and AC at P and Q, respectively. We need to show that A,N,M are collinear,
so it suffices to show that N is the midpoint of PQ. We present two ways to finish this off, one
using Simson’s line, and the other using spiral similarities.

4A bit of history: this problem was posed by French geometer Victor Thébault (1882–1960) in the American
Mathematical Monthly in 1938 (Problem 2887, 45 (1938) 482–483) and it remained unsolved until 1973. How-
ever, in 2003, Jean-Louis Ayme discovered that this problem was independently proposed and solved by instruc-
tor Y. Sawayama of the Central Military School of Tokyo in 1905! For more discussion, see Ayme’s paper at
http://forumgeom.fau.edu/FG2003volume3/FG200325.pdf
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Simson line method: Consider the triangle APQ. The projections of the point I onto the three
sides of APQ are D,N,F , which are collinear, I must lie on the circumcircle of APQ by Simson’s
theorem. But since AI is an angle bisector, PI = QI, thus PN = QN .

Spiral similarity method: Note that P,N, I, F are concyclic, so ∠EFI = ∠QPI. Similarly,
∠PQI = ∠FEI. So triangles PIQ and FIE are similar. Since FI = EI, we have PI = QI, and
thus PN = QN . (c.f. Lemma 3)

Related problems:

(i) (China 1999) In triangle ABC, AB 6= AC. Let D be the midpoint of side BC, and let E be
a point on median AD. Let F be the foot of perpendicular from E to side BC, and let P
be a point on segment EF . Let M and N be the feet of perpendiculars from P to sides AB
and AC, respectively. Prove that M,E, and N are collinear if and only if ∠BAP = ∠PAC.

(ii) (IMO Shortlist 2005) The median AM of a triangle ABC intersects its incircle ω at K and
L. The lines through K and L parallel to BC intersect ω again at X and Y . The lines AX
and AY intersect BC at P and Q. Prove that BP = CQ.

8. More circles around the incircle.

Let I be the incenter of triangle ABC, and let its incircle touch sides BC,AC,AB at D, E and
F , respectively. Let line CI meet EF at T . Then T, I,D,B, F are concyclic. Consequent results
include: ∠BTC = 90◦, and T lies on the line connecting the midpoints of AB and BC.

An easier way to remember the third part of the lemma is: for a triangle ABC, draw a midline,
an angle bisector, and a touch-chord, each generated from different vertex, then the three lines
are concurrent.
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D

I
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B C

Proof. Showing that I, T, E,B are concyclic is simply angle chasing (e.g. show that ∠BIC =
∠BFE). The second part follows from ∠BTC = ∠BTI = ∠BFI = 90◦. For the third part, note
that if M is the midpoint of BC, then M is the midpoint of an hypotenuse of the right triangle
BTC. So MT = MC. Then ∠MTC = ∠MCT = ∠ACT , so MT is parallel to AC, and so MT
is a midline of the triangle.

8
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Related problems:

(i) Let ABC be an acute triangle whose incircle touches sides AC and AB at E and F , respec-
tively. Let the angle bisectors of ∠ABC and ∠ACB meet EF at X and Y , respectively,
and let the midpoint of BC be Z. Show that XY Z is equilateral if and only if ∠A = 60◦.

(ii) (IMO Shortlist 2004) For a given triangle ABC, let X be a variable point on the line BC
such that C lies between B and X and the incircles of the triangles ABX and ACX intersect
at two distinct points P and Q. Prove that the line PQ passes through a point independent
of X.

(iii) Let points A and B lie on the circle Γ, and let C be a point inside the circle. Suppose that
ω is a circle tangent to segments AC,BC and Γ. Let ω touch AC and Γ at P and Q. Show
that the circumcircle of APQ passes through the incenter of ABC.

9. Reflections of the orthocenter lie on the circumcircle.

Let H be the orthocenter of triangle ABC. Let the reflection of H across the BC be X and the
reflection of H across the midpoint of BC be Y . Then X and Y both lie on the circumcircle of
ABC. Moreover, AY is a diameter of the circumcircle.

YX

H

C

A

B

Proof. Trivial. Angle chasing.

Related problems:

(i) Prove the existence of the nine-point circle. (Given a triangle, the nine-point circle is the
circle that passes through the three midpoints of sides, the three feet of altitudes, and the
three midpoints between the orthocenter and the vertices).

(ii) Let ABC be a triangle, and P a point on its circumcircle. Show that the reflections of P
across the three sides of ABC lie on a lie that passes through the orthocenter of ABC.

(iii) (IMO Shortlist 2005) Let ABC be an acute-angled triangle with AB 6= AC, let H be its
orthocentre and M the midpoint of BC. Points D on AB and E on AC are such that
AE = AD and D, H, E are collinear. Prove that HM is orthogonal to the common chord
of the circumcircles of triangles ABC and ADE.

(iv) (USA TST 2005) Let A1A2A3 be an acute triangle, and let O and H be its circumcenter and
orthocenter, respectively. For 1 ≤ i ≤ 3, points Pi and Qi lie on lines OAi and Ai+1Ai+2

(where Ai+3 = Ai), respectively, such that OPiHQi is a parallelogram. Prove that

OQ1

OP1
+
OQ2

OP2
+
OQ3

OP3
≥ 3.
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(v) (China TST quizzes 2006) Let ω be the circumcircle of triangle ABC, and let P be a point
inside the triangle. Rays AP,BP,CP meet ω at A1, B1, C1, respectively. Let A2, B2, C2 be
the images of A1, B1, C1 under reflection about the midpoints of BC,CA,AB, respectively.
Show that the orthocenter of ABC lies on the circumcircle of A2B2C2.

10. O and H are isogonal conjugates.

Let ABC be a triangle, with circumcenter O, orthocenter H, and incenter I. Then AI is the
angle bisector of ∠HAO.

Proof. Trivial.

Related problems:

(i) (Crux) Points O and H are the circumcenter and orthocenter of acute triangle ABC, re-
spectively. The perpendicular bisector of segment AH meets sides AB and AC at D and
E, respectively. Prove that ∠DOA = ∠EOA.

(ii) Show that IH = IO if and only if one of ∠A, ∠B, ∠C is 60◦.

10
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A Metric Relation and its Applications

Son Hong Ta

Lemma. Let γ be a circle and let A and B be two arbitrary points on it. A circle
ρ touches γ internally at T . Denote by AE and BF the tangent lines to ρ at E and
F, respectively. Then TA

TB = AE
BF .

A metric relation and its applications

Son Hong Ta

In this note, we will present a nice metric relation in Euclidean Geometry,
and its applications.

Lemma. Let γ be a circle and A, B two arbitrary points on it. Circle ρ
touches the circle γ internally at T . Denote by AE, BF the tangent lines to ρ
in E, F , respectively. Then, we have TA

TB = AE
BF

A1

B1
F

E

T

A

B

Proof. Denote by A1, B1 the second intersections of TA, TB with ρ, respec-
tively. We know that A1B1 is parallel to AB. Therefore,

(
AE

TA1

)2

=
AA1 ·AT
A1T ·A1T

=
BB1

B1T
· BT
B1T

=

(
BF

TB1

)2

Hence, we conclude that

AE

TA1
=

BF

TB1
=⇒ AE

BF
=
TA1

TB1
=
TA

TB

This completes our proof. �

To illustrate how this lemma works, let us consider some problems.

1

Proof. Denote by A1 and B1 the second intersections of TA and TB with ρ, respec-
tively. We know that A1B1 is parallel to AB. Therefore,

(
AE

TA1

)2

=
AA1 ·AT
A1T ·A1T

=
BB1

B1T
· BT
B1T

=

(
BF

TB1

)2

.

Hence,
AE

TA1
=

BF

TB1
=⇒ AE

BF
=
TA1

TB1
=
TA

TB
,

which completes the proof. �

To illustrate how this lemma works, let us consider some examples. The following
problem was proposed by Nguyen Minh Ha, in the Vietnamese Mathematics Mag-
azine, in 2007.

Problem 1. Let Ω be the circumcircle of the triangle ABC and let D be the
tangency point of its incircle ρ(I) with the side BC. Let ω be the circle internally
tangent to Ω at T , and to BC at D. Prove that ]ATI = 90◦.
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The first interesting problem was proposed by Nguyen Minh Ha in a Viet-
namese Mathematics Magazine, in 2007.

Problem 1. Given is a triangle ABC and its circumcircle Ω. Let D be
the tangency point of its incircle ρ(I) with the side BC. A circle ω tangent
internally to Ω at T , and to BC at D. Prove that ]ATI = 90◦

T

F

E

D

I

A

B C

Solution. Let E, F the tangency points of ρ(I) with the sides CA, AB,
respectively. According to the lemma, we have

TB

TC
=
BD

CD
=
BF

CE

Therefore, triangles TBF and TCE are similar. It follows ]TFA = ]TEA, i.e.
points A, I, E, F , T lie on a circle. Hence, we obtain ]ATI = ]AFI = 90◦.
Our solution is completed. �

Problem 2. Let ABCD be a quadrilateral inscribed in a circle Ω. Circle
ω tangent to circle Ω internally at T , and to DB, AC at E, F , respectively.
let P be the intersection of EF with AB. Prove that TP is the internal angle
bisector of the angle ]ATB.

Solution. From our lemma, applied to circles Ω, ω and points A, B, we
observe that AT

BT = AF
BE , so it suffices to prove

AF

BE
=
AP

PB

Indeed, notice that ]PEB = ]AFP , and due to the law of sines, applied
to triangles APF , BPE, we have

AP

AF
=

sin]AFP
sin]APF =

sin]BEP
sin]BPE =

BP

BE

2

Solution. Let E and F be the tangency points of ρ(I) with sides CA and AB,
respectively. According to the lemma,

TB

TC
=
BD

CD
=
BF

CE
.

Therefore triangles TBF and TCE are similar. It follows that ]TFA = ]TEA,
hence the points A, I, E, F , T lie on the same circle. It follows that ]ATI =
]AFI = 90◦ which completes our proof. �

Problem 2. Let ABCD be a quadrilateral inscribed in a circle Ω. Let ω be a circle
internally tangent to Ω at T , and to DB and AC at E and F, respectively. Let P
be the intersection of EF and AB. Prove that TP is the internal angle bisector of
the angle ]ATB.

Solution. From our lemma, applied to circles Ω, ω and points A, B, we conclude
that AT

BT = AF
BE , thus it suffices to prove that

AF

BE
=
AP

PB
.

Indeed, notice that ]PEB = ]AFP , and from the Law of Sines, applied to triangles
APF , BPE, we have

AP

AF
=

sin]AFP
sin]APF =

sin]BEP
sin]BPE =

BP

BE
.
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P
F

T

E

A

C

D

B

Therefore AF
BE = AP

PB , this completes our solution. �

The third problem comes from the Moldova Team Selection Test in 2007,
which can be found in [2] and [3].

Problem 3. Let ABC be a triangle and Ω be its circumcircle. Circles ω
tangent to Ω internally at T , and to the sides AB, AC at P , Q, respectively.
Let S be the intersection of AT and PQ. Prove that ]SBA = ]SCA.

S

T

Q

P

A

B C

Solution. Using our lemma, we have

BP

CQ
=
BT

CT
=

sin]BCT
sin]CBT =

sin]BAT
sin]CAT =

PS

QS

3

Therefore AF
BE = AP

PB , which completes our solution. �

The third problem comes from the Moldovan Team Selection Test in 2007, which
can be found in [2] and [3].

Problem 3. Let ABC be a triangle and let Ω be its circumcircle. Circles ω is
internally tangent to Ω at T , and to sides AB and AC at P and Q, respectively.
Let S be the intersection of AT and PQ. Prove that ]SBA = ]SCA.

P
F

T

E

A

C

D

B

Therefore AF
BE = AP

PB , this completes our solution. �

The third problem comes from the Moldova Team Selection Test in 2007,
which can be found in [2] and [3].

Problem 3. Let ABC be a triangle and Ω be its circumcircle. Circles ω
tangent to Ω internally at T , and to the sides AB, AC at P , Q, respectively.
Let S be the intersection of AT and PQ. Prove that ]SBA = ]SCA.

S

T

Q

P

A

B C

Solution. Using our lemma, we have

BP

CQ
=
BT

CT
=

sin]BCT
sin]CBT =

sin]BAT
sin]CAT =

PS

QS

3

Solution. Using our lemma, we have

BP

CQ
=
BT

CT
=

sin]BCT
sin]CBT =

sin]BAT
sin]CAT =

PS

QS
.
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This fact implies that BPS and CQS are similar triangles which in turn implies
that ]SBA = ]SCA. �

Problem 4. Consider a circle (O) and a chord AB. Let circles (O1), (O2) be
internally tangent to (O) and AB and let M and N their intersection. Prove that
MN passes through the midpoint of the arc AB which does not contain M and N.

Solution. Denote by P and Q the tangency points of the circle (O1) with (O) and
AB, respectively. Let R and S be the tangency points of circle (O2) with (O) and
AB, respectively. Let T be the middle point of the arc AB which does not contain
M and N.

Therefore, triangles BPS and CQS are similar, so ]SBA = ]SCA. �

Problem 4. Let be given a circle (O) and its chord AB. Circles (O1), (O2)
internal tangent to (O) and AB, intersect each other at points M , N . Prove
that MN passes through the middle point of the arc AB, which does not con-
tain M , N of the circle (O).

Solution. Denote by P , Q the tangency points of the circle (O1) with (O)
and AB, respectively. R, S the tangency points of the circle (O2) with (O) and
AB, respectively. Let T be the middle point of the arc AB, which does not
contain M , N of the circle (O).

N

M

S
Q

T

A

B

P

R

Applying the above lemma to circles (O), (O1), points A, B and their tangent
lines AQ, BQ to (O1), we have PA

PB = QA
AB . This means PQ passes through T .

Similarly, RS also passes through T .
On the other hand, ]PQA = ]QTA+]QAT = ]PRA+]ART = ]PRS.

Therefore, points P , Q, R, S lie on a circle, the circle (O3).
Now, we have PQ is the radical axis of the circles (O1) and (O3), RS is the

radical axis of the circles (O2) and (O3), MN is the radical axis of the circles
(O1) and (O2). So, MN , PQ, RS are concurrent at the radical center of the
three circles. Hence, we deduce thatMN passes through T , as the middle point
of the arc AB, which does not contain M , N of the circle (O), as desired. �

We continue with another very nice problem from MOSP Tests 2007 [4].

Problem 5. Let ABC be a triangle. Circle ω passes through points B and
C. Circle ω1 is tangent internally to ω and also to sides AB and AC at T , P ,
and Q, respectively. Let M be midpoint of arc BC (containing T ) of ω. Prove
that lines PQ, BC and MT are concurrent.

2007 Mathematical Olympiad Summer Program Tests

4

Applying the above lemma to circles (O), (O1), and points A, B along with their
tangent lines AQ, BQ to (O1) we get PA

PB = QA
AB . This means that PQ passes through

T . Similarly, RS passes through T . On the other hand, ]PQA = ]QTA+]QAT =
]PRA+]ART = ]PRS, therefore, points P , Q, R, S lie on a circle which we will
denote by (O3). We have that PQ is the radical axis of (O1) and (O3), RS is the
radical axis of (O2) and (O3), and MN is the radical axis of (O1) and (O2). So,
MN , PQ, and RS are concurrent at the radical center of the three circles. Hence,
we deduce that MN passes through T , which is the midpoint of the arc AB that
does not contain M and N. �

We continue with a problem from the MOSP Tests 2007 [4].

Problem 5. Let ABC be a triangle. Circle ω passes through points B and C.
Circle ω1 is tangent internally to ω and also to the sides AB and AC at T , P , and
Q, respectively. Let M be midpoint of arc BC (containing T ) of ω. Prove that lines
PQ, BC, and MT are concurrent.
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Solution. Let K = PQ∩BC and let K ′ = MT ∩BC. Applying Menelaos’ Theorem
in triangle ABC we obtain

KB

KB
· QC
QA
· PA
PB

= 1 =⇒ KB

KC
=
BP

CQ
.

Solution. Denote: K = PQ ∩ BC, K ′ = MT ∩ BC. Applying Menelaos’
theorem to triangle ABC, we have:

KB

KB
· QC
QA

· PA
PB

= 1 =⇒ KB

KC
=
BP

CQ

M

K
Q

T

P

A

C

B

On the other hand, M is the midpoint of arc BC (containing T ) of ω soMT

is the external bisector of angle ]BTC, therefore K′B
K′C = TB

TC . Thus, we have

to prove that BP
CQ = TB

TC , which is clearly true according to our lemma. The
problem is proved. �

Our last problem was given in [5], also discussed and proved in [6]. Now, we
will present another solution for this nice problem.

Problem 6. Circles (O1), (O2) tangent internally to the given circle (O)
at M , N , respectively. Their internal common tangents intersect (O) at four
points. Call B and C be two of them such that B, C lie on same side with respect
to O1O2. Prove that BC is parallel to a external common tangent of (O1), (O2).

Solution. Draw the internal common tangents GH, KL of (O1), (O2) such
that G, L lie on (O1) and K, H lie on (O2). Let EF be the external common
tangent of (O1), (O2) such that E, B lie on the same side with respect to O1O2.
Denote by P , Q the intersections of EF with (O). We will prove that BC is
parallel to PQ. Let’s call A be the midpoint of the arc PQ, which does not
contain M , N of the circle (O). Let AX, AY be the tangent lines at X, Y of

5

On the other hand, M is the midpoint of arc BC (containing T ) of ω so MT is the
external bisector of angle ]BTC, therefore K′B

K′C = TB
TC . Thus, we are left to prove

that BP
CQ = TB

TC , which is true according to our lemma and we are done. �

The last problem was given in [5] and is also discussed and proved in [6]. Now, we
will present another solution for this nice problem.

Problem 6. Circles (O1) and (O2) are internally tangent to a given circle (O) at M
and N, respectively. Their internal common tangents intersect (O) at four points.
Let B and C be two of them such that B and C lie on the same side with respect
to O1O2. Prove that BC is parallel to an external common tangent of (O1) and (O2).

Solution. Draw the internal common tangents GH, KL of (O1), (O2) such that
G and L lie on (O1) and K and H lie on (O2). Let EF be the external common
tangent of (O1), (O2) such that E and B lie on the same side with respect to O1O2.
Denote by P and Q the intersections of EF with (O). We will prove that BC is
parallel to PQ. Denote by A be the midpoint of the arc PQ which does not con-
tain M and N. Let AX and AY be the tangents at X and Y to the circles (O1)

Mathematical Reflections 2 (2008) 5



and (O2). In the solution to Problem 4 we have proved that A, E, and M are
collinear; A, F, and N are collinear, and the quadrilateral MEFN is cyclic. There-
fore, AX2 = AE ·AM = AF ·AN = AY 2, i.e. AX = AY (1).

the circles (O1), (O2). During the solution of the problem 4, we have also shown
that A, E, M are collinear, A, F , N are collinear and the quadrilateralMEFN
is cyclic. Therefore, AX2 = AE ·AM = AF ·AN = AY 2, i.e. AX = AY (1)

Y
X N

P Q
FE

M

A

KG

H

L

B C

Based on our lemma, we have MA
AX = MB

BG = MC
CL . On the other hand, by the

Ptolemy’s theorem, we have MA ·BC =MB ·AC =MC ·AB, therefore

AX ·BC = BG ·AC = CL ·AB

Similarly,
AY ·BC = BH ·AC + CK ·AB

So, AC · (BH −BG) = AB · (CL− CK), i.e. AC ·GH = AB ·KL, which
implies AC = AB.

Hence, we conclude that A is also the middle point of the arc BC of the
circle (O). This means BC is parallel to PQ, and our solution is completed. �
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Based on the lemma, MA
AX = MB

BG = MC
CL . On the other hand, by the Ptolemy’s

Theorem, MA ·BC = MB ·AC = MC ·AB, therefore
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Similarly,
AY ·BC = BH ·AC + CK ·AB.
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1 General Properties

InversionΨ is a map of a plane or space without a fixed pointO onto itself, determined by a circlek
with centerO and radiusr, which takes pointA 6= O to the pointA′ = Ψ(A) on the rayOA such that
OA ·OA′ = r2. From now on, unless noted otherwise,X ′ always denotes the image of objectX under
a considered inversion.

Clearly, mapΨ is continuous and inverse to itself, and maps the interior and exterior ofk to each
other, which is why it is called “inversion”. The next thing we observe is that△P′OQ′ ∼ △QOP for
all point P,Q 6= O (for ∠P′OQ′ = ∠QOP andOP′/OQ′ = (r2/OP)/(r2/OQ) = OQ/OP), with the

ratio of similitude r2

OP·OQ . As a consequence, we have

∠OQ′P′ = ∠OPQ and P′Q′ =
r2

OP ·OQ
PQ.

What makes inversion attractive is the fact that it maps lines and circles into lines and circles.
A line throughO (O excluded) obviously maps to itself. What if a linep does not containO? Let
P be the projection ofO on p andQ ∈ p an arbitrary point ofp. Angle∠OPQ = ∠OQ′P′ is right,
soQ′ lies on circlek with diameterOP′. ThereforeΨ(p) = k and consequentlyΨ(k) = p. Finally,
what is the image of a circlek not passing throughO? We claim that it is also a circle; to show
this, we shall prove that inversion takes any four concyclicpointsA,B,C,D to four concyclic points
A′,B′,C′,D′. The following angles are regarded as oriented. Let us show that∠A′C′B′ = ∠A′D′B′.
We have∠A′C′B′ = ∠OC′B′ −∠OC′A′ = ∠OBC −∠OAC and analogously∠A′D′B′ = ∠OBD −
∠OAD, which implies∠A′D′B′ −∠A′C′B′ = ∠CBD−∠CAD = 0, as we claimed. To sum up:

• A line throughO maps to itself.

• A circle throughO maps to a line not containingO and vice-versa.

• A circle not passing throughO maps to a circle not passing throughO (not necessarily the
same).

Remark. Based on what we have seen, it can be noted that inversion preserves angles between curves,
in particular circles or lines. Maps having this property are calledconformal.

When should inversion be used? As always, the answer comes with experience and cannot be
put on a paper. Roughly speaking, inversion is useful in destroying “inconvenient” circles and angles
on a picture. Thus, some pictures “cry” to be inverted:



2 Olympiad Training Materials, www.imomath.com

• There are many circles and lines through the same pointA. Invert throughA.

Problem 1 (IMO 2003, shortlist). Let Γ1,Γ2,Γ3,Γ4 be distinct circles such that Γ1,Γ3 are exter-
nally tangent at P, and Γ2,Γ4 are externally tangent at the same point P. Suppose that Γ1 and Γ2; Γ2

and Γ3; Γ3 and Γ4; Γ4 and Γ1 meet at A,B,C,D, respectively, and that all these points are different
from P. Prove that

AB ·BC
AD ·DC

=
PB2

PD2 .

Solution. Apply the inversion with center atP and radiusr; let X̂ denote the image ofX . The circles
Γ1,Γ2,Γ3,Γ4 are transformed into lineŝΓ1, Γ̂2, Γ̂3, Γ̂4, whereΓ̂1 ‖ Γ̂3 and Γ̂2 ‖ Γ̂4, and therefore

ÂB̂ĈD̂ is a parallelogram. Further, we haveAB =
r2

PÂ ·PB̂
ÂB̂, PB =

r2

PB̂
, etc. The equality to be

proven becomes
PD̂2

PB̂2
· ÂB̂ · B̂Ĉ

ÂD̂ · D̂Ĉ
=

PD̂2

PB̂2
,

which holds becausêAB̂ = ĈD̂ andB̂Ĉ = D̂Â. △

• There are many angles∠AXB with fixed A,B. Invert throughA or B.

Problem 2 (IMO 1996, problem 2). Let P be a point inside △ABC such that ∠APB −∠C =
∠APC −∠B. Let D,E be the incenters of △APB,△APC respectively. Show that AP, BD, and
CE meet in a point.

Solution. Apply an inversion with center atA and radiusr. Then the given condition becomes
∠B′C′P′ = ∠C′B′P′, i.e.,B′P′ = P′C′. But P′B′ = r2

AP·ABPB, soAC/AB = PC/PB. △
Caution: Inversion may also bring new inconvenient circles and angles. Of course, keep in mind

that not all circles and angles are inconvenient.

2 Problems

1. Circlesk1,k2,k3,k4 are such thatk2 andk4 each touchk1 andk3. Show that the tangency points
are collinear or concyclic.

2. Prove that for any pointsA,B,C,D, AB ·CD + BC · DA ≥ AC · BD, and that equality holds if
and only ifA,B,C,D are on a circle or a line in this order. (Ptolemy’s inequality)

3. Letω be the semicircle with diameterPQ. A circle k is tangent internally toω and to segment
PQ atC. Let AB be the tangent tok perpendicular toPQ, with A on ω andB on segmentCQ.
Show thatAC bisects the angle∠PAB.

4. PointsA,B,C are given on a line in this order. Semicirclesω ,ω1,ω2 are drawn onAC,AB, BC
respectively as diameters on the same side of the line. A sequence of circles(kn) is constructed
as follows:k0 is the circle determined byω2 andkn is tangent toω ,ω1,kn−1 for n ≥ 1. Prove
that the distance from the center ofkn to AB is 2n times the radius ofkn.

5. A circle with centerO passes through pointsA andC and intersects the sidesAB andBC of the
triangleABC at pointsK andN, respectively. The circumscribed circles of the trianglesABC
andKBN intersect at two distinct pointsB andM. Prove that∡OMB = 90◦. (IMO 1985-5.)

6. Let p be the semiperimeter of a triangleABC. PointsE andF are taken on lineAB such
thatCE = CF = p. Prove that the circumcircle of△EFC is tangent to the excircle of△ABC
corresponding toAB.
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7. Prove that the nine-point circle of triangleABC is tangent to the incircle and all three excircles.
(Feuerbach’s theorem)

8. The incircle of a triangleABC is tangent toBC,CA,AB atM,N andP, respectively. Show that
the circumcenter and incenter of△ABC and the orthocenter of△MNP are collinear.

9. PointsA,B,C are given in this order on a line. Semicirclesk andl are drawn on diametersAB
andBC respectively, on the same side of the line. A circlet is tangent tok, to l at pointT 6= C,
and to the perpendicularn to AB throughC. Prove thatAT is tangent tol.

10. LetA1A2A3 be a nonisosceles triangle with incenterI. LetCi, i = 1,2,3, be the smaller circle
throughI tangent toAiAi+1 andAiAi+2 (the addition of indices being mod 3). LetBi, i = 1,2,3,
be the second point of intersection ofCi+1 andCi+2. Prove that the circumcenters of the
trianglesA1B1I,A2B2I,A3B3I are collinear. (IMO 1997 Shortlist)

11. If seven vertices of a hexahedron lie on a sphere, then so does the eighth vertex.

12. A sphere with center on the plane of the faceABC of a tetrahedronSABC passes throughA,B
andC, and meets the edgesSA,SB,SC again atA1,B1,C1, respectively. The planes through
A1,B1,C1 tangent to the sphere meet at a pointO. Prove thatO is the circumcenter of the
tetrahedronSA1B1C1.

13. LetKL andKN be the tangents from a pointK to a circlek. PointM is arbitrarily taken on
the extension ofKN pastN, andP is the second intersection point ofk with the circumcircle
of triangleKLM. The pointQ is the foot of the perpendicular fromN to ML. Prove that
∠MPQ = 2∠KML.

14. The incircleΩ of the acute-angled triangleABC is tangent toBC at K. Let AD be an altitude
of triangleABC and letM be the midpoint ofAD. If N is the other common point ofΩ and
KM, prove thatΩ and the circumcircle of triangleBCN are tangent atN. (IMO 2002 Shortlist)

3 Solutions

1. Let k1 andk2, k2 andk3, k3 andk4, k4 andk1 touch atA,B,C,D, respectively. An inversion
with centerA mapsk1 andk2 to parallel linesk′

1 andk′
2, andk3 andk4 to circlesk′

3 andk′
4

tangent to each other atC′ and tangent tok′
2 atB′ and tok′

4 atD′. It is easy to see thatB′,C′,D′

are collinear. ThereforeB,C,D lie on a circle throughA.

2. Applying the inversion with centerA and radiusr givesAB = r2

AB′ , CD = r2

AC′·AD′C′D′, etc. The
required inequality reduces toC′D′ + B′C′ ≥ B′D′.

3. Invert throughC. Semicircleω maps to the semicircleω ′ with diameterP′Q′, circle k to the
tangent toω ′ parallel toP′Q′, and lineAB to a circlel centered onP′Q′ which touchesk (so
it is congruent to the circle determined byω ′). Circle l intersectsω ′ andP′Q′ in A′ andB′

respectively. HenceP′A′B′ is an isosceles triangle with∠PAC = ∠A′P′C = ∠A′B′C = ∠BAC.

4. Under the inversion with centerA and squared radiusAB ·AC pointsB andC exchange posi-
tions,ω andω1 are transformed to the lines perpendicular toBC atC andB, and the sequence
(kn) to the sequence of circles(k′

n) inscribed in the region between the two lines. Obviously,
the distance from the center ofk′

n to AB is 2n times its radius. Since circlekn is homothetic to
k′

n with respect toA, the statement immediately follows.

5. Invert throughB. PointsA′,C′,M′ are collinear and so areK′,N′,M′, whereasA′,C′,N′, K′

are on a circle. What does the centerO of circle ACNK map to?Inversion does not preserve
centers. Let B1 andB2 be the feet of the tangents fromB to circleACNK. Their imagesB′

1 and
B′

2 are the feet of the tangents fromB to circleA′C′N′K′, and sinceO lies on the circleBB1B2,
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its imageO′ lies on the lineB′
1B′

2 - more precisely, it is at the midpoint ofB′
1B′

2. We observe
thatM′ is on the polar of pointB with respect to circleA′C′N′K′, which is nothing but the line
B1B2. It follows that∠OBM = ∠BO′M′ = ∠BO′B′

1 = 90◦.

6. The inversion with centerC and radiusp maps pointsE andF and the excircle to themselves,
and the circumcircle of△CEF to line AB which is tangent to the excircle. The statement
follows from the fact that inversion preserves tangency.

7. We shall show that the nine-point circleε touches the incirclek and the excircleka acrossA.
Let A1,B1,C1 be the midpoints ofBC,CA,AB, andP,Q the points of tangency ofk andka with
BC, respectively. Recall thatA1P = A1Q; this implies that the inversion with centerA1 and
radiusA1P takesk andka to themselves. This inversion also takesε to a line. It is not difficult
to prove that this line is symmetric toBC with respect to the angle bisector of∠BAC, so it also
touchesk andka.

8. The incenter of△ABC and the orthocenter of△MNP lie on the Euler line of the triangle
ABC. The inversion with respect to the incircle ofABC maps pointsA,B,C to the midpoints
of NP,PM,MN, so the circumcircle ofABC maps to the nine-point circle of△MNP which is
also centered on the Euler line ofMNP. It follows that the center of circleABC lies on the
same line.

9. An inversion with centerT maps circlest andl to parallel linest ′ andl′, circlek and linen to
circlesk′ andn′ tangent tot ′ andl′ (whereT ∈ n′), and lineAB to circlea′ perpendicular tol′

(because an inversion preserves angles) and passes throughB′,C′ ∈ l′; thusa′ is the circle with
diameterB′C′. Circlesk′ andn′ are congruent and tangent tol′ atB′ andC′, and intersecta′ at
A′ andT respectively. It follows thatA′ andT are symmetric with respect to the perpendicular
bisector ofB′C′ and henceA′T ‖ l′, soAT is tangent tol.

10. The centers of three circles passing through the same point I and not touching each other are
collinear if and only if they have another common point. Hence it is enough to show that the
circlesAiBiI have a common point other thanI. Now apply inversion at centerI and with
an arbitrary power. We shall denote byX ′ the image ofX under this inversion. In our case,
the image of the circleCi is the lineB′

i+1B′
i+2 while the image of the lineAi+1Ai+2 is the

circle IA′
i+1A′

i+2 that is tangent toB′
iB

′
i+2, andB′

iB
′
i+2. These three circles have equal radii,

so their centersP1,P2,P3 form a triangle also homothetic to△B′
1B′

2B′
3. Consequently, points

A′
1,A

′
2,A

′
3, that are the reflections ofI across the sides ofP1P2P3, are vertices of a triangle also

homothetic toB′
1B′

2B′
3. It follows thatA′

1B′
1,A

′
2B′

2,A
′
3B′

3 are concurrent at some pointJ′, i.e.,
that the circlesAiBiI all pass throughJ.

11. LetAY BZ,AZCX ,AXDY,WCXD,WDYB,WBZC be the faces of the hexahedron, whereA is
the “eighth” vertex. Apply an inversion with centerW . PointsB′,C′,D′, X ′,Y ′,Z′ lie on some
planeπ , and moreover,C′,X ′,D′; D′,Y ′,B′; andB′,Z′,C′ are collinear in these orders. Since
A is the intersection of the planesYBZ,ZCX ,XDY , pointA′ is the second intersection point of
the spheresWY ′B′Z′,W Z′C′X ′,WX ′D′Y ′. Since the circlesY ′B′Z′,Z′C′X ′, X ′D′Y ′ themselves
meet at a point on planeπ , this point must coincide withA′. ThusA′ ∈ π and the statement
follows.

12. Apply the inversion with centerS and squared radiusSA · SA1 = SB · SB1 = SC · SC1. Points
A andA1, B andB1, andC andC1 map to each other, the sphere throughA,B,C,A1,B1,C1

maps to itself, and the tangent planes atA1,B1,C1 go to the spheres throughS andA, S and
B, S andC which touch the sphereABCA1B1C1. These three spheres are perpendicular to
the planeABC, so their centers lie on the planeABC; hence they all pass through the point
S symmetric toS with respect to planeABC. ThereforeS is the image ofO. Now since
∠SA1O = ∠SSA = ∠SSA = ∠OSA1, we haveOS = OA1 and analogouslyOS = OB1 = OC1.
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13. Apply the inversion with centerM. LineMN′ is tangent to circlek′ with centerO′, and a circle
throughM is tangent tok′ at L′ and meetsMN′ again atK′. The lineK′L′ intersectsk′ at P′,
andN′O′ intersectsML′ atQ′. The task is to show that∠MQ′P′ = ∠L′Q′P′ = 2∠K′ML′.

Let the common tangent atL′ intersectMN′ atY ′. Since the peripheral angles on the chords
K′L′ and L′P′ are equal (to∠K′L′Y ′), we have∠L′O′P′ = 2∠L′N′P′ = 2∠K′ML′. It only
remains to show thatL′,P′,O′,Q′ are on a circle. This follows from the equality∠O′Q′L′ =
90◦ −∠L′MK′ = 90◦ −∠L′N′P′ = ∠O′P′L′ (the angles are regarded as oriented).

14. Let k be the circle throughB,C that is tangent to the circleΩ at pointN′. We must prove
that K,M,N′ are collinear. Since the statement is trivial forAB = AC, we may assume that
AC > AB. As usual,R,r,α,β ,γ denote the circumradius and the inradius and the angles of
△ABC, respectively.

We have tan∠BKM = DM/DK. Straightforward calculation givesDM =
1
2

AD = Rsinβ sinγ

andDK =
DC − DB

2
− KC − KB

2
= Rsin(β − γ)−R(sinβ −sinγ) = 4Rsin

β − γ
2

sin
β
2

sin
γ
2

,

so we obtain
tan∠BKM =

sinβ sinγ
4sinβ−γ

2 sin β
2 sin γ

2

=
cosβ

2 cosγ
2

sin β−γ
2

.

To calculate the angleBKN′, we apply the in-
versionψ with center atK and powerBK ·
CK. For each objectX , we denote bŷX its
image underψ . The incircleΩ maps to a

KB C

A

k

Ω

N

−→ψ

B̂ ĈÛ

N̂ Ω̂

K

k̂

line Ω̂ parallel toB̂Ĉ, at distance
BK ·CK

2r
from B̂Ĉ. Thus the point̂N′ is the projection of the

midpointÛ of B̂Ĉ ontoΩ̂. Hence

tan∠BKN′ = tan∠B̂KN̂′ =
ÛN̂′

ÛK
=

BK ·CK
r(CK − BK)

.

Again, one easily checks thatKB · KC = bcsin2 α
2 andr = 4Rsin

α
2

· sin
β
2

· sin
γ
2

, which im-

plies

tan∠BKN′ =
bcsin2 α

2

r(b − c)

=
4R2sinβ sinγ sin2 α

2

4Rsin α
2 sin β

2 sin γ
2 ·2R(sinβ −sinγ)

=
cosβ

2 cosγ
2

sin β−γ
2

.

Hence∠BKM = ∠BKN′, which implies thatK,M,N′ are indeed collinear; thusN′ ≡ N.
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Casey’s Theorem and its Applications

Luis González
Maracaibo. Venezuela

July 2011

Abstract. We present a proof of the generalized Ptolemy’s theorem, also known as Casey’s theorem
and its applications in the resolution of difficult geometry problems.

1 Casey’s Theorem.

Theorem 1. Two circles Γ1(r1) and Γ2(r2) are internally/externally tangent to a circle Γ(R) through
A,B, respetively. The length δ12 of the common external tangent of Γ1,Γ2 is given by:

δ12 =
AB

R

√
(R± r1)(R± r2)

Proof. Without loss of generality assume that r1 ≥ r2 and we suppose that Γ1 and Γ2 are internally
tangent to Γ. The remaining case will be treated analogously. A common external tangent between Γ1

and Γ2 touches Γ1,Γ2 at A1, B1 and A2 is the orthogonal projection of O2 onto O1A1. (See Figure 1).
By Pythagorean theorem for 4O1O2A2, we obtain

δ12
2 = (A1B1)

2 = (O1O2)
2 − (r1 − r2)2

Let 6 O1OO2 = λ. By cosine law for 4OO1O2, we get

(O1O2)
2 = (R− r1)2 + (R− r2)2 − 2(R− r1)(R− r2) cosλ

By cosine law for the isosceles triangle 4OAB, we get

AB2 = 2R2(1− cosλ)

1



Figure 1: Theorem 1

Eliminating cosλ and O1O2 from the three previous expressions yields

δ12
2 = (R− r1)2 + (R− r2)2 − (r1 − r2)2 − 2(R− r1)(R− r2)

(
1− AB2

2R2

)

Subsequent simplifications give

δ12 =
AB

R

√
(R− r1)(R− r2) (1)

Analogously, if Γ1,Γ2 are externally tangent to Γ, then we will get

δ12 =
AB

R

√
(R + r1)(R + r2) (2)

If Γ1 is externally tangent to Γ and Γ2 is internally tangent to Γ, then a similar reasoning gives that
the length of the common internal tangent between Γ1 and Γ2 is given by

δ12 =
AB

R

√
(R + r1)(R− r2) (3)

2



Theorem 2 (Casey). Given four circles Γi, i = 1, 2, 3, 4, let δij denote the length of a common tangent
(either internal or external) between Γi and Γj. The four circles are tangent to a fith circle Γ (or line)
if and only if for appropriate choice of signs,

δ12 · δ34 ± δ13 · δ42 ± δ14 · δ23 = 0

The proof of the direct theorem is straightforward using Ptolemy’s theorem for the quadrilateral ABCD
whose vertices are the tangency points of Γ1(r1),Γ2(r2),Γ3(r3),Γ4(r4) with Γ(R). We susbtitute the
lengths of its sides and digonals in terms of the lenghts of the tangents δij, by using the formulas (1), (2)
and (3). For instance, assuming that all tangencies are external, then using (1), we get

δ12 · δ34 + δ14 · δ23 =
(
AB·CD+AD·BC

R2

)√
(R− r1)(R− r2)(R− r3)(R− r4)

δ12 · δ34 + δ14 · δ23 =
(
AC·BD

R2

)√
(R− r1)(R− r3) ·

√
(R− r2)(R− r4)

δ12 · δ34 + δ14 · δ23 = δ13 · δ42.

Casey established that this latter relation is sufficient condition for the existence of a fith circle Γ(R) tan-
gent to Γ1(r1),Γ2(r2),Γ3(r3),Γ4(r4). Interestingly, the proof of this converse is a much tougher exercise.
For a proof you may see [1].

2 Some Applications.

I) 4ABC is isosceles with legs AB = AC = L. A circle ω is tangent to BC and the arc BC of
the circumcircle of 4ABC. A tangent line from A to ω touches ω at P. Describe the locus
of P as ω varies.

Solution. We use Casey’s theorem for the circles (A), (B), (C) (with zero radii) and ω, all internally
tangent to the circumcircle of 4ABC. Thus, if ω touches BC at Q, we have:

L · CQ+ L ·BQ = AP ·BC =⇒ AP =
L(BQ+ CQ)

BC
= L

The length AP is constant, i.e. Locus of P is the circle with center A and radius AB = AC = L.

II) (O) is a circle with diameter AB and P,Q are two points on (O) lying on different
sides of AB. T is the orthogonal projection of Q onto AB. Let (O1), (O2) be the circles with
diameters TA, TB and PC, PD are the tangent segments from P to (O1), (O2), respectively.
Show that PC + PD = PQ. [2].

3



Figure 2: Application II

Solution. Let δ12 denote the length of the common external tangent of (O1), (O2). We use Casey’s
theorem for the circles (O1), (O2), (P ), (Q), all internally tangent to (O).

PC ·QT + PD ·QT = PQ · δ12 =⇒ PC + PD = PQ · δ12
QT

= PQ ·
√
TA · TB
TQ

= PQ.

III) In 4ABC, let ωA, ωB, ωC be the circles tangent to BC,CA,AB through their midpoints
and the arcs BC,CA,AB of its circumcircle (not containing A,B,C). If δBC , δCA, δAB de-
note the lengths of the common external tangents between (ωB, ωC), (ωC , ωA) and (ωA, ωB),
respectively, then prove that

δBC = δCA = δAB =
a+ b+ c

4

Solution. Let δA, δB, δC denote the lengths of the tangents from A,B,C to ωA, ωB, ωC , respectively. By
Casey’s theorem for the circles (A), (B), (C), ωB, all tangent to the circumcircle of 4ABC, we get

δB · b = a · AE + c · CE =⇒ δB =
1

2
(a+ c)

Similarly, by Casey’s theorem for (A), (B), (C), ωC we’ll get δC = 1
2
(a+ b)

4



Now, by Casey’s theorem for (B), (C), ωB, ωC , we get δB · δC = δBC · a+BF ·BE =⇒

δBC =
δB · δC −BF ·BE

a
=

(a+ c)(a+ b)− bc
4a

=
a+ b+ c

4

By similar reasoning, we’ll have δCA = δAB = 1
4
(a+ b+ c).

IV) A circle K passes through the vertices B,C of 4ABC and another circle ω touches
AB,AC,K at P,Q, T, respectively. If M is the midpoint of the arc BTC of K, show that
BC,PQ,MT concur. [3]

Solution. Let R, % be the radii of K and ω, respectively. Using formula (1) of Theorem 1 for ω, (B) and
ω, (C). Both (B), (C) with zero radii and tangent to K through B,C, we obtain:

TC2 =
CQ2 ·R2

(R− %)(R− 0)
=
CQ2 ·R
R− % , TB2 =

BP 2 ·R2

(R− %)(R− 0)
=
BP 2 ·R
R− % =⇒ TB

TC
=
BP

CQ

Let PQ cut BC at U. By Menelaus’ theorem for 4ABC cut by UPQ we have

UB

UC
=
BP

AP
· AQ
CQ

=
BP

CQ
=
TB

TC

Thus, by angle bisector theorem, U is the foot of the T-external bisector TM of 4BTC.

V) If D,E, F denote the midpoints of the sides BC,CA,AB of 4ABC. Show that the incircle
(I) of 4ABC is tangent to �(DEF ). (Feuerbach theorem).

Solution. We consider the circles (D), (E), (F ) with zero radii and (I). The notation δXY stands for the
length of the external tangent between the circles (X), (Y ), then

δDE =
c

2
, δEF =

a

2
, δFD =

b

2
, δDI =

∣∣∣∣∣
b− c

2

∣∣∣∣∣ , δEI =
∣∣∣∣
a− c

2

∣∣∣∣ , δFI =

∣∣∣∣∣
b− a

2

∣∣∣∣∣

For the sake of applying the converse of Casey’s theorem, we shall verify if, for some combination of
signs + and −, we get ±c(b−a)±a(b−c)±b(a−c) = 0, which is trivial. Therefore, there exists a circle
tangent to (D), (E), (F ) and (I), i.e. (I) is internally tangent to �(DEF ). We use the same reasoning
to show that �(DEF ) is tangent to the three excircles of 4ABC.

VI) 4ABC is scalene and D,E, F are the midpoints of BC,CA,AB. The incircle (I) and
9 point circle �(DEF ) of 4ABC are internally tangent through the Feuerbach point Fe.
Show that one of the segments FeD,FeE,FeF equals the sum of the other two. [4]

5



Solution. WLOG assume that b ≥ a ≥ c. Incircle (I, r) touches BC at M. Using formula (1) of Theorem
1 for (I) and (D) (with zero radius) tangent to the 9-point circle (N, R

2 ), we have:

FeD
2 =

DM2 · (R
2

)2

(R
2
− r)(R

2
− 0)

=⇒ FeD =

√
R

R− 2r
· (b− c)

2

By similar reasoning, we have the expressions

FeE =

√
R

R− 2r
· (a− c)

2
, FeF =

√
R

R− 2r
· (b− a)

2

Therefore, the addition of the latter expressions gives

FeE + FeF =

√
R

R− 2r
· b− c

2
= FeD

VII) 4ABC is a triangle with AC > AB. A circle ωA is internally tangent to its circumcircle
ω and AB,AC. S is the midpoint of the arc BC of ω, which does not contain A and ST is
the tangent segment from S to ωA. Prove that

ST

SA
=
AC − AB
AC + AB

[5]

Solution. Let M,N be the tangency points of ωA with AC,AB. By Casey’s theorem for ωA, (B), (C), (S),
all tangent to the circumcircle ω, we get

ST ·BC + CS ·BN = CM ·BS =⇒ ST ·BC = CS(CM −BN)

If U is the reflection of B across AS, then CM −BN = UC = AC − AB. Hence

ST ·BC = CS(AC − AB) (?)

By Ptolemy’s theorem for ABSC, we get SA ·BC = CS(AB + AC). Together with (?), we obtain

ST

SA
=
AC − AB
AC + AB

6



VIII) Two congruent circles (S1), (S2) meet at two points. A line ` cuts (S2) at A,C and
(S1) at B,D (A,B,C,D are collinear in this order). Two distinct circles ω1, ω2 touch the line
` and the circles (S1), (S2) externally and internally respectively. If ω1, ω2 are externally
tangent, show that AB = CD. [6]

Solution. Let P ≡ ω1 ∩ ω2 and M,N be the tangency points of ω1 and ω2 with an external tangent.
Inversion with center P and power PB · PD takes (S1) and the line ` into themselves. The circles ω1

and ω2 go to two parallel lines k1 and k2 tangent to (S1) and the circle (S2) goes to another circle (S2
′)

tangent to k1, k2. Hence, (S2) is congruent to its inverse (S2
′). Further, (S2), (S2

′) are symmetrical about
P =⇒ PC · PA = PB · PD.

By Casey’s theorem for ω1, ω2, (D), (B), (S1) and ω1, ω2, (A), (C), (S2) we get:

DB =
2PB · PD
MN

, AC =
2PA · PC
MN

Since PC · PA = PB · PD =⇒ AC = BD =⇒ AB = CD.

IX) 4ABC is equilateral with side length L. Let (O, r) and (O,R) be the incircle and
circumcircle of 4ABC. P is a point on (O, r) and P1, P2, P3 are the projections of P onto BC,
CA, AB. Circles T1, T2 and T3 touch BC,CA,AB through P1, P2, P2 and (O,R) (internally),
their centers lie on different sides of BC,CA,AB with respect to A,B,C. Prove that the
sum of the lengths of the common external tangents of T1, T2 and T3 is a constant value.

Solution. Let δ1 denote the tangent segment from A to T1. By Casey’s theorem for (A), (B), (C), T1, all
tangent to (O,R), we have L · BP1 + L · CP1 = δ1 · L =⇒ δ1 = L. Similarly, we have δ2 = δ3 = L. By
Euler’s theorem for the pedal triangle 4P1P2P3 of P, we get:

[P1P2P3] =
p(P, (O))

4R2
[ABC] =

R2 − r2
4R2

[ABC] =
3

16
[ABC]

Therefore, we obtain

AP2 · AP3 +BP3 ·BP1 + CP1 · CP2 =
2

sin 60◦
([ABC]− [P1P2P3]) =

13

16
L2. (?)

By Casey’s theorem for (B), (C), T2, T3, all tangent to (O,R), we get

δ2 · δ3 = L2 = BC · δ23 + CP2 ·BP3 = L · δ23 + (L− AP1)(L− AP2)

By cyclic exchange, we have the expressions:

L2 = L · δ31 + (L−BP3)(L−BP1) , L
2 = L · δ12 + (L− CP1)(L− CP2)

7



Figure 3: Application VII

Adding the three latter equations yields

3L2 = L(δ23 + δ31 + δ12) + 3L2 − 3L2 + AP3 · AP2 +BP3 ·BP1 + CP1 · CP2

Hence, combining with (?) gives

δ23 + δ31 + δ12 = 3L− 13

16
L =

35

16
L

3 Proposed Problems.

1) Purser’s theorem: 4ABC is a triangle with circumcircle (O) and ω is a circle in its plane. AX,BY,CZ
are the tangent segments from A,B,C to ω. Show that ω is tangent to (O), if and only if

±AX ·BC ±BY · CA± CZ · AB = 0

8



2) Circle ω touches the sides AB,AC of 4ABC at P,Q and its circumcircle (O). Show that the
midpoint of PQ is either the incenter of 4ABC or the A-excenter of 4ABC, according to whether
(O), ω are internally tangent or externally tangent.

3) 4ABC is A-right with circumcircle (O). Circle ΩB is tangent to the segments OB,OA and the arc
AB of (O). Circle ΩC is tangent to the segments OC,OA and the arc AC of (O). ΩB,ΩC touch OA at
P,Q, respectively. Show that:

AB

AC
=
AP

AQ

4) Gumma, 1874. We are given a cirle (O, r) in the interior of a square ABCD with side length L. Let
(Oi, ri) i = 1, 2, 3, 4 be the circles tangent to two sides of the square and (O, r) (externally). Find L as
a fuction of r1, r2, r3, r4.

5) Two parallel lines τ1, τ2 touch a circle Γ(R). Circle k1(r1) touches Γ, τ1 and a third circle k2(r2)
touches Γ, τ2, k1. We assume that all tangencies are external. Prove that R = 2

√
r1 · r2.

6)Victor Thébault. 1938. 4ABC has incircle (I, r) and circumcircle (O). D is a point on AB. Circle
Γ1(r1) touches the segments DA,DC and the arc CA of (O). Circle Γ2(r2) touches the segments DB,DC
and the arc CB of (O). If 6 ADC = ϕ, show that:

r1 · cos2
ϕ

2
+ r2 · sin2 ϕ

2
= r
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GEOMETRY
for the

OLYMPIAD ENTHUSIAST

Bruce Merry

The South African Mathematical Society (SAMS) has the responsibility for selecting teams to rep-
resent South Africa at the Pan African Mathematics Olympiad (PAMO) and the International Mathe-
matical Olympiad (IMO).

Team selection begins with the Old Mutual Mathematical Talent Search, a self-paced correspon-
dence course in problem-solving that starts afresh in January each year. The best performers in the Tal-
ent Search are invited to attend mathematical camps in which they learn specialised problem-solving
skills and write challenging Olympiad-level papers. Since the Pan African Maths Olympiad is not quite
as daunting as the International version, the tradition has evolved that South African PAMO teams
consist of students who have not previously been selected for an IMO team. The Inter-Provincial
Mathematical Olympiad and the South African Mathematics Olympiad are closely linked with the
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Geometry for the Olympiad Enthusiast

Bruce Merry

A booklet in this series was last published in 1996, and the series has been some-
what dormant since. Geometry has long been a gap in this series, and eventually I
decided to address this gap. I started writing this booklet in December 2000. It was
then put aside for three years, while I focused on my studies. In December 2003 I
finally returned to finish the rather delayed project.

This booklet is primarily about classical, or Euclidean, geometry. Trigonometry is
used as a tool, but is not explored in great depth, and coordinate geometry barely puts
in an appearance. While tackling the exercises and geometry problems in general,
one should remember that trigonometry and coordinate geometry are powerful tools.
I simply did not have much to say about them.

The booklet assumes a knowledge of high-school geometry. If you have not com-
pleted the high-school syllabus, it would be a good idea to first find a textbook and
work through both the theory and the exercises. The proofs included here are some-
what terse and you may need to fill in a few details yourself.

Some important results are left as problems, so you should at the very least read
the problems (although you really should attempt to solve them, as well). The po-
sitioning of problems in the book is a good indicator of how you are expected to
tackle them, although of course there are usually other solutions. There are two types
of problems: exercises that deal very specifically with the topic in hand, and real
olympiad problems. The olympiad problems are labelled with a star ( �). The exer-
cises are generally easier than the olympiad problems, but some of them are quite
challenging.

I would like to thank Dirk Laurie for writing his Geomplex diagram drawing
package. This book would not have been possible without it. I would also like to
thank Mark Berman, whose flair for geometry has always inspired me to find elegant
solutions.
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1 Techniques

Geometry is unlike many of the other areas of olympiad mathematics, requiring more
intuition and less algebra. Nevertheless, it is important to do the basic groundwork as
otherwise your intuition has nothing with which to work.

Here are some suggestions on ways to approach a geometry problem.
� Draw a quick diagram so that you can visualise the problem.

� Draw a neat and accurate diagram — this will often reveal additional facts
which you could then try to prove.

� Draw a deliberately incorrect diagram (this could be your initial diagram), so
that you don’t accidentally assume the result because you referred to your ac-
curate diagram (this is particularly important if you are proving concurrency or
collinearity).

� It is very important to do as much investigation as you can. Try to relate as
many angles and line segments as you can, even if you have several variables.
Then look for similar or congruent triangles, parallel lines and so on. This on
its own can be enough to solve some easier problems without even having to
think.

� There are many approaches to attack geometry problems e.g. Euclidean geom-
etry, coordinate geometry, complex numbers, vectors and trigonometry. Think
about applying all the ones that you know to the problem and deciding which
ones are most likely to work. Be guided by what you are asked to prove: for
example, if you are asked to prove that two lines are parallel then coordinate
geometry might work well, but if the problem involves lots of related angles
then trigonometry may be a better approach.

� Don’t be afraid to get your hands dirty with trigonometry, coordinate geometry
or algebra. While such solutions might not be as “cool” as solutions that require
an inspired construction, they are often easier to find and score the same num-
ber of points. However, doing as much as possible with Euclidean geometry
first can make the equations simpler.

� Look for constructions that will give you similar triangles, special angles or
allow you to restate the problem in a simpler way. For example, if you are asked
to prove something about the sum of two lengths, try making a construction
that places the two lengths end to end so that you only have to prove something
about the length of a single line.
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� Assume that the result is true, and see what follows from this. This may lead
you to intermediate results which you can then try to prove.

� Always check that you haven’t omitted any cases such as obtuse angles or
constructions that are impossible in certain cases (for example, you can’t take
the intersection point of two lines if they are parallel). This booklet does a
terrible job of this, because the special cases are almost always trivial. I’m
lazy, the duplication costs of this booklet are high, the rainforests are dying,
and this is not a competition. In a competition, you can expect to lose marks if
your proof does not work in all cases.

2 Terminology and notation

There is some basic terminology for things that share some property. Concurrent lines
pass through a common point, and collinear points lie on a common line. Concyclic
points lie on a common circle; note that “A, B, C and D are concyclic” does not have
the same meaning as “ABCD is a cyclic quadrilateral”, since the latter implies that the
points lie in a particular order around the circle. Concentric circles have a common
centre.

The humble triangle has possibly the richest terminology and notation. There are
numerous “centres”, generally the point of concurrency of certain lines, and a few
have corresponding circles.

incentre The centre of the incircle (inscribed circle); the point of concurrency of the
internal angle bisectors

circumcentre The centre of the circumcircle (circumscribed circle); the point of con-
currency of the perpendicular bisectors

excircle The centre of an excircle (escribed circle); the point of concurrency of two
external and one internal angle bisector

orthocentre The point of concurrency of the altitudes

centroid The point of concurrency of the medians (lines from a vertex to the mid-
point of the opposite side)

Most of these terms should be familiar from high-school geometry. An unfamiliar
term is a cevian: this is any line joining a vertex to the opposite side.

2



For this booklet (particularly section 6), we also introduce a lot of notation for
triangles. Some of this is standard or mostly standard while some is not; you are
advised to define any of these quantities in proofs, particularly K, x, y and z.

R

r

x

y

ha
b

γ

�
H

�A

�
B

�
C

�
I

� O� G

I the incentre

IA the excentre opposite A

O the circumcentre

G the centroid

H the orthocentre

a the side opposite vertex A (similarly for B and C)

s the semiperimeter, a
�
b

�
c

2

x the tangent from A to the incircle,
� a

�
b

�
c

2
� s � a (similarly for y and z)

R the radius of the circumcircle (circumradius)

r the radius of the incircle (inradius)
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ra the radius of the excircle opposite A

ha the height of the altitude from A to BC

α the angle at A (similarly for β and γ)

K the area of the triangle

We also use the notation
� �

ABC
�
(or just

�
ABC

�
) to indicate the area of

�
ABC.

3 Directed angles, line segments and area

In classical geometry, most quantities are undirected. That means that if you measure
them in the opposite direction, they have the same value (AB � BA,

�
ABC � �

CBA,
and

� �
ABC

�
�

� �
CBA

�
). Most of the time this is a reasonable way of doing things.

However, it occasionally has disadvantages. For example, if you know that A, B and
C are collinear, and AB � 5, BC � 3, then what is AC? It could be either 2 or 8,
depending on which way round they are on the line. The same problem arises when
adding angles or areas.

�

A
�

B
�

C

�

A
�

B
�

C

Normally these situations are not important, because it is clear from a diagram
which is correct. However, sometimes there are many different ways to draw the
diagram, leading to a proof with many different cases. Another way to solve the
problem is to treat the quantities as having a sign, indicating the direction. So now
if you are told that AB � 5, BC � 3 then you can be sure that AC � AB

�
BC � 8.

This is because both have the same sign, and hence are in the same direction. If C
lay between A and B, then AB � 5, BC � � 3 and so AC � AB

�
BC � 2. It could

also be that AB � � 5, BC � 3; the positive direction is generally arbitrary but must
be consistent. What is important is that no matter in what order A, B and C lie, the
equation AC � AB

�
BC holds.

Directed line segments have somewhat limited use, because it only makes sense
to compare lines that are parallel. Generally they are used when dealing with ratios
or products of collinear line segments (see Menelaus’ Theorem (6.3), for example).
Directed angles and directed area are more often used.

A directed angle
�
ABC is really a measure of the angle between the two lines AB

and BC. Conventionally, it is the amount by which AB must be rotated anti-clockwise
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to line up with BC. One effect of this is that while normal angles have a range of 360
�
,

directed angles only have a range of 180
�
! This is because rotating a line by 180

�

leaves it back where it started, so 180
�
is equivalent to 0

�
. To indicate this, equivalent

angles are sometimes written
�
ABC � �

DEF rather than
�
ABC � �

DEF . This
limitation occasionally has disadvantages, and in particular it is not generally possible
to combine trigonometry with directed angles (since the sin and cos functions only
repeat every 360

�
). This is made up for by the special properties that directed angles

do have:

1.
�
AMC � �

AMB
� �

BMC;

2.
�
AXY � �

AXZ iff X � Y � Z are collinear

3.
�
XY Z � 0

�
iff X � Y � Z are collinear

4.
�
ABC

� �
BCA

� �
CAB � 0;

5.
�
PQS � �

PRS iff P � Q � R and S are concyclic.

Property 1 is simply the basis of directedness: the relative positions don’t matter.
Property 2 is trivial if Y and Z lie on the same side of X , and the fact that adjacent
angles add up to 180

�
if not. Property 3 just restates the fact that rotating a line onto

itself leads to no rotation. Property 4 is the result that angles in a triangle add up to
180

�
, but also brings in the fact that the three angles are either all clockwise or all

anti-clockwise. Property 5 is the really interesting one: it is simultaneously the same
segment theorem and the alternate segment theorem, depending on the ordering of
the points on the circle. The problem below illustrates why having a single theorem
can be so important.

Directed areas are used even less often than directed angles and line segments,
but are sometimes useful when adding areas to compute the area of a more complex
shape. Conventionally, a triangle ABC has positive area if A, B and C are arranged in
anti-clockwise order, and negative if they are arranged in clockwise order.

Exercise 3.1. Three circles, Γ1, Γ2 and Γ3 intersect at a common point O. Γ1 and Γ2
intersect again at X, Γ2 and Γ3 intersect again at Y , and Γ3 and Γ1 intersect against
at Z. A is a point on Γ1 which does not lie on Γ2 or Γ3. AX intersects Γ2 again at B,
and BY intersects Γ3 again at C. Prove that A, Z and C are collinear.

Exercise 3.2 (Simpson Line). Perpendiculars are dropped from a point P to the
sides of

�
ABC to meet BC � CA � AB at D � E � F respectively. Show that D, E and F are

collinear if and only if P lies on the circumcircle of
�
ABC.
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You will find that directed angles in particular play a large role in the theorems in
this book, and they are introduced early on for this purpose. Do not be led to believe
that directed angles are so wonderful that they should be used for all problems: theo-
rems try to make very general statements and use directed angles for generality, but
most problems are constrained so that normal angles are adequate (e.g. points inside
triangles or acute angles). Normal angles are easier to work with simply because one
does not need to think about whether to write

�
ABC or

�
CBA.

4 Trigonometry

Trigonometry is seldom required to solve a problem. After all, trigonometry is really
just a way of reasoning about similar triangles. However, it is a very powerful rea-
soning tool, and if applied correctly can replace a page full of unlikely and ungainly
constructions with a few lines of algebra. If applied incorrectly, however, it can have
the opposite effect.

The first thing to do before applying any trigonometry is to reduce the number
of variables to the minimum. Then choose the variables that you want to keep very
carefully. The compound angle formulae below make it easy to expand out many
trig expressions, but if you have chosen the wrong variables to start with the task is
almost impossible.

The following angle formulae are invaluable in manipulating trigonometric ex-
pressions. In the formulae below, a � indicates a sign that is opposite to the sign
chosen in a

�
.

sin
�
A

�
B

�
� sinAcosB

�
cosAsinB (4.1)

cos
�
A

�
B

�
� cosAcosB � sinAsinB (4.2)

tan
�
A

�
B

�
� tanA

�
tanB

1 � tanA tanB
(4.3)

cot
�
A

�
B

�
� cotAcotB � 1

cotA
�
cotB

(4.4)

sinAsinB �
�
cos

�
A � B

�
� cos

�
A

�
B

�� 	
2 (4.5)

sinAcosB �
�
sin

�
A � B

� �
sin

�
A

�
B

�� 	
2 (4.6)

cosAcosB �
�
cos

�
A � B

� �
cos

�
A

�
B

�� 	
2 (4.7)

sinA
�
sinB � 2sin



A

�
B

2

�

cos



A � B

2

�

(4.8)

cosA
�
cosB � 2cos



A

�
B

2

�

cos



A � B

2

�

(4.9)
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cosA � cosB � 2sin



B

�
A

2

�

sin



B � A

2

�

(4.10)

You don’t need to memorise any of these other than the first three, because all the
others can be obtained from these with simple substitutions. You should be aware
that these transformations exist and know how to derive them, so that you can do so
in an olympiad if necessary (see the exercises).

You can also use these to derive other formulae; for example, you can calculate
sinnθ and cosnθ in terms of sinθ and cosθ fairly easily (for small, known values of
n).

Exercise 4.1. Prove equations (4.4) to (4.10).

Exercise 4.2. In a
�
ABC (which is not right-angled), prove that

tanA
�
tanB

�
tanC � tanA tanB tanC �

4.1 The extended sine rule

The standard Sine Rule says that

a
sinα

� b
sinβ

� c
sinγ

�

Theorem 4.1 (Extended Sine Rule). In a triangle ABC,

a
sinα

� b
sinβ

� c
sinγ

� 2R �

where R is the radius of the circumcircle.

Proof. Construct point D diametrically opposite B in the circumcircle of
�
ABC.

Then α � �
CDB or 180

�
�

�
CDB and

�
BCD � 90

�
. It follows that a

sinα
� BC
BC

�

BD
�

2R, and similarly for b
sinβ and c

sinγ .

�
A

�
B

�C

�D

�
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Exercise 4.3. In a circle with centre O, AB and CD are diameters. From a point
P on the circumference, perpendiculars PQ and PR are dropped onto AB and CD
respectively. Prove that the length of QR is independent of the position of P.

5 Circles

5.1 Cyclic quadrilaterals

A cyclic quadrilateral is a quadrilateral that can be inscribed in a circle. There are
several results related to the angles of a cyclic quadrilateral that are covered in high
school mathematics and which will not be repeated here. These results are still very
important, and cyclic quadrilaterals appear in many unexpected places in olympiad
problems.

Exercise 5.1 ( �). Let
�
ABC have orthocentre H and let P be a point on its circum-

circle. Let E be the foot of the altitude BH, let PAQB and PARC be parallelograms,
and let AQ meet HR in X.

(a) Show that H is the orthocentre of
�
AQR.

(b) Hence, or otherwise, show that EX is parallel to AP.

A result that is not normally taught in school is Ptolemy’s Theorem. It is mainly
useful if you have only one or two cyclic quadrilaterals, and lengths play a major role
in the problem. It is also very useful when some more is known about the lengths.
Equal lengths are particularly helpful as they can divide out of the equation.

Theorem 5.1 (Ptolemy’s Theorem). If ABCD is a cyclic quadrilateral, then

AB � CD
�
BC � AD � AC � BD

Proof.

8



�A

� B

�
C

�D

�
B
�

�

C
�

�
D
�

Choose an arbitrary constant K and construct B
�

, C
�

and D
�

on AB, AC and AD respec-
tively such that AB � AB

�
� AC � AC

�
� AD � AD

�
� K.

Now consider
�
ABC and

�
AC

�

B
�

. The angle at A is common and AB
AC

� � K
�

AB
�

K
�

AC
�

AC
AB

� and therefore the triangles are similar. It follows similarly that
�
ABD

� � � �
AD

�

B
�

and
�
ACD

� � � �
AD

�

C
�

. Hence
�
B

�

C
�

D
�

� �
ABC

� �
ADC � 180

�
i.e. B

�

C
�

D
�

is a
straight line. From the similar triangles, we have BC � B

�

C
�

� AB
AC

� � B
�
C
��
� AB� AC
K , and

similarly for CD and BD. Therefore

AC � BD � B
�
D
�

K

�
AB � AC � AD

�

�
� B

�
C
�

K
� C

�
D
�

K

� �
AB � AC � AD

�

� AB � CD
�
AD � BC

This result relies on the fact that B
�

C
�

D
�

is a straight line. If we had used a non-
cyclic quadrilateral, this would not have been the case. This shows that the converse
of Ptolemy’s Theorem is also true. In fact the triangle inequality in

�
B

�

C
�

D
�

leads to
Ptolemy’s Inequality, which says that AC � BD

�
AB � CD

�
AD � BC for any quadrilat-

eral ABCD, with equality precisely for cyclic quadrilaterals.

Exercise 5.2. Triangle ABC is equilateral. For any point P, show that AP
�
BP

�
CP

and determine when equality occurs.

5.2 The Simpson line

The Simpson line was covered as exercise 3.2, but to emphasise its importance the
statement is repeated here. A handy corollary is that the feet of perpendiculars from
a point on the circumcircle cannot all meet the sides internally — which can limit the
number of cases you need to consider.
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Theorem 5.2 (The Simpson line). Perpendiculars are dropped from a point P to the
sides of

�
ABC to meet BC � CA � AB at D � E � F respectively. Show that D, E and F are

collinear if and only if P lies on the circumcircle of
�
ABC.

This was exercise 3.2, so no proof is provided here.

Exercise 5.3. From a point E on a median AD of
�
ABC the perpendicular EF is

dropped to BC, and a point P is chosen on EF. Then perpendiculars PM and PN are
drawn to the sides AB and AC.

Now, it is most unlikely that M, E and N will lie in a straight line, but in the event
that they do, prove that AP bisects

�
A.

5.3 Power of a point

This section is based on the fact that if chords AB and CD of a circle intersect at a
point P, then PA � PB � PC � PD (even if P lies outside the circle). This is easily shown
using similar triangles.

Consider fixing a point P and circle Γ and considering all possible chords AB that
pass through P. Since PA � PB is equal for every pair of chords AB, it is equal for
all such chords. This value is said to be the power of P with respect to Γ. The line
segments are considered to be directed (see section 3), so P is negative inside the
circle and positive outside of it. In fact by considering the chord that passes through
O, the centre of Γ, it can be seen that the power of P is d2 � r2, where d � OP and
r is the radius of Γ. If P lies outside the circle then this also equals the square of the
length of the tangent from P to Γ.

It is sometimes useful to know that the converse of the above result is true i.e. if
PA � PB � PC � PD, where AB and CD pass through P, then A, B, C and D are concyclic
(but only if using directed line segments).

5.3.1 The radical axis

Consider having two circles instead of one. What is the set of points which have the
same power with respect to both circles? If the circles are concentric then no point
will have the same power (since d will be the same and r different for every point),
but the situation is less clear in general.
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�O1
�O2

�P

�

H
Γ1 Γ2

Consider two circles Γ1 and Γ2 with centres O1 and O2 with radii r1 and r2 respec-
tively. Let P be a point which has equal powers with respect to Γ1 and Γ2, and let H
be the foot of the perpendicular from P onto O1O2. Then

O1P2 � r2
1

� O2P2 � r2
2 (5.1)

�� O1H2 �
HP2 � r2

1
� O2H2 �

HP2 � r2
2 (5.2)

�� O1H2 � r2
1

� O2H2 � r2
2 (5.3)

�� O1H2 � r2
1

�
�
O2O1

� HO1
� 2 � r2

2 (5.4)
�� 2 � HO1

� O2O1
� O2O1

2 �
r2

1
� r2

2 (5.5)

We have eliminated P from the equation! In fact (5.3) shows that P has equal powers
with respect to the circles iff H does. If O1O2

� � 0 then we have a linear equation
in HO1 and so there is exactly one possibility for H (we are using directed line seg-
ments, so HO1 uniquely determines H). Thus the locus of P is the line through H
perpendicular to O1O2. This line is known as the radical axis of Γ1 and Γ2.

If the two circles intersect, the radical axis is easy to construct. The points of
intersection both have zero power with respect to both circles, so both points lie on
the radical axis. So the radical axis is simply the line through them.

Exercise 5.4. Two circles are given. They do not intersect and neither lies inside the
other. Show that the midpoints of the four common tangents are collinear.

5.3.2 Radical centre

What happens when we consider three circles (say Γ1, Γ2 and Γ3) instead of two?
Firstly consider the case where the centres are not collinear. Then the radical axis of
Γ1 and Γ2 will meet the radical axis of Γ2 and Γ3 at some point, say X (they will not
be parallel because a radical axis is perpendicular to the line between the centres of
the circles). Then from the definition of a radical axis, X has the same power with
respect to all three circles and so it also lies on the radical axis of Γ1 and Γ2. The fact
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that the three radical axes are concurrent at a point (known as the radical centre) can
be used to solve concurrency problems.

If, however, the three centres are collinear, then all three radical axes are parallel.
If they all coincide then all points on the common axis have equals powers with
respect to the three circles; if not then no points do.

Exercise 5.5. Show how to construct, using ruler and compass, the radical axis of
two non-intersecting circles.

Exercise 5.6 ( �). Let A, B, C and D be four distinct points on a line, in that order.
The circles with diameters AC and BD intersect at the points X and Y . The line XY
meets BC at the point Z. Let P be a point on the line XY different from Z. The line
CP intersects the circle with diameter AC at the points C and M, and the line BP
intersects the circle with diameter BD at the points B and N. Prove that the lines AM,
DN and XY are concurrent.

6 Triangles

6.1 Introduction

A triangle would seem to be almost the simplest possible object in geometry, second
only to the circle. It has only has two true degrees of freedom, since scaling a tri-
angle up or down does not affect its properties. Yet the humble triangle contains an
enormous amount of mathematics — in fact too much to fully explore here.

6.2 Tangents to the incircle

Let the lengths of the tangents to the incircle from A, B and C be x, y and z. Since
a � y

�
z, b � z

�
x and c � x

�
y, we can solve for x, y and z and get

x �
� a

�
b

�
c

2
� y � a � b

�
c

2
� z � a

�
b � c
2

�

This is the same notation that is introducted in section 2.

Exercise 6.1. Determine the lengths of the tangents from B and C to the excircle
opposite A.

12



6.3 Triangles within triangles

There are specific names given to certain triangles formed from points of the original
triangle:

� The medial triangle has the midpoints of the original sides as its vertices.

� The orthic triangle has the feet of the altitudes as its vertices.

� A pedal triangle is the triangle formed by the feet of perpendiculars dropped
from some point onto the three sides. If the point is the orthocentre, then this
is the orthic triangle (and in fact some people use the term “pedal triangle” to
refer to the orthic triangle).

6.4 Points on the circumcircle

Apart from the vertices, there are a few other points that are known to lie on the
circumcircle. The first is the intersection point of a perpendicular bisector and the
corresponding angle bisector. This is easily shown by taking the intersection of the
perpendicular bisector and the circumcircle, which divides an arc (say BC) into two
equal parts which subtend equal angles at A. This is also true (although less well
known) in the case where the external angle bisector is used.

xx

xx

�A

�
B

�
C

�

D

�A

�
B

�
C

�Dx
x

xx

The second group of points that are known to lie on the circumcircle are the
reflections of H (the orthocentre) in each of the three sides. This is an exercise in
angle chasing, using the known results about the angles in cyclic quadrilaterals.
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x
x

x

�
A

�
B

�C

�

�

�

�

H
�

�H

Exercise 6.2. A rectangle HOMF has HO � 23 and OM � 7. Triangle ABC has
orthocentre H and circumcentre O. The midpoint of BC is M and F is the foot of the
altitude from A. Determine the length of side BC.

6.5 The nine-point circle

A rather interesting circle that arises in a triangle is the so-called nine-point circle.
Let us examine the circumcircle of the triangle whose vertices are the midpoints of

�
ABC (the medial triangle). Firstly, what is its radius? The medial triangle is a

half sized version of the original triangle (because of the midpoint theorem), so its
circumradius will also be half that of the large triangle, i.e. it will be R

2 .

�A

�

B
�

C
�

D

� E�F

�

P

�Q

�R

� H

� X

Now let us see what other points this circle passes through. From the diagram it
appears that it passes through the feet of the altitudes, so let us prove this. Since
F is the midpoint of the hypotenuse of

�
APB, we have

�
FPA � �

FAP � 90
�

� β.
Similarly

�
EPA � 90

�
� γ and so

�
FPE � α � �

FDE (since
�
ABC

� � � �
DEF). It

follows that P lies on the circle. Similarly Q and R also lie on the circle.

14



Point X is the midpoint of HC, and it also appears to lie on the circle. HC is
the diameter of the circle passing through H, Q, C and P, so X is the centre of this
circle. It follows that

�
PXQ � 2

�
PCQ � 2γ. But

�
PEQ � �

PEF
� �

FEQ �
�
PDF

� �
FEQ � γ � γ, so

�
PEQ � �

PXQ and so X lies on the circle. Similarly
the midpoints of HA and HC lie on the circle.

Because there are nine well-defined points which lie on this circle, it is known as
the nine-point circle.

6.6 Another circle

Consider that
�
IABI � �

IACI � 90
�
; this shows that IIA is the diameter of a circle

passing through I, IA, B and C. Where is the centre of this circle? Well, any circle
passing through B and C must have its centre on the perpendicular bisector of BC,
and for IIA to be the diameter, the centre must also lie on the internal bisector of

�
A. Hence the centre is the intersection of these two lines. As shown above, the

intersection also lies on the circumcircle of
�
ABC.

�A

�
B

�
C

�
D

� I

�

IA

�

Exercise 6.3 ( �). In acute-angled triangle ABC the internal bisector of angle A meets
the circumcircle of the triangle again at A1. Points B1 and C1 are defined similarly.
Let A0 be the point of intersection of the line AA1 with the external bisectors of angles
B and C. Points B0 and C0 are defined similarly. Prove that

(i) the area of the triangle A0B0C0 is twice the area of the hexagon AC1BA1CB1;

(ii) the area of the triangle A0B0C0 is at least four times the area of the triangle
ABC.
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6.7 Theorems

Angle bisectors can be fairly tricky to deal with. The angle bisector theorem provides
a way to compute the segments which the base is divided into.

Theorem 6.1 (Angle bisector theorem). If D is the point of intersection of BC with
an angle bisector of

�
A, then DB

DC
� AB
AC .

Proof. Construct E on AD such that
�
AEC � �

BDA. Then
�
ABD

� � � �
ACE (two

angles) and so DB
EC

� AB
AC . But

�
ECD is isosceles, so CE � CD and therefore DB

DC
� AB
AC

as required.

�A

�

B
�

C
�

D

�E

�A

�

B
�

C
�

D

�E

Exercise 6.4. In the right-hand diagram for the angle-bisector theorem, find a for-
mula for the length BD in terms of the side lengths a, b and c.

Exercise 6.5. Given a line segment AB and a real number r � 0, find the locus of
points P such that AP

BP
� r.

The theorems of Ceva and Menelaus are handy results when proving concurrency
and collinearity respectively. They are particularly powerful because their converses
are true, provided that the directions are taken into account. The converses are quite
easy to prove by assuming them to be false, and then constructing two different points
with the same uniquely defining properties.

Theorem 6.2 (Ceva’s Theorem). If AD, BE and CF are concurrent cevians of
�
ABC

then
BD
DC

�

CE
EA

�

AF
FB

� 1

16



Proof.

�A

�

B
�

C
�

D

� E

�F

�G

Let G be the point of concurrency.

� �
ABD

�

� �
ACD

� � BD
DC

(common height)
� �

GBD
�

� �
GCD

� � BD
DC

(common height)

�

� �
AGB

�

� �
CGA

� � BD
DC

We can show similar things for CE
EA and AF

FC . Therefore

BD
DC

�

CE
EA

�

AF
FB

�

� �
AGB

�

� �
CGA

� �

� �
BGC

�

� �
AGB

� �

� �
CGA

�

� �
BGC

� � 1

This proof has not explicitly invoked directed areas or line-segments, but if they
are used it can be seen that the result will hold even if G lies outside of the triangle.

Theorem 6.3 (Menelaus’ Theorem). If X, Y and Z and collinear and lie on sides
BC, CA and AB (or their extensions) of

�
ABC respectively, then

AZ
ZB

�

BX
XC

�

CY
YA

� � 1

(Note that the sign on the result is due to directed line segments, and indicates that
the line cuts the sides themselves either twice or not at all.

Proof.
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�A

�

B
�

C
�

X

�Y

�Z

�

A
�

�B
�

�C
�

Drop perpendiculars from A, B and C to meet XY Z at A
�

, B
�

and C
�

. From alternate
angles, we have

�
AA

�

Z
� � � �

BB
�

Z and thus AZ
ZB

� AA
�

B
�
B . Similarly BX

XC
� BB

�

C
�
C and CY

YA
�

CC
�

A
�
A . Therefore

AZ
ZB

�

BX
XC

�

CY
YA

� AA
�

B
�
B

�

BB
�

C
�
C

�

CC
�

A
�
A

� � 1

Exercise 6.6. Use Menelaus’ Theorem to prove Ceva’s Theorem.

Exercise 6.7 ( �). ABC is an isosceles triangle with AB � AC. Suppose that

(i) M is the midpoint of BC and O is the point on the line AM such that OB
�
AB;

(ii) Q is an arbitrary point on the segment BC different from B and C;

(iii) E lies on the line AB and F lies on the line AC such that E, Q and F are distinct
and collinear.

Prove that OQ is perpendicular to EF if and only if QE � QF.

Stewart’s Theorem is a handy tool for dealing with the length of a cevian, which
is otherwise difficult to work with.

Theorem 6.4 (Stewart’s Theorem). Suppose AD is a cevian in
�
ABC. Let p � AD,

m � BD and n � CD. Then

a
�
p2 �

mn
�

� b2m
�
c2n �

Proof.

18



m n

pc

a

b

θ

�A

�

B
�

C
�

D

Use the cosine rule in
�
ABD:

c2 � m2 �
p2 � 2mpcosθ

� c2n � m2n
�
p2n � 2mnpcosθ (6.1)

Do the same in
�
ACD, noting that cos

�
180

�
� θ

�
� � cosθ:

b2 � n2 �
p2 �

2npcosθ
� b2m � n2m

�
p2m

�
2mnpcosθ (6.2)

Now add (6.1) and (6.2):

b2m
�
c2n � m2n

�
n2m

�
p2n

�
p2m (6.3)

�
�
m

�
n

� �
p2 �

mn
�

(6.4)
� a

�
p2 �

mn
�

(6.5)

In the special case that AD is a median, Stewart’s Theorem reduces to 4p2 �
a2 �

2
�
b2 �

c2 �
, which is known as Apollonius’ Theorem.

Exercise 6.8. In
�
ABC, angle A is twice angle B. Prove that a2 � b

�
b

�
c

�
.

Theorem 6.5 (Euler’s Formula).

OI2 � R
�
R � 2r

�

As a corollary, we have Euler’s Inequality:

R
�
2r �

19

Proof. Extend the angle bisector from A to meet the circumcircle again at D. Also
construct X diametrically opposite D on the circumcircle and construct Y as the foot
of the perpendicular from I onto AC. We calculate the power of I with respect to the
circumcircle (see section 5.3), which is equal to OI2 � R2 and also to � AI � ID. From
section 6.6, we have ID � CD.

�A

�
B

�
C

�

D

�I � O

�X

�Y
α
2

α
2

Now we note that
�
DXC

� � � �
IAY , and so AI

IY
� XD
DC

�� AI � ID � 2rR. Since OI2 �

R2 � � AI � ID, it follows that OI2 � R
�
R � 2r

�
as required.

Euler’s Theorem provides a measure of the distance between the incentre and
circumcentre. However it is most often invoked as Euler’s Inequality.

Exercise 6.9 ( �). Let r be the inradius and R the circumradius of ABC and let p be
the inradius of the orthic triangle of triangle ABC. Prove that

p
R

�
1 �

1
3

�

1
� r
R

� 2
�

6.8 Area

There are numerous formulae for the area of a triangle, and in many cases things can
be discovered by equating them.

Theorem 6.6 (Heron’s Formula).

K � �
sxyz
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Proof. This is probably the ugliest proof in this booklet. Here goes:

16K2 � 4
�
absinγ

� 2

� 4a2b2 �
1 � cos2 γ

�

� 4a2b2

�

1 �



a2 �

b2 � c2

2ab

� 2
�

� 4a2b2 �
�
a2 �

b2 � c2 � 2

�
�
2ab � a2 � b2 �

c2 � �
2ab

�
a2 �

b2 � c2 �

�
�

c2 �
�
a � b

� 2
� � �

a
�
b

� 2 � c2
�

�
�
c � a

�
b

� �
c

�
a � b

� �
a

�
b

�
c

� �
a

�
b � c

�

� 16sxyz �

Theorem 6.7 (Triangle area formulae).

K � 1
2aha

� 1
2bhb

� 1
2chc (6.6)

� 1
2absinγ � 1

2bcsinα � 1
2casinβ (6.7)

� abc
4R

(6.8)

� 2R2 sinαsinβsinγ (6.9)
� 1
2R

�
acosα �

bcosβ �
ccosγ

�
(6.10)

� R
�
acosβcosγ �

bcosγcosα �
ccosαcosβ

�
(6.11)

� rs (6.12)
� rax � rby � rcz (6.13)
� �

sxyz (Heron’s Formula) (6.14)

Proof. The first is the standard formula for the area of a triangle. The second is really
the same formula, since sinγ � ha

b . The third is obtained using the extended sine
rule (sinγ � c

2R). The fourth is similarly obtained using the extended sine rule by
converting all side lengths to sines.

Equation 6.9 is obtained by adding the areas of the isosceles triangles
�
BOC,

�
COA and

�
AOB. The base of

�
BOC is a and

�
BOC � 2

�
BAC � 2α, so the

height is OC cosα � Rcosα. Adding up the areas gives the result.
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a
�

2

Rcosα

�A

�

B
�

C
�

�O

The following equation is obtained from 6.9 by replacing a by bcosγ �
ccosβ

and similarly for b and c.
Equation 6.12 is obtained similarly to 6.9, but using I instead of O. The three

triangles all have height r, so the area is 1
2

�
ra

�
rb

�
rc

�
� rs. Equation 6.13 uses

the excentre Ia instead; in this case one adds triangles ABIa and ACIa and subtracts
triangle BCIa.

Heron’s Formula was covered earlier.

Exercise 6.10. An equilateral triangle has sides of length 4
�
3. A point Q is located

inside the triangle so that its perpendicular distances from two sides of the triangle
are 1 and 2. What is the perpendicular distance to the third side?

Exercise 6.11. Prove that
1
r

� 1
ra

� 1
rb

� 1
rc

�

There is one area more formula that is used with coordinate geometry.

Theorem 6.8. If one vertex of a triangle is at the origin and the other two are at
�
x1 � y1

�
and

�
x2 � y2

�
, then

K � 1
2

�
x1y2

� x2y1
�

�

If the absolute value operator is removed, one gets a formula for directed area1.

Proof. The proof below uses trigonometry. It is also possible to compute the area of
the triangle by starting with a rectangle that bounds it, and subtracting right triangles.
However, that approach requires several cases to be considered.

1The sign is used in computer graphics to determine whether three points are wound clockwise or anti-clockwise.
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θφ�
A

�B
�
ccosθ � csinθ

�

�C
�
bcosφ � bsinφ

�

Assume without loss of generality that C makes a larger angle from the x-axis than B
(swapping B and C simply negates the term inside the absolute value). Then

�
x1 � y1

�
�

�
ccosθ � csinθ

�
,

�
x2 � y2

�
�

�
bcosφ � bsinφ

�
and the area is

1
2bcsinα � 1

2bcsin
�
φ � θ

�

� 1
2bc

�
sinφcosθ � cosθsinφ

� 1
2

�
x1y2

� x2y1
�

�

6.9 Inequalities

Inequalities in triangles are often best solved by first expressing all the quantities in
terms of as few variables as possible (ideally, only two or three) and then using in-
equality techniques discussed in Inequalities for the Olympiad Enthusiast to finish the
problem algebraically. Jensen’s Inequality is particularly powerful when combined
with trigonometric functions.

Theorem 6.9 (Jensen’s Inequality). A function f is said to be convex on an interval
�
a � b

�
if f

�
x

� �
f

�
y

�

2
�
f

� x �
y

2

�
for all x � y � �

a � b
�
. If f is convex2 on

�
a � b

�
then for any

x1 � x2 � � � � � xn in
�
a � b

�
we have

f



x1

�
� � �

�
xn

n

�

� f
�
x1

� �
� � �

�
f

�
xn

�

n
�

The statement also holds if all inequality signs are reversed, in which case the func-
tion is termed concave.

2If you are familiar with calculus, a convex function is one that satisfies f
� �	

x

 �

0 for all x
� 

a � b
�
.
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Proof. Refer to page 18 of Inequalities for the Olympiad Enthusiast, by Graeme
West.

Exercise 6.12. If α � β � γ are the angles of a triangle, then show that sinα �
sinβ �

sinγ � 3
�
3

2
�

One thing to keep in mind is the triangle inequality: if you reduce the problem
to an inequality in a, b and c then it is possible (although not necessarily the case)
that you will need to use the fact that the sum of any two is greater than the third. A
technique that sometimes simplifies this to substituting a � x

�
y, b � y

�
z, c � z

�
x

in which case the triangle inequality is equivalent to x � y � z
� 0. In some circles this

has become known as the Ravi Substitution, after a Canadian IMO contestant (and
later coach) Ravi Vakil. Although he did not invent the technique, he successfully
applied it to an IMO problem.

There are a few other useful inequalities that are specific to triangles. The first is
Euler’s Inequality, mentioned above. The others are listed below.

Theorem 6.10. In a triangle ABC,

3
�
3

2
R

�
s s2 �

3
�
3K K

�
3

�
3r2

�

In each case, equality occurs iff
�
ABC is equilateral.

Proof. We first prove that 3
�
3

2 R
�
s. From the extended sine rule, a

2R
� sinα and so

s
R

� sinα �
sinβ �

sinγ

�
3sin



α � β � γ

3

�

(Jensen’s Inequality)

� 3sin60
�

� 3
�
3

2
�

For the remaining inequalities, we express everything in terms of x, y and z. Thus

s2 � s3
�

2 �
s

�
�

s
�
x

�
y

�
z

�
3

� �
27sxyz (AM-GM)

� 3
�
3K (Heron’s Formula) �
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K � r2s2

K
� 3

�
3r2K
K

(from the previous step)

� 3
�
3r2

�

Theorem 6.11 (Erdős-Mordell). Let P be a point inside triangle
�
ABC, and let the

feet of the perpendiculars from P to BC � CA � AB be D � E � F respectively. Then

AP
�
BP

�
CP

�
2

�
DP

�
EP

�
FP

�
�

Proof. Extend AP to meet the circumcircle of
�
ABC at A

�

. Let
�
BAP � θ and

�
CAP � φ. Note that FP � APsinθ and EP � APsinφ, so EP

FP
� sin φ

sin θ
� CA

�

BA
� . Also

note that a � AA
�

� b � BA
� �

c � CA
�

(from Ptolemy’s Theorem in the cyclic quadrilateral
ACA

�

B), so AA
�

� b
a

� BA
� � c

a
� CA

�

. Now

AP � FP
sinθ

� FP � 2R
BA

� (Extended Sine Rule)

� FP � AA
�

BA
� (AA

�

is less than the diameter)

� FP
�
b � BA

� �
c � CA

� �

a � BA
�

� b
a

� FP
� c
a

�

CA
�

BA
� � FP

� b
a

� FP
� c
a

� EP �

�A

�
B

�
C

�

D

�E
�F

�
P

�

A
�
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Now we can establish similar inequalities for BP and CP, and adding these gives

PA
�
PB

�
PC

�



b
c

� c
b

�

PD
�

� c
a

� a
c

�

PE
�



a
b

� b
a

�

PF

�
2

�
PD

�
PE

�
PF

�
� (AM-GM)

Exercise 6.13. Let ABC be a triangle and P be an interior point in ABC. Show that
at least one of the angles PAB, PBC, PCA is less than or equal to 30 degrees.

7 Transformations

A very powerful idea in geometry is that of a transformation. A transformation maps
every point in space to some other point in space. Structures like lines or circles
are transformed by applying the transformation to every point on them. They do not
necessary maintain their shapes; in fact there is a transformation (inversion) which
generally maps lines to circles! Each transformation will preserve certain properties
of a diagram, and by translating the properties of the original into the transformed
diagram one can obtain new information. Here a diagram is really just a set of points.

7.1 Affine transformations

The transformations we discuss here are all affine. That means that straight lines
are mapped to straight lines, and lengths are scaled uniformly. The transformations
presented here all preserve angles as well. These transformations can in fact be built
up by combining reflections and scale changes, although this is not necessarily the
best way to think about them.

7.2 Translations, rotations and reflections

The simplest transformation is a translation: every point simply moves a constant
distance in a constant direction; this is like picking up a piece of paper and moving it,
without rotating it. Rotations rotate all the points by some angle around a particular
point; this is like sticking a pin in a piece of paper and then turning it. Reflections
take all points and reflect them in a particular line; this is like picking up the piece
of paper and putting it down upside-down (the paper would of course need to be thin
enough for the diagram to be seen through the back).
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While these are all quite straightforward, they can also be very powerful because
they preserve so much. They are also closely related, as shown by the next problem.

Exercise 7.1. In each of the following, show that the transformations exist using a
concrete construction.

(a) Show that any rotation or translation can be expressed as the combination of a
pair of reflections, or vice versa.

(b) Show that two rotations, two translations or a translation and rotation can always
be combined to produce a single translation or rotation.

(c) Show that any combination of translations, reflections and rotations yields either
a rotation, a translation, or a translation followed by a reflection.

Exercise 7.2. In acute-angled triangle ABC, a point P is given on side BC. Show how
to find Q on CA and R on AB such that

�
PQR has the minimum perimeter.

Exercise 7.3 ( �). The point O is situated inside the parallelogram ABCD so that
�
AOB

� �
COD � 180

�
. Prove that

�
OBC � �

ODC.

7.3 Homothetisms

So far we have discussed only rigid transforms, namely those that can be illustrated
with a piece of paper. We now move on to scaling. Imagine drawing a diagram on a
new T-shirt, and then letting the T-shirt shrink in the wash. Assume the ink doesn’t
run and that the T-shirt doesn’t warp, you will have the same diagram, only smaller.
All the angles and so on will be the same, although lengths will not.

A homothetism is a fancy name for scaling. One chooses a centre (sometimes
called the “centre of similitude”) and a scale factor. Every point is then kept in the
same direction relative to the centre, but its distance from the centre is scaled by the
scale factor. Like translations, homothetisms preserve orientation, angles, and ratios
of lengths. However, lengths are scaled by the scale factor. The result below allows
one to find the centre of a homothetism.

Theorem 7.1. Let S and T be two similar figures which have the same orientation,
but are not the same size. Then there is a homothetism that maps S to T .

Proof. Pick a point A in S and its corresponding point A
�

in T . Now pick a second
point B in S, not on AA

�

, and its corresponding point in B3. Now if AA
�

and BB
�

are

3If no such B exists, then make some arbitrary construction in S and the corresponding construction in T to produce
such a B.
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parallel then AA
�

B
�

B would be a parallelogram, making AB � A
�

B
�

. But we assumed
that S and T are of different sizes, which would give a contradiction. Hence AA

�

and BB
�

meet at a point, which we will call P. Now consider the homothetism with
centre of similitude P and scale factor A

�
P

AP . It will clearly map A to A
�

; will it map
B to B

�

? Yes, because
�
ABP

� � � �
A

�

B
�

P by parallel lines. If we can show that this
homothetism maps the rest of S to T then we are done.

�A

�

B

�A
�

�

B
�

� P

Let C be some arbitrary point in S. We aim to show that the homothetism maps
C to its corresponding point C

�

in T . If C is A or B then we are done. If C lies on AB
then C is uniquely defined by AC

BC (with directed line segments). But homothetisms

preserve ratios of lengths, and A
�
C
�

B
�
C
� � AC

BC so C is mapped to C
�

. If C does not lie on
AB then C is uniquely defined by the directed angles

�
BAC and

�
ABC, and angles

are preserved by homothetisms.

The construction also suggests how the centre of similitude can be found in prac-
tice: take two pairs of corresponding points and find the intersection of the lines
between them. For example, any two circles of different sizes satisfy the require-
ments, so a homothetism can be found between them. The points of tangency of the
common tangent are corresponding points, since they have the same orientation rel-
ative to the centre. Hence the centre of similitude is the intersection of the common
tangents.

What happens if we have non-overlapping circles, and use the other pair of com-
mon tangents? It turns out that this point is also a centre of similitude. However,
this homothetism has a negative scale factor, which means that points are “sucked”
through the centre and pushed out the other side. This also rotates the figure by 180

�
,

although for a circle this isn’t visible. The theorem above in fact applies to situations
where the two figures have orientations that are out by 180

�
, in which case a negative

scale factor is used. In this case the figures may even by the same size (since the scale
factor is � 1, not 1).

Exercise 7.4. Let ABC be a triangle. Use a homothetism to show that

(a) the medians of
�
ABC are concurrent;
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(b) the point of concurrency (the centroid) divides the medians in a 2 : 1 ratio;

(c) the orthocentre H, the centroid G and the circumcentre O are collinear, with
HG : GO � 2 : 1 (this line is known as the Euler line). Assume that H and O exist
(i.e. that the defining lines are concurrent).

Exercise 7.5 ( �). On a plane let C be a circle, L be a line tangent to the circle C and
M be a point on L. Find the locus of all points P with the following property: there
exist two points Q � R on L such that M is the midpoint of QR and C is the inscribed
circle of triangle PQR.

7.4 Spiral similarities

An even more general transformation than a homothetism is a spiral similarity. A
spiral similarity combines the effects of a homothetism and a rotation: the plane is
not only scaled around a centre P by some factor r, it is also rotated around P by an
angle θ. A spiral similarity preserves pretty much the same things as homothetisms
i.e. ratio of lengths and angles. However, corresponding lines are no longer parallel,
but meet each other at an angle of θ. As for homothetisms, there is a result that makes
it possible to find a spiral similarity given two similar figures.

Theorem 7.2. Let S and T be two sets of points that are similar but have either
different orientation or different size (or both). Then there is a spiral similarity that
maps S to T .

Proof. In the special case that S and T have the same orientation, there exists a ho-
mothetism, which is just a special case of a spiral similarity. So we assume that S and
T have different orientations. We also include the case where S and T are oriented
180

�
apart in the special case, as this is a homothetism with negative scale factor.

Choose two arbitrary points A and B in S, and their corresponding points A
�

and
B

�

in T . Let P be the intersection of AB and A
�

B
�

. Construct the circumcircles of
�
AA

�

P and
�
BB

�

P, and let their second point of intersection be Q (Q exists because
of the assumptions).
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�
A

�B

�A
�

�B
�

�P

�

Q

Now
�
AQA

� � �
APA

� � BPB
� � BQB

�

,
�
AA

�

Q � �
APQ � �

BPQ � �
BB

�

Q and
similarly

�
A

�

AQ � B
�

BQ. It follows that triangles AA
�

Q and BB
�

Q are directly sim-
ilar4. Now consider the spiral similarity with centre Q, angle AQA

�

and scale factor
A
�
Q

AQ . It will map A to A
�

by construction, and from the similar triangles it will map
B to B

�

. We can now proceed to show that S is mapped to T , as was done in the
corresponding theorem for homothetisms.

Exercise 7.6. Squares are constructed outwards on the sides of triangle ABC. Let P,
Q and R be the centres of the squares opposite A, B and C respectively. Prove that
AP and QR are equal and perpendicular.

8 Miscellaneous problems

These problems all draw on the techniques in this book, but do not fit well into any
particular section. They are mostly very challenging problems designed to give you
practice.

Exercise 8.1 ( �). ABCD is a square. P is a point inside the square with
�
ABP �

�
BAP � 15

�
. Show that

�
CDP is equilateral.

Exercise 8.2 ( �). A 6m tall statue stands on a pedestal, so that the foot of the statue
is 2m above your head height. Determine how far from the statue you should stand
so that it appears as large as possible in your vision.5

4Two triangles are directly similar if they are similar and have the same clockwise/anti-clockwise orientation.
5In other words, maximise the angle formed by the foot of the statue, your head and the top of the statue.
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Exercise 8.3 ( �). In an acute angled triangle ABC the interior bisector of
�
A inter-

sects BC at L and the circumcircle of
�
ABC again at N. From point L perpendiculars

are drawn to AB and AC, the feet of these perpendiculars being K and M respectively.
Prove that the quadrilateral AKNM and the triangle ABC have equal areas.

Exercise 8.4 ( �). ABC is a triangle. The internal bisector of the angle A meets the
circumcircle again at P. Q and R are similarly defined relative to B and C. Prove that

AP
�
BQ

�
CR � AB

�
BC

�
CA �

Exercise 8.5 ( �). A circle of radius r is inscribed in a triangle ABC with area K. The
points of tangency with BC, CA and AC are X, Y and Z respectively. AX intersects
the circle again in X

�

. Prove that BC � AX � XX
�

� 4rK.

Exercise 8.6 ( �). A semicircle is drawn on one side of a straight line
�

. C and D
are points on the semicircle. The tangents at C and D meet

�

again at B and A
respectively, with the centre of the semicircle between them. Let E be the point of
intersection of AC and BD, and F the point on

�

such that EF is perpendicular to
�

.
Prove that EF bisects

�
CFD.

Exercise 8.7 ( �). In
�
ABC, let D and E be points on the side BC such that

�
BAD �

�
CAE. If M and N are, respectively, the points of tangency with BC of the incircles

of
�
ABD and

�
ACE, show that

1
MB

� 1
MD

� 1
NC

� 1
NE

.

Exercise 8.8 ( �). Let P be a point inside
�
ABC such that

�
APB �

�
ACB � �

APC �
�
ABC �

Let D, E be the incentres of
�
APB �

�
APC respectively. Show that AP, BD and CE

meet at a point.

9 Solutions

3.1 Using classical geometry to solve this problem would result in an enormous
number of different cases. However, directed angles hide all of that, and the
result appears with a few lines of basic calculation:

�
AZC � �

AZO
� �

OZC
� �

AXO
� �

OYC (concyclic points)
� �

BXO
� �

OY B (collinear points)
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� �
BXO

� �
OXB (concyclic points)

� �
BXO �

�
BXO (directed angles)

� 0
�

�

and hence A, Z and C are collinear.

3.2 Note that PC subtends right angles at D and E , and hence is the diameter of a
circle passing through P, C, D and E . Similarly, P � A � F and E are concyclic.

�A

�
B

� C�

D

�
E

�F

�P

�
DEF � �

DEP
� �

PEF
� �

DCP
� �

PAF
� �

BCP �
�
BAP �

It follows that
�
DEF � 0

� �� �
BCP � �

BAP. The first is a condition
for D � E � F to be collinear and the second is a condition for P to lie on the
circumcircle of

�
ABC.

4.1 cot
�
A

�
B

�
� cot AcotB � 1

cotA
�
cotB can be shown by substituting tanθ � 1

cosθ into tan
�
A

�

B
�

� tanA
�
tanB

1 �tanA tanB and simplifying. The expressions for sinAsinB and similar ex-
pressions can be proved simply by expanding the right hand side and cancelling
terms. The final three equations are derived by making suitable substitutions
into the previous three.

4.2 We first derive a general formula for tan
�
A

�
B

�
C

�
.

tan
�
A

�
B

�
C

�
� tan

� �
A

�
B

� �
C

�

� tan
�
A

�
B

� �
tanC

1 � tan
�
A

�
B

�
tanC

�
tanA

�
tanB

1 � tanA tanB
�
tanC

1 � tanA
�
tanB

1 � tanA tanB
� tanC
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� tanA
�
tanB

� �
1 � tanA tanB

�
tanC

�
1 � tanA tanB

�
�

�
tanA

�
tanB

�
tanC

� tanA
�
tanB

�
tanC � tanA tanB tanC

1 � tanA tanB � tanB tanC � tanC tanA
�

However, we know that tan
�
A

�
B

�
C

�
� tan180

� � 0, so the numerator must
be 0. The result follows.

4.3 Suppose that P lies on the arc BC, as in the diagram. Then OQPR is cyclic
with diameter OP, so applying the extended sine rule in

�
OQR gives QR �

OPsin
�
BOC. Now

�
BOC is fixed and OP is the radius of the circle, also

fixed. So QR is fixed if P lies on the arc BC. But sin
�
BOC � sin

�
COA �

sin
�
DOA � sin

�
DOB, so QR is constant wherever on the circle P may be.

�A

�
B

�C

�
D

�O � P
�

Q

�R

5.1 This problem is fairly straight-forward as it consists almost entirely of angle
chasing. The only difficulty is that P can lie anywhere on the circumcircle,
which could give rise to multiple cases. We can get around this with directed
angles. This diagram is thus only for reference. D and F are the feet of the
altitudes from A and C in

�
ABC.
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�
A

�B

� C

�D

�

E

�F
�H

�

P

�Q

� R

�
X

(a) Firstly notice that since PAQB and PARC are parallelograms, BQ and CR
are parallel and equal (and in the same direction), so BCRQ is also a par-
allelogram. It follows that RQ

�

CB and hence AH
�
RQ. This shows that

H lies on one altitude of
�
AQR. If RX

�
AQ then it would lie on another

altitude we would be done.

Note that B, D, H and F are concyclic. Thus

�
AHC � �

DHF (opposite angles)
� �

DBF (D, H, F , B concyclic)
� �

CBA
� �

CPA (A, B, C, P concyclic)
� �

ARC (AP
�

RC � AR
�

PC)

and therefore A, H, R and C are concyclic. Thus

�
AXR � �

XAR
� �

ARX
� �

XAB
� �

BAC
� �

CAR
� �

ARH
� �

QAB
� �

FAC
� �

ACP
� �

ACH
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� �
PBA

� �
ABP

� �
FAC

� �
ACF

� �
AFC

� 90
�

and the result follows.

(b) This is just more angle chasing, using the fact that H, X , A and E are
concyclic (because of the right angles).

�
AEX � �

AHX
� �

AHR
� �

ACR
� �

PAC
� �

PAE

from which it follows that XE
�

AP.

(Proposed for IMO 1996)

5.2 We use Ptolemy’s Inequality:

AP � BC
�
BP � CA

�
CP � AB�� AP

�
BP

�
CP (since AP � BP � CP) �

Equality occurs if and only if ABPC is a cyclic quadrilateral.

5.3 Construct KL through E parallel to BC, with K and L on AB and AC respec-
tively.

�A

�

B
�

C
�

D

�E

�

F

�
P

�M

�N
�K � L
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From similar triangles AKE and ABD, we have KE � BD � AE
AD . Similarly, EL �

DC � AE
AD . But BD � DC, so KE � EL and hence AE is a median of

�
AKL.

Also, PE
�
KL (since KL

�

BC), so M, E and N are the pedal points of P in
triangle AKL. The Simpson Line theorem states that M, E and N are collinear if
and only if P lies on the circumcircle of

�
AKL. But the perpendicular bisector

of KL and the angle bisector of
�
A both meet the circumcircle at the middle of

the arc KL, so P lies on the angle bisector of
�
A.

(Crux Mathematicorum, 1990, 293)

5.4 If P is one of the midpoints, then the lengths of the tangents from P to the two
circles are equal. Since these lengths are the square roots of the power of P
with respect to these two circles, P must lie on the radical axis. Since this is
true for four midpoints, they are collinear because the radical axis is a straight
line.

5.5 Call the given circles Γ1 and Γ2, and construct a third circle Γ3 which intersects
both Γ1 and Γ2. The position of Γ3 is arbitrary, provided that the centres of the
three circles are not collinear. The radical axes of

�
Γ1 � Γ2

�
and

�
Γ1 � Γ3

�
can

be found by drawing lines through the intersection points. The intersection of
these two lines is the radical centre of the three circles. The desired radical axis
now passes through the radical centre and is perpendicular to the line of centres
of Γ1 and Γ2, which can easily be constructed.

5.6 We use directed angles and line segments, since P may lie either inside or
outside of the segment XY . It is also possible (but more tedious) to do the
proof with two cases. The diagram below shows the one case.

�A �
B

�
C

� D

�
X

�Y

�
Z

�M

�N
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Label the circle with diameter AC as Γ1, and the circle with diameter BD as Γ2.
The point Z lies on the radical axis of the two circles, so it has equal power with
respect to both. In particular, ZM � ZC � ZN � ZB, which prove that M � N � B and
C are concyclic. Call this circle Γ3. Now

�
MND � �

MNB
� �

BND
� �

MCB
�
90

�

� �
MCA

� �
AMC

� �
�
CAM

� �
MAD �

This proves that M � N � A and D are also concyclic; call this circle Γ4. Finally,
we note that AM � DN and XY are the three radical axes formed between the
circles Γ1 � Γ2 and Γ4. These lines are not all parallel (AM

�

XY would require
that P � Z), so they must coincide at the radical centre of the circles.

(IMO 1995, problem 1)

6.1 Let D, E and F be the points of tangency of the incircle with BC � CA � AB and
let the excircle be tangent to the same sides at P, S and T respectively. Then
from common tangents,

2ES � 2FT � ES
�
FT

� EC
�
CS

�
FB

�
BT

� DC
�
CP

�
DB

�
BP

� 2BC �

�A

�B � C�D

�E
�F

�

P
� S

� T

Hence ES � FT � BC � y
�
z. Now BP � BT � FT � BF �

�
y

�
z

�
� y � z.

Similarly, CP � y.
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6.2 Since the altitude AF passes through H and BC
�
AF , it follows that BC and

FM coincide. Let H
�

be the reflection of H in BC. H
�

is known to lie on the cir-
cumcircle of

�
ABC, so R � H

�

O �
�
232 �

142. Hence BM �
�
H

�
O2 � 72 �

26 and BC � 2BM � 52.

23
7

7
� H

�

�A

�
B

�
C

�
F

�H

�

M

� O

6.3 Clearly, A0, B0 and C0 are in fact IA, IB and IC, and we will refer to them as
such.

(i) We will show that
� �

IIAC
�

� 2
� �

IA1C
�
(refer to the diagram on page 15,

where D is A1). Results for five other pairs of triangles follow similarly,
and adding them all up gives the desired result. Triangles IIAC and IA1C
have a common height, and bases IIA and IA1. But these bases are the
radius and diameter of the circle with diameter IIA, so the result follows.

(ii) It suffices to show that
�
AC1BA1CB1

�
is at least twice

�
ABC

�
, which is

equivalent to showing that
� �

BCA1
� � � �

CAB1
� � � �

ABC1
� � � �

ABC
�
.

Let A2, B2 and C2 be the reflections of H in BC, CA and AB. These
points are known to lie on the circumcircle. When comparing the areas
of triangles BCA1 and BCA2, we note that they share a common base but
the height of

�
BCA1 is greater than or equal to that of

�
BCA2. Hence

� �
BCA1

� � � �
CAB1

� � � �
ABC1

� � � �
BCA2

� � � �
CAB2

� � � �
ABC2

�

�
� �

BCH
� � � �

CAH
� � � �

ABH
�

�
� �

ABC
�

�

(IMO 1989 Question 2)
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6.4 Let BD � m and DC � n. Then m
�
n � a and n

m
� a � m

m
� b

c . Hence

BD � m � a

1
� b
c

� ac
b

�
c

�

6.5 If r � 1, then AP � BP and so the locus is simply the perpendicular bisector.
Otherwise suppose r

� 1 (the situation is symmetric if r
� 1). Pick an arbitrary

P not on AB which satisfies the condition. Let the internal and external angle
bisectors of

�
APB meet AB at D1 and D2 respectively. Then by the angle

bisector theorem, AD1
BD1

� AD2
BD2

� r. D1 and D2 are the only two points on AB
that satisfy this, so they are fixed independent of P. Also,

�
D1PD2

� 90
�
, so

P must lie on the circle with diameter D1D2.

�

A
�

B
�

D1

�

D2

�P

Conversely, suppose P lies on this circle. If P also lies on AB then P � D1 or
P � D2, both of which satisfy the conditions. Otherwise let the internal and
external bisectors of

�
PAB meet AB at E1 and E2 respectively. If AP

BP
� AE1

BE1

�

AE2
BE2

�
r then E1 lies closer to A than D1 and E2 lies further from A than D2. But

this means that
�
E1PE2

� 90
�
, which is a contradiction. Similarly, if AP

BP
�
r

then
�
E1PE2

� 90
�
, again a contradiction. Thus AP

BP
� r, and this circle is

precisely the locus of P.

This circle is known as an Apollonius circle.

6.6 Apply Menelaus to
�
ACD cut by line BGE:

AG
GD

�

DB
BC

�

CE
EA

� � 1 � (9.1)
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�A

�

B
�

C
�

D

� E

�F

�G

Similarly, one can apply it to
�
ABD cut by BGE:

AG
GD

�

DC
CB

�

BF
FA

� � 1 � (9.2)

Finally, dividing (9.1) by (9.2) and doing some re-arranging (while being care-
ful with the sign conventions) gives Ceva’s Theorem.

6.7 Without loss of generality, let BQ
�
CQ, giving the diagram below:

�A

�

B

�C

�

E

�F

�
Q

� O

Suppose OQ
�
EF . Then EBQO and FCOQ are cyclic quadrilaterals, so

�
BEO � 180

�
�

�
BQO � �

CQO � �
CFO. But BO � CO, so

�
BEO �

�
CFO. This gives EO � FO, making

�
EOF isosceles. But OQ

�
EF , so

EQ � QF .

Now suppose that QE � QF . Apply Menelaus to triangle AEF , cut by line
BQC:

1 � EQ
QF

�

FC
CA

�

AB
BE

� FC
BE

�

Hence CF � BE . Also, BO � CO, so
�
BEO � �

CFO and hence EO � FO.
Then

�
EOF is isosceles with EQ � QF , so OQ

�
EF .

(IMO 1994 question 2)
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6.8 Construct D on the extension of AC such that
�
ABD � �

ABC. Note that AB is
then an angle bisector of

�
BDC. Also,

�
BDA � 2

�
ABC �

�
ABD � �

ABD,
so triangle ABD is isosceles and AD � c. From the angle bisector theorem (or
from

�
ABC

� � � �
BDC), we find that AD � ac

b .

a

b

c

c

� A

�

B
�

C

�D

From Stewart’s Theorem, we get

�
b

�
c

� �
c2 �

bc
�

�
� ac
b

� 2
� b

�
a2c

�� �
b

�
c

� 2bc � a2c2 �
a2bc

�� b
�
b

�
c

�
� a2 �

as required.

6.9 Let the orthic triangle be A
�

B
�

C
�

. We use Euler’s Inequality twice, once on
�
ABC and once on

�
A

�

B
�

C
�

. The vertices of the orthic triangle lie on the
nine-point circle, so the circumradius of

�
A

�

B
�

C
�

is R
	
2. Thus

p
R

� 1
2

�

p
R

	
2

� 1
4

� 1 �
1
3

�

3
2

2

�
1 �

1
3

�

1
� r
R

� 2
�

(Proposed at IMO 1993)
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6.10 The height of the triangle is 6, so the area is 12
�
3. Let the required length be

x, and consider the area as the sum of the areas of the triangles formed by Q
and the vertices.

1
2

x

� �

�

�

�

�

� Q

The total area is thus 2
�
3

�
1

�
2

�
x

�
. Solving the equation 12

�
3 � 2

�
3

�
1

�

2
�
x

�
gives x � 3.

6.11 We know that s � x
�
y

�
z. Divide through by K, recalling that K � rs � rax �

rby � rcz.

6.12 We first check that sin is concave on
�
0

�
� 180

��
:

sinx
�
siny

2
� sin



x

�
y

2

�

� cos



x � y

2

�
�
sin



x

�
y

2

�

�

Thus

sinα �
sinβ �

sinγ �
3sin



α � β � γ

3

�

� 3sin60
� � 3

�
3

2
�

6.13 Suppose for a contradiction that these angles are all strictly greater than 30
�
.

Drop perpendiculars from P onto BC � CA � AB to meet at D � E � F respectively.
Then 2PF

�
PA, 2PD

�
PB and 2PE

�
PC. But then PA

�
PB

�
PC

� 2
�
PD

�

PE
�
PF

�
, which contradicts the Erdős-Mordell Theorem.

(IMO 1991, question 5)

7.1 (a) When combining two reflections, there are two cases.
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� A

� A
�

�A
� �

� A

� A
�

�A
� �

xx �

�
�

P

In the diagrams above, the first reflection maps A to A
�

, and the second
maps A

�

to A
� �

.

(i) The lines of reflection are parallel, separated by a distance d. As
can be seen from the diagram, the combination of the reflections is
a translation by 2d, perpendicular to the lines of reflection (the di-
rection depends on the order in which the reflections are performed.
Conversely, any translation can be expressed as the combination of
two parallel reflections, suitably oriented, and with separation equal
to half the distance of the translation.

(ii) The lines of reflection are not parallel, and intersect at some point
P with an angle of θ. From the diagram, it is now clear that any
other point is rotated by an angle of 2θ around P, with the direction
depending on the order of the rotations. Conversely, any rotation
can be expressed as the combination of two reflections which pass
through the centre of the rotation, and with an angle between them of
half the rotation angle.

(b) Two translations trivially produce another translation, whose displacement
is the vector sum of the original displacements. When one or both of the
transformations is a rotation, express the transformations as pairs of reflec-
tions. We showed in part (a) that there is some freedom in the choice of
reflections. We will have four reflections which are applied in order, say
b2b1a2a1.6 We can always choose the reflections such that a2 and b1 are
the same. Identical reflections cancel out, so we are left with a1b2 which
from (a) is equivalent to a rotation or translation.

(c) We can transform all the rotations and translations into pairs of reflections,
using part (a). We can then pair off these reflections and convert them back
into translations and rotations, possibly leaving one reflection at the end.
Now part (b) shows that we can reduce the sequence of translations and

6We write sequence of transformations from right to left. This is because they are functions, so applying ab to a point
P actually means a

	
b

	
P


 

, with b being applied first.
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rotations to just one, which may be followed by a reflection. It remains to
show that a rotation followed by a reflection is equivalent to a translation
followed by a reflection. We do this by appending two identical (and hence
cancelling) reflections to the sequence, at an angle we will choose in a
moment. The sequence will now appear as ccb

�
r2r1

�
where r2r1 is the

rotation, and c is the newly added reflection. We choose c so that cb forms
a rotation with angle exactly opposite to the angle of r2r1. Now

�
cb

� �
r2r1

�

is the combination of two rotations that forms some translation, say T (it is
a translation, not a rotation, because of the choice of angle). Thus the entire
sequence is equivalent to cT i.e. a translation followed by a reflection.

7.2 Reflect P in CA to obtain P1 and reflect P in AB to obtain P2. Now PQ
�
QR

�

RP � P1Q
�
QR

�
RP2. This sum will clearly be smallest when P1, Q, R and P2

lie in a straight line. So choose Q and R to be the intersections of P1P2 with CA
and AB.

�A

�

B
�

C
�

P

� P1

�P2

�Q�R

7.3 Having two supplementary angles vertically opposite each other is not very
helpful. It would be more useful if we could get the angles to be either adjacent
(to create a straight line) or opposite angles of a quadrilateral (to make it cyclic).
One way to do this is to “pick up” triangle DOC and place DC on top of AB.

�A � B

�
C

�
D

�
O

�O
�

44



More formally, construct O
�

outside ABCD such that
�
AO

�

B � �
DOC. Then

�
AO

�

B
� �

AOB � 180
�
, so AO

�

BO is cyclic. Also, OO
�

BC is a parallelogram
because O

�

B and OC are equal and parallel. Thus
�
OBC � �

BOO
�

� �
BAO

�
�

�
ODC.

(Canadian Mathematical Olympiad 1997)

7.4 (a) Let D � E and F be the midpoints of BC � CA and AB respectively. From the
Midpoint Theorem,

�
DEF

� � � �
ABC and is half the size. It is also oriented

180
�
relative to

�
ABC. Thus there is a homothetism that maps

�
ABC to

�
DEF , with scale factor � 1

2 . The centre of similitude must lie on AD � BE
and CF , and hence these lines are concurrent.

�

A
�

B

�C

�D�E

�

F

�O
�

G
�
H

(b) The homothetism maps AG to DG with scale factor � 1
2 , so AG : GD � 2 : 1.

The result follows similarly for the other two medians.

(c) The line DO is perpendicular to BC, and hence also to EF . Similarly
EO

�
FD and FO

�
DE , so O is the orthocentre of

�
DEF . Since the

homothetism maps
�
ABC to

�
DEF , it will also map H to O. This proves

the collinearity, and the scale follows as in the previous section.
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7.5 Start with an arbitrary pair
�
Q � R

�
for which P exists, and construct the excircle

C2 of
�
PQR opposite P (see diagram).

�Q � R

�P

�M

�
T

�

N
�

K

�X1

�X2

�Y1

�Y2

The incircle and excircle of
�
PQR must be homothetic, and P is the centre

of the homothetism. Now let K be the point of tangency of C with L, and let
T be the point diametrically opposite K. The corresponding point to T on C2
must also be vertically above the centre in the diagram, i.e. it is N. But the line
through corresponding points must pass through the centre of the homothetism,
so P lies on NT .

From the solution to problem 6.1 (page 37), we have QK � RN, from which
it follows that N and K are symmetrically placed about M. But K and M are
fixed, so N must be fixed too.

We have now established that any solution P must lie on NT . It is also clear
that P must lie strictly beyond T . Conversely, suppose P

�

is some point on NT
beyond T . Let L

�

be a line through P
�

and parallel to L, and consider moving
a point P along L

�

, finding Q and R on L such that C is the incircle of
�
PQR.

When P moves far to the left, the midpoint of QR will be far to the right, and
vice versa. Since the midpoint shifts continuously, there is at least one point
where it is M. We have shown above that this P must be the intersection of NT
with L

�

, namely P
�

, and hence P
�

satisfies the desired properties. Therefore the
locus is the portion of NT that lies strictly beyond T .

(IMO 1992, question 4)
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7.6 Consider the spiral similarity with centre A, rotating clockwise (in the diagram)
by 45

�
and scaling by

�
2. It will map Q to C and R to X . Now consider the

spiral similarity with centre B that rotates anti-clockwise by 45
�
and scales by�

2. It will map A to X and P to C. These two similarities thus map AP and QR
to the same line. They both scale by the same amount (

�
2) and the difference

of their angles is 90
�
, so AP and QR must be equal and perpendicular.

�A

�
B

�
C

�

P

� Q�
R

�X

8.1 Construct Q inside the square with
�
CDQ equilateral. We aim to show that

P � Q.

�
A

�
B

�C�D

� Q

Now
�
QDC � 60

�
, so

�
QDA � 30

�
. But QD � AD, so

�
AQD is isosceles

and thus
�
DAQ � 75

�
. This makes

�
BAQ � 15

�
, and similarly

�
ABQ � 15

�
.

But then triangles ABP and ABQ have two common angles and a common side,
so they are congruent. Both P and Q lie on the same side of AB (the inside
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of the square), so P and Q must be the same. Triangle CDQ is equilateral by
construction, so

�
CDP is equilateral.

8.2 Construct a circle of radius 5m, with centre 5m above your head height and 4m
from the statue. This circle will pass through the head and foot of the statue.

�

�

�

�

If your head lies on the circle you will have some constant viewing angle θ;
with your head inside the circle the angle is larger, and with your head outside
the circle it is smaller. But the circle is tangent to the line representing head-
height, so the best angle is when your head is at this point of tangency. So you
should stand 4m from the statue.

8.3 Firstly note that
�
ALK � �

ALM. Hence AKLM is a kite and so KM
�
AL;

thus
�
AKNM

�
� 1

2KM � AN. Since ABNC is cyclic,
�
ABL

� � � �
ANC and hence

AN � AL � AB � AC. Also, AL is the diameter of the circumcircle of
�
AKM, so

KM
AL

� sinα. Substituting these into the above gives

�
AKNM

�
� 1
2

�

KM � AB � AC
AL

� 1
2

� AB � AC � sinα
�

� �
ABC

�

xx

�A

�
B

�
C

�
L

�

N

�K

�M
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(IMO 1987 Question 2)

8.4 Let D be the point where the angle bisector from A cuts BC.

� �

�A

�
B

�
C

�

P

� D

Since
�
BAD � �

PAC and
�
DBA � �

CPA we have
�
BAD

� � � �
PAC. Thus

c
BD

� AP
PC . From exercise 6.4 we have BD � ac

b
�
c . It follows that AP � b

�
c

a
� PC.

But PB � PC and so from the triangle inequality, 2PC
�
BC �� PC

� a
2 .

Therefore AP
� b

�
c

2 .

Similarly BQ � c
�
a

2 and CR � a
�
b

2 . Adding these inequalities gives the desired
result.

(Australian Mathematics Olympiad 1985)

8.5 Firstly note that AX � AX
�

is the power of A with respect to the incircle, so it is
equal to AZ2 � x2. Thus a � AX � XX

�
� a � AX2 � ax2.

�A

�B � C�

X

� Y

�Z

�X
�

We can calculate a � AX2 using Stewart’s Theorem:

BC
�
AX2 �

BX � XC
�

� AC2 � BX
�
AB2 � CX
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a
�
AX2 �

yz
�

� b2y
�
c2z

a � AX2 �
�
x

�
z

� 2y
� �

x
�
y

� 2z �
�
y

�
z

�
yz

� x2y
�
2xyz

�
z2y

�
x2z

�
2xyz

�
y2z � y2z � z2y

� x2 �
y

�
z

� �
4xyz

� ax2 �
4xyz �

Now we can calculate a � AX2 � ax2

a � AX2 � ax2 � 4xyz

� 4
s

� sxyz

� 4
s

� K2

� 4
s

� rsK

� 4rK as desired.

(Arbelos May 1987)

8.6 This is a good example of a problem that becomes much easier with a good di-
agram (the diagram below is intentionally skewed). If AD and BC are extended
to meet at P, then it appears that P, E and F are collinear. This would be a
useful thing to know, so we attempt to prove it.

�

A
�

B

�C
�D

�P

�

T
�

O

Let T be the foot of the perpendicular from P to AB and let O be the centre of
the semicircle.

�
OCB

� � � �
PT B, so CB

T B
� BO

BP . Similarly DA
TA

� AO
AP . We want

to prove that PT , AC and BD are concurrent, which by the converse of Ceva’s
Theorem would be true if

PC
CB

�

BT
TA

�

AD
DP

� 1
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Firstly, PC � PD (equal tangents to the semicircle), and we can substitute the
ratios found above to change this to BP

BO
� AO
AP

� 1. However, this is true by the
angle bisector theorem (PD is an angle bisector because

�
PCO � �

PDO). It
follows that E lies on the altitude from A, and F � T .

Now notice that PO subtends right angles at C, D and F , so PCFD is a cyclic
quad. Thus

�
DFP � �

DCP and
�
CFP � �

CDP, and since PC � PD it fol-
lows that

�
DFP � �

CFP. Therefore EF bisects
�
CFD.

(Proposed at IMO 1994)

8.7 The key to this problem is noticing that you can treat triangles ABD and ACE
as completely separate, and ignore

�
ABC. The only things these two triangles

have in common is the angle at A and the height from A. Let these quantities
be θ and h respectively. If we can express 1

MB
� 1
MD in terms of θ and h then

we are done.

Let us rename D to C so that we are working with
�
ABC and can use the usual

notation.

1
MB

� 1
MC

� 1
y

� 1
z

� y
�
z

yz
� a
yz

� ahrsx
hrsxyz

� ahrsx
hrK2 (Heron’s Formula)

� 2K2x
hrK2

� x
r

�

2
h

� 2
h

cot
θ
2

�

(Proposed at IMO 1993)

8.8 Construct Q so that
�
BAQ � �

PAC and
�
ABQ � �

APC. Then by construction,
�
ABQ

� � � �
APC. Now in

�
APB and

�
ACQ:

�
�
BAP � �

BAC �
�
PAC � �

QAC
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� AC
AQ

� AC
AC� AB

�

AP
� AP
AB

�

Hence
�
APB

� � � �
ACQ. Now

�
CBQ � �

APC �
�
ABC � �

APB �
�
ACB �

�
BCQ, so

�
BCQ is isosceles. It follows that

AC
PC

� AQ
BQ

� AQ
CQ

� AB
BP

�

�A

�B � C

�

P

�
Q

�D
�E

Now from the angle bisector theorem, BD will cut AP in the ratio AB : BP, and
CE will cut AP in the ratio AC : CP. Since these ratios are the same, the three
lines will be concurrent.

(IMO 1996 Question 2)

10 Recommended further reading

Geometric inequalities often require techniques from the world of standard inequal-
ities. Inequalities for the Olympiad Enthusiast, by Graeme West (part of the same
series as this booklet) provides some good material in this field.

This booklet is well under 100 pages, and as such cannot do proper justice to the
rich field of classical geometry. A highly regarded and very readable reference is
Geometry Revisited, by Coxeter and Greitzer.

A good source of problems are the yearbooks of the South African training pro-
gram for the IMO (South Africa and the nth IMO, for n

�
35). These contain problems
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and solutions for all the problems used in the training problem, including many good
geometry problems.
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Driehoeken
Enkele speciale topics

Arne Smeets

Trainingsweekend
Februari 2008

Trilineaire en barycentrische coördinaten

Definitie van trilineaire coördinaten

Beschouw (in het vlak) een driehoek ∆ABC en een punt P . Zijn x̃, ỹ en z̃ de afstanden van P totBC, CA
en AB, waar we x̃ > 0 (x̃ < 0) nemen indien P en A aan dezelfde kant (verschillende kanten) van BC
liggen. Dan geldt duidelijk ax̃+bỹ+cz̃ = 2 [∆ABC], waarbij a = BC, b = CA en c = AB, en waarbij we
oppervlaktes noteren met vierkante haakjes. Omwille van deze (ongewenste) “afhankelijkheid” tussen
x̃, ỹ en z̃ is het opportuun om een homogene versie van x̃, ỹ en z̃ in te voeren. Dat doen we als volgt: we
noemen (x, y, z) de homogene driehoekscoördinaten van P ten opzichte van4ABC indien

x : y : z = x̃ : ỹ : z̃.

Om met homogene driehoekscoördinaten te werken moeten we het vlak wel uitbreiden met een rechte op
oneindig, de rechte met vergelijking ax+by+cz = 0. Het is niet moeilijk om na te gaan dat de homogene
driehoekscoördinaten een punt dan op een eenduidige wijze bepalen.

Collineariteit met trilineaire coördinaten

Neem nu twee willekeurige punten P1 = (x1, y1, z1) en P2 = (x2, y2, z2) (ten opzichte van ∆ABC). Met
eenvoudig rekenwerk kunnen we aantonen dat P = (x, y, z) collineair is met P1 en P2 als en slechts als

∣∣∣∣∣∣

x y z
x1 y1 z1
x2 y2 z2

∣∣∣∣∣∣
= 0.

Dit geeft ons direct de vergelijking van de rechte door P1 en P2.
In de duale situatie kunnen we rechten `1 en `2 met vergelijkingen α1x+β1y+γ1z = 0 en α2x+β2y+γ2z
bekijken. De rechte ` met vergelijking αx+ βy + γz gaat door het snijpunt van `1 en `2 als en slechts als

∣∣∣∣∣∣

α β γ
α1 β1 γ1
α2 β2 γ2

∣∣∣∣∣∣
= 0.

Op deze manier kunnen we dus concurrentie van drie rechten uitdrukken.
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Definitie van barycentrische coördinaten

Gegeven P en ∆ABC zoals in de definitie van trilineaire coördinaten, dan noemen we (X,Y, Z) de
homogene barycentrische coördinaten van P als en slechts als voldaan is aan de voorwaarde

X : Y : Z = ax : by : cz.

Interpreteer barycentrische coördinaten in termen van oppervlakten. In sommige meetkundige situaties
zijn trilineaire coördinaten erg handig, in andere situaties rekenen barycentrische coördinaten vlotter.
Concurrentie en collineariteit worden hier op dezelfde manier uitgedrukt als in trilineaire coördinaten.

Trilineaire en barycentrische coördinaten van enkele speciale punten in driehoeken

Bekijk het volgende overzicht:

notatie punt trilineair barycentrisch
I middelpunt ingeschreven cirkel (1, 1, 1) (a, b, c)
G zwaartepunt (barycentrum) (bc, ca, ab) (1, 1, 1)
O middelpunt omgeschreven cirkel (cosα, cosβ, cos γ) (sin 2α, sin 2β, sin 2γ)
H hoogtepunt (secα, secβ, sec γ) (tanα, tanβ, tan γ)
K punt van Lemoine (a, b, c)

(
a2, b2, c2

)

Over het punt van Lemoine volgt later meer.

Opgaven

(1) Leid de resultaten uit de bovenstaande tabel af.

(2) Het is bekend dat het hoogtepunt, het middelpunt van de omgeschreven cirkel en het zwaartepunt
van een driehoek op een rechte liggen - de rechte van Euler. Verifieer dit met een berekening.

(3) Bepaal driehoeks- en barycentrische coördinaten voor enkele andere speciale punten in een driehoek
die je nauw aan het hart liggen. Suggesties: de punten van Nagel, Gergonne, Feuerbach, . . .

(4) In sommige formules in de tabel staan goniometrische uitdrukkingen. Hoe herschrijf je die zodat
je uitdrukkingen overhoudt waarin enkel de lengtes van de zijden van de driehoek voorkomen?

(5) Geef een computationeel bewijs voor de stellingen van Ceva en Menelaos, met de juiste coördinaten.

(6) Beschouw in een driehoek de drie rechten die het midden van een zijde verbinden met het midden
van de hoogtelijn op die zijde. Bewijs dat deze drie rechten concurrent zijn. Welk (bekend) punt
hebben de drie rechten gemeenschappelijk? (Denk na: trilineaire of barycentrische coördinaten?)

(7) Zij ∆ABC een driehoek, zij r de straal van de omgeschreven cirkel, zij O het middelpunt van de
omgeschreven cirkel en zij H het hoogtepunt. Zijn D, E en F de spiegelbeelden van A, B en C in
BC, CA en AB respectievelijk. Bewijs dat D, E en F collineair zijn als en slechts als OH = 2r.

(IMO Shortlist, 1998)

De synthetische oplossing voor deze opgave is bijzonder moeilijk. Voor iemand met ervaring met driehoeks-
en barycentrische coördinaten en enkele leuke eigenschappen van driehoeken is deze opgave echter een
peuleschil. Je zal hier de coördinaten van D, E en F moeten bepalen en collineariteit van D, E en F
moeten vertalen in een determinant die gelijk is aan 0.
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Daaraan heb je nog niet genoeg, je hebt twee identiteiten nodig die absoluut de moeite zijn om te onthouden:

• OH2 = 9r2 −
(
a2 + b2 + c2

)

• cos2 α+ cos2 β + cos2 γ + 2 cosα cosβ cos γ = 1

Ik verwacht van jullie dat jullie beide identiteiten kunnen bewijzen (en ook onthouden). Voor de eerste iden-
titeit kan dat heel vlot met vectorrekening: kies de oorsprong in het middelpunt van de omgeschreven cirkel.
Kan je dan OH schrijven in functie van OA, OB en OC door de ligging van H op de rechte van Euler te
bekijken? Ik gebruik hier boldface om vectoren te noteren. Opfrissing van de rechte van Euler is te verkrijgen
op aanvraag, en ik wil hier gerust over uitweiden als dit een gat in jullie meetkundige cultuur blijkt te zijn.
De tweede identiteit is eenvoudiger te bewijzen.

Ik besef dat dit een heel andere manier is om aan meetkunde te doen dan wat jullie normaal doen, maar
ik vind het juist heel belangrijk dat jullie ook eens met deze technieken in aanraking komen.

(8) Zij ∆ABC een scherphoekige driehoek. Zijn D en E de punten waar de hoogtelijnen door A en
B de overstaande zijden snijden. Zijn P en Q de punten waar de bissectrices van ∠A en ∠B de
overstaande zijden snijden. Zijn O en I de middelpunten van de om- en ingeschreven cirkels van
de driehoek. Toon aan dat D, E en I collineair zijn als en slechts als P , Q en O collineair zijn.

(IMO Shortlist, 1997)

Isogonale conjugatie

Definitie

Zij ∆ABC een driehoek en zij P een willekeurig punt. Door de rechten AP , BP en CP te spiegelen
om de bissectrices van de hoeken ∠A, ∠B en ∠C krijgen we drie (meestal nieuwe) rechten. We kunnen
op twee manieren inzien dat deze drie rechten concurrent zijn: met de goniometrische variant van de
stelling van Ceva, maar ook met driehoekscoördinaten. We werken de tweede methode uit als kleine oefening.
Het punt van concurrentie noemen we Q, en we noemen Q het isogonaal geconjugeerde punt van P . Als P
op een van de zijden van de driehoek ligt krijgen we een “ontaarde” situatie: wat is dan het isogonaal
geconjugeerde punt van P ? Cruciale betrekkingen in alles wat volgt zijn de volgende:

• als P = (x, y, z), dan is Q =
(
x−1, y−1, z−1

)
= (yz, zx, xy),

• als P = (X,Y, Z), dan is Q =
(
a2X−1, b2Y −1, c2Z−1

)
= (a2Y Z, b2ZX, c2XY ).

We gebruiken (as usual) “lower case” voor trilineaire coördinaten, “upper case” voor barycentrische.

Algemene eigenschappen van isogonaal geconjugeerde punten

We formuleren eerst de stelling van Steiner. Zij ∆ABC een driehoek. Zijn D en E punten op BC zodanig
dat AD en AE elkaars spiegelbeeld zijn ten opzichte van de bissectrice van ∠A. Dan geldt dat

BD

DC
· BE
EC

=
AB2

CA2
.

Deze gelijkheid kan bewezen worden door de sinusregel een honderdtal keer toe te passen. De link met
isogonale conjugatie is, vermoed ik, duidelijk genoeg.
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Interessant om even over na te denken is de volgende vraag. Zij P een punt en zijn U , V en W de
snijpunten van AP , BP en CP met BC, CA en AB. Hoe krijg je de trilineaire (of barycentrische)
coördinaten van U , V en W vanuit de coördinaten van P ? Omgekeerd, hoe verkrijg je de coördinaten
van P uit die van U , V en W ? Het resultaat is krachtig in combinatie met de stelling van Steiner.
De constructie van de voetpuntsdriehoek van een punt ten opzichte van een gegeven driehoek is - hoop
ik - bekend: indien nodig weid ik hier even over uit. Beschouw ∆ABC en isogonaal geconjugeerde
punten P en P ′ ten opzichte van ∆ABC. Zijn 4DEF en 4D′E′F ′ de voetpuntsdriehoeken van P en
P ′ ten opzichte van ∆ABC, waarbijD ∈ BC, E ∈ CA en F ∈ AB, en analoog voor4D′E′F ′. Dan geldt
dat ∆DEF en ∆D′E′F ′ dezelfde omgeschreven cirkel hebben: gelijkvormige driehoeken geven

AE ·AE′ = AF ·AF ′, BF ·BF ′ = BD ·BD′, CE · CE′ = CD · CD′.

Bijgevolg zijn EE′FF ′, FF ′DD′ en EE′DD′ koordenvierhoeken. Zijn γA, γB en γC de omgeschreven
cirkels van deze vierhoeken. Bekijk bijvoorbeeld γA en γB . Als deze cirkels verschillend zouden zijn,
dan zou de verzameling van punten die gelijke machten hebben ten opzichte van γA en γB een rechte
zijn. We hebben echter drie niet-collineaire punten met gelijke machten ten opzichte van γA en γB ,
namelijk A, B en C. Bijgevolg moeten γA en γB wel samenvallen, en daarmee is ons resultaat bewezen.

Het punt van Lemoine

Het isogonaal geconjugeerde punt van het zwaartepunt van een driehoek noemen we het Lemoine-punt
van de driehoek. De coördinaten van dit punt werden eerder gegeven: verifieer! Het punt van Lemoine
heeft prachtige eigenschappen. De rechten die de hoekpunten van een driehoek verbinden met het punt
van Lemoine noemen we de symmedianen van de driehoek. Verklaar de naamgeving! Symmedianen en
het punt van Lemoine zijn erg nuttig: we bespreken hier enkel hun belangrijkste eigenschappen.

• In welke verhouding verdelen de symmedianen de zijden van een driehoek?

• Het punt van Lemoine is het zwaartepunt van zijn eigen voetpuntsdriehoek.

• Bekijk ∆ABC en zij S het snijpunt van de raaklijnen inB en C aan de omgeschreven cirkel. Dan is
AS een symmediaan in ∆ABC. Dit geeft een eenvoudige constructie voor het punt van Lemoine.

Inderdaad, zijn CA en CB de projecties van S op AC en BC. Dan hebben we dat ∠SACA = ∠B
en ∠SBCB = ∠A. Omdat AS = BC is SCA : SCB = sin∠A : sin∠B = a : b. Waarom volgt onze
bewering over de rechte AS dan eigenlijk direct uit deze gelijkheid?

• Het Lemoine-punt van een gegeven driehoek is het punt waarvoor de som van de kwadraten van
de afstanden tot de zijden van de driehoek een minimale waarde aanneemt. Verrassend!

Noteer de afstanden van P tot de zijden van ∆ABC met x̃, ỹ en z̃ zoals op de eerste pagina. Dan
hebben we dat

(
a2 + b2 + c2

) (
x̃2 + ỹ2 + z̃2

)
≥ 4 [∆ABC]

2. We vinden zo een ondergrens voor
x̃2 + ỹ2 + z̃2, en deze wordt enkel bereikt als x̃ : ỹ : z̃ = a : b : c. Dit geeft het punt van Lemoine!

Opgaven

(1) Het middelpunt van de omgeschreven cirkel en het hoogtepunt van een driehoek zijn isogonaal
geconjugeerde punten. Dit kan je heel elementair bewijzen, maar kan je ook afleiden uit de tabel
(cfr. pagina 2).
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(2) Zij ∆ABC een scherphoekige driehoek en zijn D, E en F de voetpunten van de hoogtelijnen op
BC, CA en AB. Zij tA de rechte door A, loodrecht op EF , en definieer tB en tC op analoge wijze.
Bewijs dat tA, tB en tC concurrent zijn: wat is het punt van concurrentie?

(3) Zij ∆ABC een driehoek met AC = 2 · AB. Zij γ de omgeschreven cirkel en zij P het snijpunt van
de raaklijnen aan γ in A en C. Bewijs: BP snijdt de middelloodlijn van BC op γ.

(4) Zijn A, B en C vaste punten op een rechte (in die volgorde). Zij γ een cirkel door A en C zodat AC
geen diameter is van γ. Zij P het snijpunt van de raaklijnen aan γ in A en C. Zij Q het snijpunt
van γ met het lijnstuk PB. Bewijs dat de bissectrice van ∠AQC door een vast punt gaat, dat
onafhankelijk is van de precieze ligging van de cirkel γ.

(IMO Shortlist, 2003)

(5) Zij ∆ABC een scherphoekige driehoek en zijn P en Q isogonaal geconjugeerde punten binnen
∆ABC. Zijn D, E en F zoals gewoonlijk de orthogonale projecties van P op BC, CA en AB.
Bewijs dat ∠DEF = 90◦ als en slechts als Q het hoogtepunt is van4BDF .

Als er nog tijd over is. . .

. . . dan zal ik met plezier wat dieper ingaan op de rechte van Euler en de negenpuntscirkel.

Aan de hand van de resultaten kunnen we dan de volgende uitspraak aantonen:

Zij ∆A1A2A3 een driehoek die niet gelijkzijdig is. ZijnO en I de middelpunten van de om- en
ingeschreven cirkels. Zijn T1, T2 en T3 de punten waar de ingeschreven cirkel van ∆A1A2A3

raakt aan A2A3, A3A1 en A1A2. Dan ligt het hoogtepunt van ∆T1T2T3 op de rechte OI .

Dit zou een mooi besluit zijn van de sessie.

5
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1 Introduction

When we are unable to solve some problem in plane geometry, itis recommended to try to do
calculus. There are several techniques for doing calculations instead of geometry. The next text is
devoted to one of them – the application of complex numbers.

The plane will be the complex plane and each point has its corresponding complex number.
Because of that points will be often denoted by lowercase lettersa, b, c, d, . . . , as complex numbers.

The following formulas can be derived easily.

2 Formulas and Theorems

Theorem 1. • ab ‖ cd if and only if
a − b

a − b
=

c − d

c − d
.

• a,b,c are colinear if and only if
a − b

a − b
=

a − c
a − c

.

• ab ⊥ cd if and only if
a − b

a − b
= − c − d

c − d
.

• ϕ = ∠acb (from a to b in positive direction) if and only if
c − b
|c − b| = eiϕ c − a

|c − a| .

Theorem 2. Properties of the unit circle:
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• For a chord ab we have
a − b

a − b
= −ab.

• If c belongs to the chord ab then c =
a + b − c

ab
.

• The intersection of the tangents from a and b is the point
2ab

a + b
.

• The foot of perpendicular from an arbitrary point c to the chord ab is the point p =
1
2

(
a+b+

c − abc
)

.

• The intersection of chords ab and cd is the point
ab(c + d)− cd(a + b)

ab − cd
.

Theorem 3. The points a,b,c,d belong to a circle if and only if

a − c
b − c

:
a − d
b − d

∈ R.

Theorem 4. The triangles abc and pqr are similar and equally oriented if and only if

a − c
b − c

=
p − r
q − r

.

Theorem 5. The area of the triangle abc is

p =
i
4

∣∣∣∣∣∣

a a 1
b b 1
c c 1

∣∣∣∣∣∣
=

i
4

(
ab + bc + ca − ab − bc − ca.

)

Theorem 6. • The point c divides the segment ab in the ratio λ 6= −1 if and only if c =
a + λ b
1+ λ

.

• The point t is the centroid of the triangle abc if and only if t =
a + b + c

3
.

• For the orthocenter h and the circumcenter o of the triangle abc we have h +2o = a + b + c.

Theorem 7. Suppose that the unit circle is inscribed in a triangle abc and that it touches the sides
bc,ca,ab, respectively at p,q,r.

• It holds a =
2qr

q + r
,b =

2rp
r + p

and c =
2pq
p + q

;

• For the orthocenter h of the triangle abc it holds

h =
2(p2q2 + q2r2 + r2p2 + pqr(p + q + r))

(p + q)(q + r)(r + p)
.

• For the excenter o of the triangle abc it holds o =
2pqr(p + q + r)

(p + q)(q + r)(r + p)
.

Theorem 8. • For each triangle abc inscribed in a unit circle there are numbers u,v,w such
that a = u2,b = v2,c = w2, and −uv,−vw,−wu are the midpoints of the arcs ab,bc,ca (re-
spectively) that don’t contain c,a,b.

• For the above mentioned triangle and its incenter i we have i = −(uv + vw+ wu).
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Theorem 9. Consider the triangle △ whose one vertex is 0, and the remaining two are x and y.

• If h is the orthocenter of △ then h =
(xy + xy)(x − y)

xy − xy
.

• If o is the circumcenter of △, then o =
xy(x − y)

xy − xy
.

3 Complex Numbers and Vectors. Rotation

This section contains the problems that use the main properties of the interpretation of complex
numbers as vectors (Theorem 6) and consequences of the last part of theorem 1. Namely, if the
pointb is obtained by rotation of the pointa aroundc for the angleϕ (in the positive direction), then
b − c = eiϕ(a − c).

1. (Yug MO 1990, 3-4 grade) LetS be the circumcenter andH the orthocenter of△ABC. Let Q be
the point such thatS bisectsHQ and denote byT1, T2, andT3, respectively, the centroids of△BCQ,
△CAQ and△ABQ. Prove that

AT1 = BT2 = CT3 =
4
3

R,

whereR denotes the circumradius of△ABC.

2. (BMO 1984) LetABCD be an inscribed quadrilateral and letHA, HB, HC andHD be the orthocen-
ters of the trianglesBCD, CDA, DAB, andABC respectively. Prove that the quadrilateralsABCD and
HAHBHCHD are congruent.

3. (Yug TST 1992) The squaresBCDE, CAFG, andABHI are constructed outside the triangleABC.
Let GCDQ andEBHP be parallelograms. Prove that△APQ is isosceles and rectangular.

4. (Yug MO 1993, 3-4 grade) The equilateral trianglesBCB1, CDC1, andDAD1 are constructed
outside the triangleABC. If P andQ are respectively the midpoints ofB1C1 andC1D1 and ifR is the
midpoint ofAB, prove that△PQR is isosceles.

5. In the plane of the triangleA1A2A3 the pointP0 is given. Denote withAs = As−3, for every natural
numbers > 3. The sequence of pointsP0, P1, P2, . . . is constructed in such a way that the pointPk+1
is obtained by the rotation of the pointPk for an angle 120o in the clockwise direction around the
pointAk+1. Prove that ifP1986= P0, then the triangleA1A2A3 has to be isosceles.

6. (IMO Shortlist 1992) LetABCD be a convex quadrilateral for whichAC = BD. Equilateral
triangles are constructed on the sides of the quadrilateral. Let O1, O2, O3, andO4 be the centers of
the triangles constructed onAB, BC, CD, andDA respectively. Prove that the linesO1O3 andO2O4

are perpendicular.

4 The Distance. Regular Polygons

In this section we will use the following basic relation for complex numbers:|a|2 = aa . Similarly,
for calculating the sums of distances it is of great advantage if points are colinear or on mutually
parallel lines. Hence it is often very useful to use rotations that will move some points in nice
positions.

Now we will consider the regular polygons. It is well-known that the equationxn = 1 has exactly

n solutions in complex numbers and they are of the formxk = ei 2kπ
n , for 0≤ k ≤ n−1. Now we have

thatx0 = 1 andxk = εk, for 1≤ k ≤ n −1, wherex1 = ε.
Let’s look at the following example for the illustration:

Problem 1. Let A0A1A2A3A4A5A6 be a regular 7-gon. Prove that

1
A0A1

=
1

A0A2
+

1
A0A3

.
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Solution. As mentioned above let’s takeak = εk, for 0 ≤ k ≤ 6, whereε = ei 2π
7 . Further, by

rotation arounda0 = 1 for the angleε, i.e. ω = ei 2π
14 , the pointsa1 anda2 are mapped toa′

1 and

a′
2 respectively. These two points are collinear witha3. Now it is enough to prove that

1
a′

1−1
=

1
a′

2 −1
+

1
a3 −1

. Sinceε = ω2, a′
1 = ε(a1 − 1)+ 1, anda′

2 = ω(a2 − 1)+ 1 it is enough to prove

that
1

ω2(ω2 −1)
=

1
ω(ω4 −1)

+
1

ω6 −1
.

After rearranging we getω6 + ω4 + ω2 + 1 = ω5 + ω3 + ω . Fromω5 = −ω12, ω3 = −ω10, and
ω = −ω8 (which can be easily seen from the unit circle), the equalityfollows from 0= ω12+ω10+

ω8 + ω6 + ω4+ ω2+1 = ε6 + ε5 + ε4 + ε3+ ε2 + ε +1 =
ε7 −1
ε −1

= 0. △

7. Let A0A1 . . .A14 be a regular 15-gon. Prove that

1
A0A1

=
1

A0A2
+

1
A0A4

+
1

A0A7
.

8. Let A0A1 . . .An−1 be a regularn-gon inscribed in a circle with radiusr. Prove that for every point
P of the circle and every natural numberm < n we have

n−1

∑
k=0

PA2m
k =

(
2m
m

)
nr2m.

9. (SMN TST 2003) LetM andN be two different points in the plane of the triangleABC such that

AM : BM : CM = AN : BN : CN.

Prove that the lineMN contains the circumcenter of△ABC.

10. Let P be an arbitrary point on the shorter arcA0An−1 of the circle circumscribed about the regular
polygonA0A1 . . .An−1. Let h1,h2, . . . ,hn be the distances ofP from the lines that contain the edges
A0A1, A1A2, . . ., An−1A0 respectively. Prove that

1
h1

+
1
h2

+ · · ·+ 1
hn−1

=
1
hn

.

5 Polygons Inscribed in Circle

In the problems where the polygon is inscribed in the circle,it is often useful to assume that the unit
circle is the circumcircle of the polygon. In theorem 2 we cansee lot of advantages of the unit circle
(especially the first statement) and in practice we will see that lot of the problems can be solved
using this method. In particular, we know that each triangleis inscribed in the circle and in many
problems from the geometry of triangle we can make use of complex numbers. The only problem in
this task is finding the circumcenter. For that you should take a look in the next two sections.

11. The quadrilateralABCD is inscribed in the circle with diameterAC. The linesAB andCD
intersect atM and the tangets to the circle atB andC interset atN. Prove thatMN ⊥ AC.

12. (IMO Shorlist 1996) LetH be the orthocenter of the triangle△ABC andP an arbitrary point of
its circumcircle. LetE the foot of perpendicularBH and letPAQB andPARC be parallelograms. If
AQ andHR intersect inX prove thatEX‖AP.

13. Given a cyclic quadrilateralABCD, denote byP andQ the points symmetric toC with respect to
AB andAD respectively. Prove that the linePQ passes through the orthocenter of△ABD.
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14. (IMO Shortlist 1998) LetABC be a triangle,H its orthocenter,O its incenter, andR the cir-
cumradius. LetD be the point symmetric toA with respect toBC, E the point symmetric toB with
respect toCA, andF the point symmetric toC with respect toAB. Prove that the pointsD, E, andF
are collinear if and only ifOH = 2R.

15. (Rehearsal Competition in MG 2004) Given a triangleABC, let the tangent atA to the circum-
scribed circle intersect the midsegment parallel toBC at the pointA1. Similarly we define the points
B1 andC1. Prove that the pointsA1,B1,C1 lie on a line which is parallel to the Euler line of△ABC.

16. (MOP 1995) LetAA1 andBB1 be the altitudes of△ABC and letAB 6= AC. If M is the midpoint
of BC, H the orthocenter of△ABC, andD the intersection ofBC andB1C1, prove thatDH ⊥ AM.

17. (IMO Shortlist 1996) LetABC be an acute-angled triangle such thatBC > CA. Let O be the
circumcircle,H the orthocenter, andF the foot of perpendicularCH. If the perpendicular fromF to
OF intersectsCA at P, prove that∠FHP = ∠BAC.

18. (Romania 2005) LetA0A1A2A3A4A5 be a convex hexagon inscribed in a circle. LetA′
0,A

′
2,A

′
4 be

the points on that circle such that

A0A′
0 ‖ A2A4, A2A′

2 ‖ A4A0 A4A′
4 ‖ A2A0.

Suppose that the linesA′
0A3 andA2A4 intersect atA′

3, the linesA′
2A5 andA0A4 intersect atA′

5, and
the linesA′

4A1 andA0A2 intersect atA′
1.

If the lines A0A3, A1A4, andA2A5 are concurrent, prove that the linesA0A′
3,A4A′

1 and A2A′
5 are

concurrent as well.

19. (Simson’s line) If A, B, C are points on a circle, then the feet of perpendiculars from an arbitrary
pointD of that circle to the sides ofABC are collinear.

20. Let A, B, C, D be four points on a circle. Prove that the intersection of theSimsons line
corresponding toA with respect to the triangleBCD and the Simsons line corresponding toB w.r.t.
△ACD belongs to the line passing throughC and the orthocenter of△ABD.

21. Denote byl(S;PQR) the Simsons line corresponding to the pointS with respect to the triangle
PQR. If the pointsA,B,C,D belong to a circle, prove that the linesl(A;BCD), l(B;CDA), l(C,DAB),
andl(D,ABC) are concurrent.

22. (Taiwan 2002) LetA, B, andC be fixed points in the plane, andD the mobile point of the cir-
cumcircle of△ABC. Let IA denote the Simsons line of the pointA with respect to△BCD. Similarly
we defineIB, IC, andID. Find the locus of the points of intersection of the linesIA, IB, IC, andID

whenD moves along the circle.

23. (BMO 2003) Given a triangleABC, assume thatAB 6= AC. Let D be the intersection of the
tangent to the circumcircle of△ABC at A with the line BC. Let E and F be the points on the
bisectors of the segmentsAB andAC respectively such thatBE andCF are perpendicular toBC.
Prove that the pointsD, E, andF lie on a line.

24. (Pascal’s Theorem) If the hexagonABCDEF can be inscribed in a circle, prove that the points
AB ∩DE, BC ∩EF, andCD∩FA are colinear.

25. (Brokard’s Theorem) Let ABCD be an inscribed quadrilateral. The linesAB andCD intersect
at E, the linesAD andBC intersect inF , and the linesAC andBD intersect inG. Prove thatO is the
orthocenter of the triangleEFG.

26. (Iran 2005) LetABC be an equilateral triangle such thatAB = AC. Let P be the point on the
extention of the sideBC and letX andY be the points onAB andAC such that

PX ‖ AC, PY ‖ AB.

Let T be the midpoint of the arcBC. Prove thatPT ⊥ XY .
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27. Let ABCD be an inscribed quadrilateral and letK, L, M, andN be the midpoints ofAB, BC,
CA, andDA respectively. Prove that the orthocenters of△AKN, △BKL, △CLM, △DMN form a
parallelogram.

6 Polygons Circumscribed Around Circle

Similarly as in the previous chapter, here we will assume that the unit circle is the one inscribed
in the given polygon. Again we will make a use of theorem 2 and especially its third part. In the
case of triangle we use also the formulas from the theorem 7. Notice that in this case we know
both the incenter and circumcenter which was not the case in the previous section. Also, notice that
the formulas from the theorem 7 are quite complicated, so it is highly recommended to have the
circumcircle for as the unit circle whenever possible.

28. The circle with the centerO is inscribed in the triangleABC and it touches the sidesAB, BC, CA
in M, K, E respectively. Denote byP the intersection ofMK andAC. Prove thatOP ⊥ BE.

29. The circle with centerO is inscribed in a quadrilateralABCD and touches the sidesAB, BC, CD,
andDA respectively inK, L, M, andN. The linesKL andMN intersect atS. Prove thatOS ⊥ BD.

30. (BMO 2005) LetABC be an acute-angled triangle which incircle touches the sides AB andAC
in D andE respectively. LetX andY be the intersection points of the bisectors of the angles∠ACB
and∠ABC with the lineDE. Let Z be the midpoint ofBC. Prove that the triangleXYZ is isosceles
if and only if∠A = 60◦.

31. (Newtons Theorem) Given an circumscribed quadrilateralABCD, let M andN be the midpoints
of the diagonalsAC andBD. If S is the incenter, prove thatM, N, andS are colinear.

32. Let ABCD be a quadrilateral whose incircle touches the sidesAB, BC, CD, andDA at the points
M, N, P, andQ. Prove that the linesAC, BD, MP, andNQ are concurrent.

33. (Iran 1995) The incircle of△ABC touches the sidesBC, CA, andAB respectively inD, E, and
F . X , Y , andZ are the midpoints ofEF, FD, andDE respectively. Prove that the incenter of△ABC
belongs to the line connecting the circumcenters of△XYZ and△ABC.

34. Assume that the circle with centerI touches the sidesBC, CA, andAB of △ABC in the points
D,E,F , respectively. Assume that the linesAI andEF intersect atK, the linesED andKC atL, and
the linesDF andKB at M. Prove thatLM is parallel toBC.

35. (25. Tournament of Towns) Given a triangleABC, denote byH its orthocenter,I the incenter,
O its circumcenter, andK the point of tangency ofBC and the incircle. If the linesIO andBC are
parallel, prove thatAO andHK are parallel.

36. (IMO 2000) LetAH1, BH2, andCH3 be the altitudes of the acute-angled triangleABC. The
incircle of ABC touches the sidesBC, CA, AB respectively inT1, T2, andT3. Let l1, l2, andl3 be the
lines symmetric toH2H3, H3H1, H1H2 with respect toT2T3, T3T1, andT1T2 respectively. Prove that
the linesl1, l2, l3 determine a triagnle whose vertices belong to the incircle of ABC.

7 The Midpoint of Arc

We often encounter problems in which some point is defined to be the midpoint of an arc. One of the
difficulties in using complex numbers is distinguishing thearcs of the cirle. Namely, if we define the
midpoint of an arc to be the intersection of the bisector of the corresponding chord with the circle,
we are getting two solutions. Such problems can be relatively easy solved using the first part of
the theorem 8. Moreover the second part of the theorem 8 givesan alternative way for solving the
problems with incircles and circumcircles. Notice that thecoordinates of the important points are
given with the equations that are much simpler than those in the previous section. However we have
a problem when calculating the pointsd,e, f of tangency of the incircle with the sides (calculate
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them!), so in this case we use the methods of the previous section. In the case of the non-triangular
polygon we also prefer the previous section.

37. (Kvant M769) LetL be the incenter of the triangleABC and let the linesAL, BL, andCL
intersect the circumcircle of△ABC at A1, B1, andC1 respectively. LetR be the circumradius andr
the inradius. Prove that:

(a)
LA1 ·LC1

LB
= R; (b)

LA ·LB
LC1

= 2r; (c)
S(ABC)

S(A1B1C1)
=

2r
R

.

38. (Kvant M860) LetO and R be respectively the center and radius of the circumcircle ofthe
triangleABC and letZ andr be respectively the incenter and inradius of△ABC. Denote byK the
centroid of the triangle formed by the points of tangency of the incircle and the sides. Prove thatZ
belongs to the segmentOK and thatOZ : ZK = 3R/r.

39. Let P be the intersection of the diagonalsAC andBD of the convex quadrilateralABCD for
whichAB = AC = BD. Let O andI be the circumcenter and incenter of the triangleABP. Prove that
if O 6= I thenOI ⊥ CD.

40. Let I be the incenter of the triangleABC for which AB 6= AC. Let O1 be the point symmetric to
the circumcenter of△ABC with respect toBC. Prove that the pointsA, I,O1 are colinear if and only
if ∠A = 60◦.

41. Given a triangleABC, let A1, B1, andC1 be the midpoints ofBC, CA, andAB respecctively. Let
P, Q, andR be the points of tangency of the incirclek with the sidesBC, CA, andAB. LetP1, Q1, and
R1 be the midpoints of the arcsQR, RP, andPQ on which the pointsP, Q, andR divide the circle
k, and letP2, Q2, andR2 be the midpoints of arcsQPR, RQP, andPRQ respectively. Prove that the
linesA1P1, B1Q1, andC1R1 are concurrent, as well as the linesA1P1, B1Q2, andC1R2.

8 Important Points. Quadrilaterals

In the last three sections the points that we’ve taken as initial, i.e. those withknown coordinates
have been ”equally improtant” i.e. all of them had the same properties (they’ve been either the
points of the same circle, or intersections of the tangents of the same circle, etc.). However, there
are numerous problems where it is possible to distinguish one point from the others based on its
influence to the other points. That point will be regarded as the origin. This is particularly useful
in the case of quadrilaterals (that can’t be inscribed or circumscribed around the circle) – in that
case the intersection of the diagonals can be a good choice for the origin. We will make use of the
formulas from the theorem 9.

42. The squaresABB′B′′, ACC′C′′, BCXY are consctructed in the exterior of the triangleABC. Let P
be the center of the squareBCXY . Prove that the linesCB′′, BC′′, AP intersect in a point.

43. Let O be the intersection of diagonals of the quadrilateralABCD andM, N the midpoints of the
sideAB andCD respectively. Prove that ifOM ⊥ CD andON ⊥ AB then the quadrilateralABCD is
cyclic.

44. Let F be the point on the baseAB of the trapezoidABCD such thatDF = CF . Let E be the
intersection ofAC andBD andO1 andO2 the circumcenters of△ADF and△FBC respectively.
Prove thatFE ⊥ O1O2.

45. (IMO 2005) LetABCD be a convex quadrilateral whose sidesBC andAD are of equal length but
not parallel. LetE andF be interior points of the sidesBC andAD respectively such thatBE = DF .
The linesAC andBD intersect atP, the linesBD andEF intersect atQ, and the linesEF andAC
intersect atR. Consider all such trianglesPQR asE andF vary. Show that the circumcircles of these
triangles have a common point other thanP.

46. Assume that the diagonals ofABCD intersect inO. LetT1 andT2 be the centroids of the triangles
AOD andBOC, andH1 andH2 orthocenters of△AOB and△COD. Prove thatT1T2 ⊥ H1H2.
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9 Non-unique Intersections and Viete’s formulas

The point of intersection of two lines can be determined fromthe system of two equations each of
which corresponds to the condition that a point correspond to a line. However this method can lead
us into some difficulties. As we mentioned before standard methods can lead to non-unique points.
For example, if we want to determine the intersection of two circles we will get a quadratic equations.
That is not surprising at all since the two circles have, in general, two intersection points. Also, in
many of the problems we don’t need both of these points, just the direction of the line determined
by them. Similarly, we may already know one of the points. In both cases it is more convenient to
use Vieta’s formulas and get the sums and products of these points. Thus we can avoid ”taking the
square root of a complex number” which is very suspicious operation by itself, and usually requires
some knowledge of complex analysis.

Let us make a remark: If we need explicitly coordinates of oneof the intersection points of two
circles, and we don’t know the other, the only way to solve this problem using complex numbers is
to set the given point to be one of the initial points.

47. Suppose that the tangents to the circleΓ at A andB intersect atC. The circleΓ1 which passes
throughC and touchesAB at B intersects the circleΓ at the pointM. Prove that the lineAM bisects
the segmentBC.

48. (Republic Competition 2004, 3rd grade) Given a circlek with the diameterAB, let P be an
arbitrary point of the circle different fromA andB. The projections of the pointP to AB is Q. The
circle with the centerP and radiusPQ intersectsk at C andD. Let E be the intersection ofCD
andPQ. Let F be the midpoint ofAQ, andG the foot of perpendicular fromF to CD. Prove that
EP = EQ = EG and thatA, G, andP are colinear.

49. (China 1996) LetH be the orthocenter of the triangleABC. The tangents fromA to the circle
with the diameterBC intersect the circle at the pointsP andQ. Prove that the pointsP, Q, andH are
colinear.

50. Let P be the point on the extension of the diagonalAC of the rectangleABCD over the pointC
such that∠BPD = ∠CBP. Determine the ratioPB : PC.

51. (IMO 2004) In the convex quadrilateralABCD the diagonalBD is not the bisector of any of the
anglesABC andCDA. Let P be the point in the interior ofABCD such that

∠PBC = ∠DBA and∠PDC = ∠BDA.

Prove that the quadrilateralABCD is cyclic if and only ifAP = CP.

10 Different Problems – Different Methods

In this section you will find the problems that are not closelyrelated to some of the previous chapters,
as well as the problems that are related to more than one of thechapters. The useful advice is to
carefully think of possible initial points, the origin, andthe unit circle. As you will see, the main
problem with solving these problems is the time. Thus if you are in competition and you want to
use complex numbers it is very important for you to estimate the time you will spend. Having this
in mind, it is very important to learn complex numbers as early as possible.

You will see several problems that use theorems 3, 4, and 5.

52. Given four circlesk1, k2, k3, k4, assume thatk1 ∩ k2 = {A1,B1}, k2 ∩ k3 = {A2,B2}, k3 ∩ k4 =
{A3,B3}, k4 ∩ k1 = {A4,B4}. If the pointsA1, A2, A3, A4 lie on a circle or on a line, prove that the
pointsB1, B2, B3, B4 lie on a circle or on a line.

53. Suppose thatABCD is a parallelogram. The similar and equally oliented trianglesCD andCB are
constructed outside this parallelogram. Prove that the triangleFAE is similar and equally oriented
with the first two.
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54. Three trianglesKPQ, QLP, andPQM are constructed on the same side of the segmentPQ in
such a way that∠QPM =∠PQL = α, ∠PQM =∠QPK = β , and∠PQK =∠QPL = γ. If α < β < γ
andα + β + γ = 180◦, prove that the triangleKLM is similar to the first three.

55. ∗(Iran, 2005) Letn be a prime number andH1 a convexn-gon. The polygonsH2, . . . ,Hn are de-
fined recurrently: the vertices of the polygonHk+1 are obtained from the vertices ofHk by symmetry
throughk-th neighbour (in the positive direction). Prove thatH1 andHn are similar.

56. Prove that the area of the triangles whose vertices are feet of perpendiculars from an arbitrary
vertex of the cyclic pentagon to its edges doesn’t depend on the choice of the vertex.

57. The pointsA1, B1, C1 are chosen inside the triangleABC to belong to the altitudes fromA, B, C
respectively. If

S(ABC1)+ S(BCA1)+ S(CAB1) = S(ABC),

prove that the quadrilateralA1B1C1H is cyclic.

58. (IMO Shortlist 1997) The feet of perpendiculars from the verticesA, B, andC of the triangleABC
areD, E, endF respectively. The line throughD parallel toEF intersectsAC andAB respectively in
Q andR. The lineEF intersectsBC in P. Prove that the circumcircle of the trianglePQR contains
the midpoint ofBC.

59. (BMO 2004) LetO be a point in the interior of the acute-angled triangleABC. The circles
throughO whose centers are the midpoints of the edges of△ABC mutually intersect atK, L, and
M, (different fromO). Prove thatO is the incenter of the triangleKLM if and only if O is the
circumcenter of the triangleABC.

60. Two circlesk1 andk2 are given in the plane. LetA be their common point. Two mobile points,
M1 andM2 move along the circles with the constant speeds. They pass throughA always at the same
time. Prove that there is a fixed pointP that is always equidistant from the pointsM1 andM2.

61. (Yug TST 2004) Given the squareABCD, let γ be i circle with diameterAB. Let P be an
arbitrary point onCD, and letM andN be intersections of the linesAP and BP with γ that are
different fromA andB. Let Q be the point of intersection of the linesDM andCN. Prove thatQ ∈ γ
andAQ : QB = DP : PC.

62. (IMO Shortlist 1995) Given the triangleABC, the circle passing throughB andC intersect
the sidesAB andAC again inC′ andB′ respectively. Prove that the linesBB′, CC′, andHH ′ are
concurrent, whereH andH ′ orthocenters of the trianglesABC andA′B′C′ respectively.

63. (IMO Shortlist 1998) LetM andN be interior points of the triangleABC such that∠MAB =
∠NAC and∠MBA = ∠NBC. Prove that

AM ·AN
AB ·AC

+
BM ·BN
BA ·BC

+
CM ·CN
CA ·CB

= 1.

64. (IMO Shortlist 1998) LetABCDEF be a convex hexagon such that∠B +∠D+∠F = 360◦ and
AB ·CD ·EF = BC ·DE ·FA. Prove that

BC ·AE ·FD = CA ·EF ·DB.

65. (IMO Shortlist 1998) LetABC be a triangle such that∠A = 90◦ and∠B < ∠C. The tangent at
A to its circumcircleω intersect the lineBC at D. Let E be the reflection ofA with respect toBC, X
the foot of the perpendicular fromA to BE, andY the midpoint ofAX . If the lineBY intersectsω in
Z, prove that the lineBD tangents the circumcircle of△ADZ.

Hint: Use some inversion first...

66. (Rehearsal Competition in MG 1997, 3-4 grade) Given a triangle ABC, the pointsA1, B1 andC1

are located on its edgesBC, CA, andAB respectively. Suppose that△ABC ∼ △A1B1C1. If either
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the orthocenters or the incenters of△ABC and△A1B1C1 coincide prove that the triangleABC is
equilateral.

67. (Ptolomy’s inequality) Prove that for every convex quadrilateralABCD the following inequality
holds

AB ·CD+ BC ·AD ≥ AC ·BD.

68. (China 1998) Find the locus of all pointsD such that

DA ·DB ·AB + DB ·DC ·BC + DC ·DA ·CA = AB ·BC ·CA.

11 Disadvantages of the Complex Number Method

The bigest difficulties in the use of the method of complex numbers can be encountered when dealing
with the intersection of the lines (as we can see from the fifthpart of the theorem 2, although it dealt
with the chords of the circle). Also, the difficulties may arrise when we have more than one circle in
the problem. Hence you should avoid using the comples numbers in problems when there are lot of
lines in general position without some special circle, or when there are more then two circles. Also,
the things can get very complicated if we have only two circles in general position, and only in the
rare cases you are advised to use complex numbers in such situations. The problems when some of
the conditions is the equlity with sums of distances betweennon-colinear points can be very difficult
and pretty-much unsolvable with this method.

Of course, these are only the obvious situations when you can’t count on help of complex num-
bers. There are numerous innocent-looking problems where the calculation can give us increadible
difficulties.

12 Hints and Solutions

Before the solutions, here are some remarks:

• In all the problems it is assumed that the lower-case lettersdenote complex numbers corre-
sponding to the points denoted by capital letters (sometimes there is an exception when the
unit circle is the incircle of the triangle and its center is denoted byo).

• Some abbreviations are used for addressing the theorems. For example T1.3 denotes the third
part of the theorem 1.

• The solutions are quite useless if you don’t try to solve the problem by yourself.

• Obvious derivations and algebraic manipulations are skipped. All expressions that are some-
how ”equally” related to botha andb are probably divisible bya − b or a + b.

• To make the things simpler, many conjugations are skipped. However, these are very straight-

forward, since most of the numbers are on the unit circle and they satisfya =
1
a

.

• If you still doesn’t believe in the power of complex numbers,you are more than welcome to
try these problems with other methods– but don’t hope to solve all of them. For example,
try the problem 41. Sometimes, complex numbers can give you shorter solution even when
comparing to the elementar solution.

• The author has tried to make these solutions available in relatively short time, hence some
mistakes are possible. For all mistakes you’ve noticed and for other solutions (with complex
numbers), please write to me to the above e-mail address.
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1. Assume that the circumcircle of the triangleabc is the unit circle, i.e.s = 0 and|a| = |b| = |c| = 1.
According to T6.3 we haveh = a+b+c, and according to T6.1 we conclude thath+q = 2s = 0, i.e.

q = −a − b − c. Using T6.2 we gett1 =
b + c + q

3
= −a

3
and similarlyt2 = −b

3
andt3 = − c

3
. We

now have|a− t1| =
∣∣∣a +

a
3

∣∣∣ =

∣∣∣∣
4a
3

∣∣∣∣ =
4
3

and similarly|b− t2| = |c− t3| =
4
3

. The proof is complete.

We have assumed thatR = 1, but this is no loss of generality.

2. For the unit circle we will take the circumcircle of the quadrilateralabcd. According to T6.3 we
haveha = b + c + d, hb = c + d + a, hc = d + a + b, andhd = a + b + c. In order to prove thatabcd
andhahbhchd are congruent it is enough to establish|x−y| = |hx −hy|, for all x,y ∈ {a,b,c,d}. This
is easy to verify.

3. Notice that the pointh ca be obtained by the rotation of the pointa aroundb for the angle
π
2

in the

positive direction. Sinceei π
2 = i, using T1.4 we get(a−b)i = a−h, i.e. h = (1− i)a+ ib. Similarly

we getd = (1− i)b+ ic andg = (1− i)c+ ia. SinceBCDE is a square, it is a parallelogram as well,
hence the midpoints ofce andbd coincide, hence by T6.1 we haved +b = e+c, or e = (1+ i)b− ic.
Similarly g = (1+ i)c − ia. The quadrilateralsbeph and cgqd are parallelograms implying that
p + b = e + h andc + q = g + d, or

p = ia + b − ic, q = −ia + ib + c.

In order to finish the proof it is enough to show thatq ca be obtained by the rotation ofp arounda

by an angle
π
2

, which is by T1.4 equivalent to

(p − a)i = p − b.

The last identity is easy to verify.

4. The pointsb1, c1, d1, are obtained by rotation ofb, c, d aroundc, d, anda for the angle
π
3

in the

positive direction. If we denoteeiπ/3 = ε using T1.4 we get

(b − c)ε = b1 − c, (c − d)ε = c1 − d, (d − a)ε = d1 − a.

Sincep is the midpoint ofb1c1 T6.1 gives

p =
b1+ c1

2
=

εb + c +(1− ε)d
2

.

Similarly we getq =
εc + d +(1− ε)a

2
. Using T6.1 again we getr =

a + b
2

. It is enough to prove

thatq can be obtained by the rotation ofp aroundr for the angle
π
3

, in the positive direction. The

last is (by T1.4) equivalent to
(p − r)ε = q − r,

which follows from

p − r =
−a +(ε −1)b + c +(1− ε)

2
, q − r =

−εa − b + εc + d
2

,

andε2 − ε +1 = 0 (since 0= ε3 +1 = (ε +1)(ε2 − ε +1)).

5. Let ε = ei 2π
3 . According to T1.4 we havepk+1 − ak+1 = (pk − ak+1)ε. Hence

pk+1 = ε pk +(1− ε)ak+1 = ε(ε pk−1 +(1− ε)ak)+ (1− ε)ak+1 = . . .

= εk+1p0 +(1− ε)
k+1

∑
i=1

εk+1−iai.
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Now we havep1996= p0+665(1−ε)(ε2a1+εa2+a3), sinceε3 = 1. That meansp1996= p0 if and
only if ε2a1+ εa2+a3 = 0. Using thata1 = 0 we concludea3 = −εa2, and it is clear thata2 can be

obtained by the rotation ofa3 around 0= a1 for the angle
π
3

in the positive direction.

6. Since the pointa is obtained by the rotation ofb aroundo1 for the angle
2π
3

= ε in the positive

direction, T1.4 implies(o1 − b)ε = o1 − a, i.e. o1 =
a − bε
1− ε

. Analogously

o2 =
b − cε
1− ε

, o3 =
c − dε
1− ε

, o4 =
d − aε
1− ε

.

Sinceo1o3 ⊥ o2o4 is equivalent to
o1 − o3

o1 − o3
= − o2 − o4

o2 − o4
, it is enouogh to prove that

a − c − (b − d)ε
a − c − (b − d)ε

= − b − d − (c − a)ε
b − d − (c − a)ε

,

i.e. that(a − c)b − d − (b − d)b − d ε + (a − c)a − cε − (b − d)a − cεε = −a − c(b − d) + (b −
d)b − d ε − (a − c)a − cε + (a − c)b − d εε . The last follows fromε =

1
ε

and |a − c|2 = (a −
c)a − c = |b − d|2 = (b − d)b − d .

7. We can assume thatak = εk for 0 ≤ k ≤ 12, whereε = ei 2π
15 . By rotation of the pointsa1, a2, and

a4 arounda0 = 1 for the anglesω6, ω5, andω3 (hereω = eiπ/15), we get the pointsa′
1, a′

2, anda′
4,

such that takve da sua0,a7,a′
1,a

′
2,a

′
4 kolinearne. Sada je dovoljno dokazati da je

1
a′

1 −1
=

1
a′

2 −1
+

1
a′

4 −1
+

1
a7 −1

.

From T1.4 we havea′
1−a0 = (a1−a0)ω6,a′

2−a0 = (a2−a0)ω5 anda′
4−a0 = (a4−a0)ω3, as well

asε = ω2 andω30 = 1. We get

1
ω6(ω2 −1)

=
1

ω5(ω4 −1)
+

1
ω3(ω8 −1)

− ω14

ω16−1
.

Taking the common denominator and cancelling withω2 −1 we see that it is enough to prove that

ω8 + ω6+ ω4 + ω2+1 = ω(ω12+ ω8+ ω4+1)+ ω3(ω8 +1)− ω20.

Sinceω15 = −1 = −ω30, we have thatω15−k = −ω30−k. The required statement follows from 0=
ω28+ω26+ω24+ω22+ω20+ω18+ω16+ω14+ω12+ω10+ω8+ω6+ω4+ω2+1= ω30−1

ω2−1
= 0.

8. [Obtained from Uroš Rajković] Take the complex plane in which the center of the polygon is the
origin and letz = ei π

k . Now the coordinate ofAk in the complex plane isz2k. Let p (|p| = 1) be the

coordinate ofP. Denote the left-hand side of the equality byS. We need to prove thatS =

(
2m
m

)
·n.

We have that

S =
n−1

∑
k=0

PA2m
k =

n−1

∑
k=0

∣∣∣z2k − p
∣∣∣
2m

Notice that the arguments of the complex numbers(z2k − p) · z−k (wherek ∈ {0, 1, 2,. . . ,n}) are
equal to the argument of the complex number(1− p), hence

(z2k − p) · z−k

1− p
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is a positive real number. Since|z−k| = 1 we get:

S =
n−1

∑
k=0

|z2k − p |2m = |1− p |2m ·
n−1

∑
k=0

(
z2k − p
1− p

)2m

= |1− p |2m ·

n−1

∑
k=0

(z2k − p)2m

(1− p)2m .

SinceS is a positive real number we have:

S =

∣∣∣∣∣
n−1

∑
k=0

(z2k − p)2m

∣∣∣∣∣ .

Now from the binomial formula we have:

S =

∣∣∣∣∣
n−1

∑
k=0

[
2m

∑
i=0

(
2m
i

)
· z2ki · (−p)2m−i

]
· z−2mk

∣∣∣∣∣ .

After some algebra we get:

S =

∣∣∣∣∣
n−1

∑
k=0

2m

∑
i=0

(
2m
i

)
· z2k(i−m) · (−p)2m−i

∣∣∣∣∣ ,

or, equivalently

S =

∣∣∣∣∣
2m

∑
i=0

(
2m
i

)
· (−p)2m−i ·

n−1

∑
k=0

z2k(i−m)

∣∣∣∣∣ .

Since fori 6= m we have:
n−1

∑
k=0

z2k(i−m) =
z2n(i−m) −1

z2(i−m) −1
,

for z2n(i−m) −1 = 0 andz2(i−m) −1 6= 0, we have

n−1

∑
k=0

z2k(i−m) = 0.

For i = m we have:
n−1

∑
k=0

z2k(i−m) =
n−1

∑
k=0

1 = n.

From this we conclude:

S =

∣∣∣∣
(

2m
m

)
· (−p)m ·n

∣∣∣∣ =

(
2m
m

)
·n · |(−p)m| .

Using|p | = 1 we get

S =

(
2m
m

)
·n

and that is what we wanted to prove.

9. Choose the circumcircle of the triangleabc to be the unit circle. Theno = 0 anda =
1
a

. The first

of the given relations can be written as

1 =
|a − m||b − n|
|a − n||b − m| ⇒ 1 =

|a − m|2|b − n|2
|a − n|2|b − m|2 =

(a − m)(a − m)(a − n)(a − n)

(a − n)(a − n)(b − m)(b − m)
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After some simple algebra we get(a − m)(a − m)(b − n)(b − n) = (1− m
a

− am + mm)(1− n
b

−

bn + nn) = 1− m
a

− am + mm − n
b

+
mn
ab

+
amn

b
− mmn

b
− bn +

bmn
a

+ abmn − bmmn + nn −
mnn

a
−amnn +mmnn . The value of the expression(a−n)(a −n)(b−m)(b −m) we can get from

the prevoius one replacing everya with b and vice versa. The initial equality now becomes:

1− m
a

− am + mm − n
b

+
mn
ab

+
amn

b
− mmn

b
− bn +

bmn
a

+ abmn − bmmn + nn − mnn
a

− amnn + mmnn

= 1− m
b

− bm + mm − n
a

+
mn
ab

+
bmn

a
− mmn

a
− an +

amn
b

+

abmn − ammn + nn − mnn
b

− bmnn + mmnn .

Subtracting and takinga − b out gives

m
ab

− m − n
ab

+
(a + b)mn

ab
− mmn

ab
+ n − (a + b)mn

ab
+ mmn +

mnn
ab

− mnn = 0.

SinceAM/CM = AN/CM holds as well we can get the expression analogous to the abovewhen
everyb is exchanged withc. Subtracting this expression from the previous and takingb − c out we
get

− m
abc

+
n

abc
− mn

bc
+

mmn
abc

+
mn
bc

− mnn
abc

= 0.

Writing the same expression withac instead ofbc (this can be obtained from the initial conditions

because of the symmetry), subtracting, and simplifying yieldsmn −nm = 0. Now we have
m− o
m − o

=

n − o
n − o

, and by T1.2 the pointsm,n,o are colinear.

10. [Obtained from Uroš Rajković] First we will prove that forthe pointsp, a, andb of the unit
circle the distance fromp to the lineab is equal to:

1
2
|(a − p)(b − p)|.

Denote byq the foot of perpendicular fromp to ab and use T2.4 to get:

q =
1
2

(
p + a + b − ab

p

)
.

Now the required distance is equal to:

|q − p | = 1
2

∣∣∣∣−p + a + b − ab
p

∣∣∣∣ .

Since|p | = 1 we can multiply the expression on the right by−p which gives us:
∣∣∣∣
1
2
(p2 − (a + b)p + ab)

∣∣∣∣.

Now it is easy to see that the required distance is indeed equal to:

1
2
|(a − p)(b − p)|.
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If we denotez = ei 2π
2n , the coordinate ofAk is z2k. Now we have:

2 ·hk = |(z2k − p)(z2k−2− p)|.

The vector(z2k − p) · z−k is colinear with 1− p, nece

(z2k − p) · z−k

1− p

is a positive real number. Hence fork ∈ {1,2, · · · ,n −1} it holds:

hk =
(z2k − p) · (z2k−2− p) · z−(2k−1)

2 · (1− p)2 · |1− p|2,

since|z| = 1. We also have:

hn =
(1− p) · (z2n−2− p) · z−(n−1)

2 · (1− p)2 · |1− p|2.

We need to prove that:

n−1

∑
k=1

1

(z2k − p) · (z2k−2− p) · z−(2k−1)

2 · (1− p)2 · |1− p|2
=

1

(1− p) · (z2n−2− p) · z−(n−1)

2 · (1− p)2 · |1− p|2
.

After cancelling and multiplying byz we get:

n−1

∑
k=1

z2k

(z2k − p) · (z2k−2− p)
=

−1
(1− p) · (z2n−2− p)

,

sincezn = −1. Denote byS the left-hand side of the equality. We have:

S − 1
z2 S =

n−1

∑
k=1

(z2k − p)− (z2k−2− p)

(z2k − p) · (z2k−2− p)
.

This implies:

(1− 1
z2 )S =

n−1

∑
k=1

(
1

z2k−2 − p
− 1

z2k − p

)
.

After simplifying we get:

(1− 1
z2 )S =

1
1− p

− 1
z2n−2− p

=
(z2n−2 − p)− (1− p)

(1− p) · (z2n−2− p)
.

Sincez2n−2 =
1
z2 (from zn = 1) we get:

S =
−1

(1− p) · (z2n−2− p)
,

q.e.d.
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11. Assume that the unit circle is the circumcircle of the quadrilateralabcd. Sinceac is its diameter
we havec = −a. Furthermore by T2.5 we have that

m =
ab(c + d)− cd(a + b)

ab − cd
=

2bd + ad − ab
d + b

.

According to T2.3 we have thatn =
2bd

b + d
, hencem − n =

a(d − b)

b + d
andm − n =

b − d
a(b + d)

. Now

we have
m− n
m − n

= − a − c
a − c

= a2,

hence according to T1.3mn ⊥ ac, q.e.d.

12. Assume that the unit circle is the circumcircle of the triangle abc. Using T6.3 we haveh =

a + b + c, and using T2.4 we havee =
1
2

(
a + b + c − ac

b

)
. Since paqb is a parallelogram the

midpoints ofpq andab coincide, and according to T6.1q = a+b− p and analogouslyr = a+c− p.
Since the pointsx,a,q are colinear, we have (using T1.2)

x − a
x − a

=
a − q
a − q

=
p − b

p − b
= −pb,

or, equivalentlyx =
pb + a2− ax

abp
. Since the pointsh,r,x are colinear as well, using the same theorem

we get
x − h

x − h
=

h − r

h − r
=

b + p

b + p
= bp,

i.e.

x =
x − a − b − c + p+

bp
a

+
bp
c

bp
.

Equating the expressions obtained forx we get

x =
1
2

(
2a + b + c − p− bp

c

)
.

By T1.1 it is sufficient to prove that

e − x
e − x

=
a − p
a − p

= −ap.

The last follows from

e − x =
1
2

(
p +

bp
c

− a − ac
b

)
=

bcp + b2p − abc − ac2

2bc
=

(b + c)(bp − ac)
2bc

,

by conjugation.

13. We will assume that the circumcircle of the quadrilateralabcd is the unit circle. Using T2.4 and
T6.1 we get

p = a + b − ab
c

, q = a + d +
ad
c

(1).

Let H be the orthocenter of the triangleABD. By T6.3 we haveh = a + b + d, hence according to
T1.2 it is enough to prove that

p − h

p − h
=

q − h

q − h
. (2)
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Chaning forp from (1) we get

p − h

p − h
=

a + b − ab
c

− a − b − d

1
a

+
1
b

− c
ab

− 1
a

− 1
b

− 1
d

=
abd

c
,

and since this expression is symmetric with respect tob andd, (2) is clearly satisfied.

14. Assume that the unit circle is the circumcircle of the triangle abc and assume thata′,b′,c′ are
feet of perpendiculars froma,b,c respectively. From T2.4 we have

a′ =
1
2

(
a + b + c − bc

a

)
, b′ =

1
2

(
a + b + c − ca

b

)
, c′ =

1
2

(
a + b + c − ab

c

)
.

Sincea′,b′,c′ are midpoints ofad,be,c f respectively according to T6.1 we have

d = b + c − bc
a

, e = a + c − ac
b

, f = a + b − ab
c

.

By T1.2 the colinearity of the pointsd,e, f is equivalent to

d − e

d − e
=

f − e

f − e
.

Sinced − e = b − a +
ac
b

− bc
a

= (b − a)
ab − c(a + b)

ab
and similarly f − e = (b − c)

bc − a(b + c)
bc

,

by conjugation and some algebra we get

0 = (a2b + a2c − abc)(c − a − b)− (c2a + c2b − abc)(a − b − c)

= (c − a)(abc − a2b − ab2− a2c − ac2− b2c − bc2). (1)

Now we want to get the necessary and sufficient condition for|h| = 2 (the radius of the circle is 1).
After the squaring we get

4 = |h|2 = hh = (a + b + c)
(1

a
+

1
b

+
1
c

)

=
a2b + ab2+ a2c + ac2+ b2c + bc2+3abc

abc
. (2)

Now (1) is equivalent to (2), which finishes the proof.

15. Assume that the unit circle is the circumcircle of the triangle abc. Let a′,b′,c′ be the midpoints
of bc,ca,ab. Sinceaa1 ⊥ ao and sincea1,b′,c′ are colinear, using T1.3 and T1.2, we get

a − a1

a − a1
= − a − o

a − o
= −a2,

b′ − c′

b′ − c′ =
b′ − a1

b′ − a1
.

From the first equality we havea1 = 2a−a1
a2 , and since from T6.1b′ =

a + c
2

andc′ =
a + b

2
we also

havea1 =
ab + bc + ca −aa1

2abc
. By equating the above expressions we geta1 =

a2(a + b + c)−3abc
a2 −2bc

.

Similarly b1 =
b2(a + b + c)−3abc

2(b2 − ac)
andc1 =

c2(a + b + c)−3abc
2(c2 −2ab)

. Now we have

a1 − b1 =
a2(a + b + c)−3abc

2(a2− bc)
− b2(a + b + c)−3abc

2(b2 − ac)
= −c(a − b)3(a + b + c)

2(a2− bc)(b2− ac)
,
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and it is easy to verify the condition fora1b1 ⊥ ho, which is according to T1.3:

a1 − b1

a1 − b1
= − h − o

h − o
= − (a + b + c)abc

ab + bc + ca
.

Similarly a1c1 ⊥ ho, implying that the pointsa1, a2, anda3 are colinear.

16. Assume that the unit circle is the circumcircle of the triangle abc. By T2.4 we have thatb1 =
1
2

(
a + b + c − ac

b

)
andc1 =

1
2

(
a + b + c − ab

c

)
, according to T6.1m =

b + c
2

, and according to

T6.3h = a + b + c. Now we will determine the pointd. Sinced belongs to the chordbc according

to T2.2d =
b + c − d

bc
. Furthermore, since the pointsb1, c1, andd are colinear, according to T1.2

we have

d − b1

d − b1
=

b1 − c1

b1 − c1
=

a
(b

c
− c

b

)

1
a

( c
b

− b
c

) = −a2.

Now we have thatd =
a2b1 + b1− d

a2 , hence

d =
a2b + a2c + ab2+ ac2− b2c − bc2−2abc

2(a2− bc)
.

In order to prove thatdh ⊥ am (see T1.3) it is enough to prove that
d − h

d − h
= − m− a

m − a
. This however

follows from

d − h =
b2c + bc2+ ab2+ ac2− a2b − a2c −2a3

2(a2 − bc)

=
(b + c −2a)(ab + bc+ ca+a2)

2(a2 − bc)

andm− a =
b + c −2a

2
by conjugation.

17. Assume that the unit circle is the circumcircle of the triangle abc. By T2.4 we have thatf =
1
2

(
a + b + c − ab

c

)
. Sincea,c, p are colinear andac is a chord of the unit circle, according to T2.2

we havep =
a + c − p

ac
. Since f o ⊥ p f using T1.3 we coclude

f − o

f − o
= − p − f

p − f
.

From the last two relations we have

p = f
2ac f − (a + c)

ac f − f
=

(
a + b + c − ab

c

)
c2

b2 + c2 .

Let ∠ph f = ϕ , then
f − h

f − h
= ei2ϕ p − h

p − h
.

Sincep − h = −b
ab + bc + ca+ c2

b2 + c2 , and by conjugation

p − h = −c(ab + bc + ca +b2)

ab(b2+ c2)
,
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f − h =
ab + bc + ca + c2

2c
, f − h =

ab + bc + ca + c2

2abc
, we see thatei2ϕ =

c
b

. On the other hand we

have
c − a
c − a

= ei2α b − a

b − a
, and using T1.2ei2α =

c
b

. We have proved thatα = π + ϕ or α = ϕ , and

since the first is impossible, the proof is complete.

18. First we will prove the following useful lemma.

Lemma 1. If a, b, c, a′, b′, c′ are the points of the unit circle, then the lines aa′,bb′,cc′ concurrent
or colinear if and only if

(a − b′)(b − c′)(c − a′) = (a − c′)(b − a′)(c − b′).

Proof. Let x be the intersection ofaa′ andbb′, and lety be the intersection of the linesaa′ and
cc′. Using T2.5 we have

x =
aa′(b + b′)− bb′(a + a′)

aa′ − bb′ , y =
aa′(c + c′)− cc′(a + a′)

aa′ − cc′ .

Here we assumed that these points exist (i.e. that none ofaa′ ‖ bb′ andaa′ ‖ cc′ holds). It is obvious
that the linesaa′, bb′, cc′ are concurrent if and only ifx = y, i.e. if and only if

(aa′(b + b′)− bb′(a + a′))(aa′ − cc′) = (aa′(c + c′)− cc′(a + a′))(aa′ − bb′).

After simplifying we getaa′b + aa′b′ − abb′ − a′b′b − bcc′ − b′cc′ = aa′c + aa′c′ − bc′c − bb′c′ −
acc′ − a′cc′, and since this is equivalent to(a − b′)(b − c′)(c − a′) = (a − c′)(b − a′)(c − b′), the
lemma is proven.2

Now assume that the circumcircle of the hexagon is the unit circle. Using T1.1 we get

a2 − a4

a2 − a4
=

a0 − a′
0

a0 − a′
0

,
a4 − a0

a4 − a0
=

a2 − a′
2

a2 − a′
2

,
a2 − a0

a2 − a0
=

a4 − a′
4

a4 − a′
4

,

hencea′
0 =

a2a4

a0
,a′

2 =
a0a4

a2
i a′

4 =
a0a2

a4
. Similarly, using T2.5 we get

a′
3 =

a′
0a3(a2 + a3)− a2a3(a′

0 + a3)

a′
0a3 − a2a4

=
a4(a3 − a2)+ a3(a2 − a0)

a3 − a0
.

Analogously,

a′
5 =

a0(a5 − a4)+ a5(a4 − a2)

a5 − a2
, a′

1 =
a2(a1 − a0)+ a1(a0 − a4)

a1 − a4
.

Assume that the pointsa′′
3,a

′′
1,a

′′
5 are the other intersection points of the unit circle with thelines

a0a′
3, a4a′

1, a2a′
5 respectively. According to T1.2

a′
3 − a0

a′
3 − a0

=
a′′

3 − a0

a′′
3 − a0

= −a′′
3a0,

and sincea0 − a′
3 =

a3(2a0 − a2− a4)+ a2a4 − a2
0

a3 − a0
, we have

a′′
3 − a4 =

(a0 − a2)
2(a3 − a4)

a0a2(a3 − a0)(a0 − a′
3)

, a′′
3 − a2 =

(a0 − a4)
2(a3 − a2)

a0a4(a3 − a0)(a0 − a′
3)

.

Analogously we get

a′′
1 − a0 = a′′

3 − a4 =
(a2 − a4)

2(a1 − a0)

a2a4(a1 − a4)(a4 − a′
1)

,
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a′′
1 − a2 = a′′

3 − a4 =
(a4 − a0)

2(a1 − a2)

a0a4(a1 − a4)(a4 − a′
1)

,

a′′
5 − a0 = a′′

3 − a4 =
(a2 − a4)

2(a5 − a0)

a2a4(a5 − a0)(a2 − a′
5)

,

a′′
5 − a4 = a′′

3 − a4 =
(a0 − a2)

2(a5 − a4)

a0a2(a5 − a4)(a2 − a′
5)

.

Using the lemma and the concurrence of the linesa0a3, a1a4, anda2a5 (i.e. (a0 −a1)(a2−a3)(a4 −
a5) = (a0 − a5)(a2 − a1)(a4 − a3)) we get the concurrence of the linesa0a′′

3, a4a′′
1, anda2a′′

5, i.e.
(a0 − a′′

1)(a2 − a′′
3)(a4 − a′′

5) = (a0 − a′′
5)(a2 − a′′

1)(a4 − a′′
3), since they, obviously, intersect.

19. [Obtained from Uroš Rajković] Assume that the unit circleis the circumcircle of the triangle
abc. If A1, B1, andC1 denote the feet of the perpendiculars, we have from T2.4:

a1 =
1
2

(
b + c + m− bc

m

)
,

b1 =
1
2

(
a + c + m− ac

m

)
, and

c1 =
1
2

(
a + b + m− ab

m

)
.

We further get:

a1 − c1

b1 − c1
=

c − a +
ab − bc

m

c − b +
ab − ac

m

=
(c − a)(m− b)

(c − b)(m− a)
=

a 1 − c1

b 1 − c1
,

and, according to T1.2, the pointsA1, B1, andC1 are colinear.

20. The quadrilateralABCD is cyclic, and we assume that it’s circumcircle is the unti circle. Leta1,
a2, anda3 denote the feet of the perpendiculars froma to bc, cd, anddb respectively. Denote byb1,
b2, andb3 the feet of the perpendiculars fromb to ac, cd, andda respectively. According to T2.4 we
have that

a1 =
1
2

(
a + b + c − bc

a

)
, a2 =

1
2

(
a + b + d− bd

a

)
, a3 =

1
2

(
a + c + d − cd

a

)

b1 =
1
2

(
b + a + c − ac

b

)
, b2 =

1
2

(
b + c + d − cd

b

)
, b3 =

1
2

(
b + d + a − da

b

)

The pointx can be obtained from the condition for colinearity. First from the colinearity ofx,a1,a2

and T1.2 we have that

x − a1

x − a1
=

a1 − a2

a1 − a2
=

1
2

(
c − d +

bd
a

− bc
a

)

1
2

(1
c

− 1
d

+
a

bd
− a

bc

) =
bcd

a
,

and after simplifying

x =
x − 1

2

(
a + b + c + d− abc + acd + abd + bcd

a2

)

bcd
a.

Similarly from the colinearity of the pointsx, b1, andb2 we get

x =
x − 1

2

(
a + b + c + d− abc + acd + abd + bcd

b2

)

acd
b,
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and from this we conclude

x =
1
2

(
a + b + c + d

)
.

Let h = a+c+d (by T6) be the orthocenter of the triangleacd. In order to finish the proof, according
to T1.2 it is enough to show that

x − c
x − c

=
h − c

h − c
=

a + b + d− c

a + b + d − c
.

On the other handx − c =
1
2

(
a + b + d − c

)
, from which the equality is obvious.

21. Using the last problem we have that the intersection of the linesl(a;bcd) andl(b;cda) is the

pointx =
1
2

(
a + b + c + d

)
, which is a symmetric expression, hence this point is the intersection of

every two of the given lines.

22. Using the last two problems we get the locus of points is the set of all the points of the form

x =
1
2

(
a + b + c + d

)
, whend moves along the circle. That is in fact the circle with the radius

1
2

and center
a + b + c

2
, which is the midpoint of the segment connecting the center of the given circle

with the orthocenter of the triangleabc.

23. Assume that the unit circle is the circumcircle of the triangle abc. From T1.3 and the condition
ad ⊥ ao we have that

d − a

d − a
= − a − o

a − o
= −a2,

and after simplifyingd =
2a − d

a2 . Since the pointsb,c,d are colinear andbc is the chord of the unit

circle, according to T2.2d =
b + c − d

bc
, and solving the given system we getd =

a2(b + c)−2abc
a2− bc

.

Sincee belongs to the perpendicular bisector ofab we haveoe ⊥ ab. According to T1.3 and
e − o
e − o

=

− a − b

a − b
= ab, i.e. e =

e
ab

. From be ⊥ bc, using T1.3 again we get
b − e

b − e
= − b − c

b − c
= bc, or

equivalentlye =
c − b + e

bc
=

e
ab

. Hencee =
a(c − b)

c − a
. Similarly we havef =

a(b − c)
b − a

. Using T1.2

we see that it is enough to prove that
d − f

d − f
=

f − e

f − e
. Notice that

d − f =
a2(b + c)−2abc

a2 − bc
− a(b − c)

b − a
=

a2b2 +3a2bc − ab2c −2a3b − abc2

(a2 − bc)(b − a)

=
ab(a − c)(b + c −2a)

(a2 − bc)(b − a)
,

and similarlyd − e =
ac(a − b)(b + c −2a)

(a2 − bc)(c − a)
. After conjugation we see that the required condition is

easy to verify.

24. [Obtained from Uroš Rajković] Assume that the unit circleis the incircle of the hexagon
ABCDEF. After conjugating and using T2.5 we get:

m =
a + b − (d + e)

ab − de
, n =

b + c − (e + f )
bc − e f

, p =
c + d − ( f + a)

cd − f a
,
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hence:

m − n =
(b − e)(bc − cd + de − e f + f a − ab)

(ab − de)(bc − e f )
,

and analogously:

n − p =
(c − f )(cd − de + e f − f a + ab − bc)

(bc − e f )(cd − f a)
.

From here we get:
m − n
n − p

=
(b − e)(cd − f a)

( f − c)(ab − de)
.

Since the numbersa , b , c , d , e , and f are equal to
1
a

,
1
b

,
1
c

,
1
d

,
1
e

, and
1
f
, respectively, we see

that it is easy to verify that the complex number on the left-hand side of the last equality equal to
its complex conjugate, hence it is real. Now according to T1.2 the pointsM, N, andP are colinear,
q.e.d.

25. Assume that the quadrilateralabcd is inscribed in the unit circle. Using T2.5 we get

e =
ab(c + d)− cd(a + b)

ab − cd
,

f =
ad(b + c)− bc(a + d)

ad − bc
mboxand

g =
ac(b + d)− bd(a + c)

ac − bd
. (1)

In order to prove thato = 0 is the orthocenter of the trianglee f g, it is enough to prove thato f ⊥ eg
andog ⊥ e f . Because of the symmetry it is enough to prove one of these tworelateions. Hence, by
T1.3 it is enough to prove that

f − o

f − o
=

e − g
e − g

(2).

From (1) we have that

f − o

f − o
=

ad(b + c)− bc(a + d)

ad − bc
(b + c)− (a + d)

bc − ad

=
ad(b + c)− bc(a + d)

a + d − (b + c)
,(3)

or equivalently

e − g =
(a − d)(ab2d − ac2d)+ (b − c)(bcd2− a2bc)

(ab − cd)(ac − bd)

=
(a − d)(b − c)((b + c)ad− (a + d)bc)

(ab − cd)(ac − bd)
(4)

and by conjugation

e − g =
(a − d)(b − c)(b + c − (a+d))

(ab − cd)(ac − bd)
(5).

Comparing the expressions (3),(4), and (5) we derive the statement.

26. Assume that the unit circle is the circumcircle of the triangle abc and assume thata = 1. Then

c = b andt = −1. Sincep belongs to the chordbc, using T2.2 we get thatp = b +
1
b

− p. Sincex

belongs to the chordab, in the similar way we getx =
1+ b − x

b
. Sincepx ‖ ac by T1.1 we have

p − x
p − x

=
a − c
a − c

= −1
b
,
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i.e. x = pb + p − xb. From this we getx =
b(p +1)

b +1
. Similarly we derivey =

p +1
b +1

. According to

T1.3 it remains to prove that
x − y
x − y

= − p − t
p − t

= − p +1
p +1

. This follows fromx− y =
(p +1)(b −1)

b +1
and by conjugation

x − y =
(p +1)

(1
b

−1
)

1
b

+1
= − (p +1)(b −1)

b +1
.

27. Assume that the unit circle is the circumcircle of the quadrilateralabcd. Using T6.1 we havek =
a + b

2
, l =

b + c
2

, m =
c + a

2
andn =

d + a
2

. We want to determine the coordinate of the orthocenter

of the triangleakn. Let h1 be that point and denote byh2, h3, andh4 the orthocenters ofbkl, clm,
anddmn respectively. Thenkh1 ⊥ an andnh1 ⊥ ak. By T1.3 we get

k − h1

k − h1
= − a − n

a − n
and

n − h1

n − h1
= − a − k

a − k
. (1)

Since
a − n
a − n

=
a − d

a − d
= −ad,

we have that

h1 =
k ad − k + h1

ad
.

Similarly from the second of the equations in (1) we get

h1 =
nab − n + h1

ab
.

Solving this system gives us that

h1 =
2a + b + d

2
.

Symmetricaly

h2 =
2b + c + a

2
, h3 =

2c + d + b
2

, h4 =
2d + a + c

2
,

and sinceh1 +h3 = h2 +h4 using T6.1 the midpoints of the segmentsh1h3 andh2h4 coincide hence
the quadrilateralh1h2h3h4 is a parallelogram.

28. Assume that the unit circle is the circumcircle of the triangle abc. By T2.3 we have thata =
2em

e + m
i b =

2mk
m+ k

. Let’s find the pointp. Since the pointsm, k, andp are colinear andmk is the

chord of the unit circle, by T2.2 we have thatp =
m+ k − p

mk
. Furthermore the pointsp, e, andc are

colinear. However, in this problem it is more convenient to notice thatpe ⊥ oe and now using T1.3
we have

e − p
e − p

= − e − o
e − o

= −e2

and after simplifyingp =
2e − p

e2 . Equating the two expressions forp we get

p = e
(m+ k)e −2mk

e2 − mk
.
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In order to finish the proof using T1.3 it is enough to prove that
p − o
p − o

= − e − b

e − b
. This will follow

from

e − b =
e(m+ k)−2mk

m+ k
,

and after conjugatinge − b =
m+ k −2e
(m+ k)e

andp =
m+ k −2e

mk − e2 .

29. Assume that the circle inscribed inabcd is the unit one. From T2.3 we have that

a =
2nk

n + k
, b =

2kl
k + l

, c =
2lm

l + m
, d =

2mn
m+ n

. (1)

Using T2.5 we get

s =
kl(m+ n)− mn(k + l)

kl − mn
. (2)

According to T1.1 it is enough to verify that

s− o
s − o

=
b − d

b − d
.

From (1) we have that

b − d = 2
kl(m+ n)− mn(k + l)

(k + l)(m+ n)
, (3)

and after conjugating

b − d =
m+ n − (k + l)
(k + l)(m+ n)

. (4)

From (2) we have that
s
s

=
kl(m+ n)− mn(k + l)

kl − mn
, (5)

and comparing the expressions (3),(4), and (5) we finish the proof.

30. [Obtained from Uroš Rajković] LetP be the point of tangency of the incircle with the lineBC.
Assume that the incircle is the unit circle. By T2.3 the coordinates ofA, B, andC are respectively

a =
2qr

q + r
, b =

2pr
p + r

i c =
2pq
p + q

.

Furthermore, using T6.1 we getx =
1
2
(b + c) =

pr
p + r

+
pq

p + q
, y = αb = α

2pr
p + r

, andz = β c =

β
2pq
p + q

(α,β ∈ R). The values ofα andβ are easy to compute from the conditionsy ∈ rq and

z ∈ rq:

α =
(p + r)(q + r)

2(p + q)r
i β =

(p + q)(r + q)

2(p + r)q
.

From here we get the coordinates ofy andz usingp, q, andr:

y =
p(q + r)
(p + q)

andz =
p(r + q)

(p + r)
.

We have to prove that:

∠RAQ = 60◦ ⇐⇒ XYZ is equilateral.
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The first condition is equivalent to∠QOR = 60◦ i.e. with

r = q · ei2π/3.

The second condition is equivalent to(z− x) = (y − x) · eiπ/3. Notice that:

y − x =
p(q + r)
(p + q)

−
(

pr
p + r

+
pq

p + q

)
=

pr(r − q)

(p + q)(p + r)
and

z− x =
p(p + q)

(p + r)
−

(
pr

p + r
+

pq
p + q

)
=

pq(q − r)
(p + q)(p + r)

.

Now the second condition is equivalent to:

pq(q − r)
(p + q)(p + r)

=
pr(r − q)

(p + q)(p + r)
eiπ/3,

i.e. with q = −r eiπ/3. It remains to prove the equivalence:

r = q ei2π/3 ⇐⇒ q = −r eiπ/3,

which obviously holds.

31. According to T1.1 it is enough to prove that

m− o
m − o

=
n − o
n − o

.

If p,q,r,s are the points of tangency of the incircle with the sidesab,bc,cd,da respectively using
T2.3 we get

m =
a + c

2
=

ps
p + s

+
qr

q + r
=

pqs+ prs+ pqr + qrs
(p + s)(q + r)

,

and after conjugatingm =
p + q + r + s
(p + s)(q + r)

and

m
m

=
pqr + ps+ prs+ qrs

p + q + r + s
.

Since the last expression is symmetric inp,q,r,s we conclude that
m
m

=
n
n

, as required.

32. Assume that the incircle of the quadrilateralabcd is the unit circle. We will prove that the
intersection of the linesmp andnq belongs tobd. Then we can conlude by symmetry that the point
also belongs toac, which will imply that the linesmp, nq, ac, andbd are concurrent. Using T2.3 we
have that

b =
2mn

m+ n
, d =

2pq
p + q

.

If x is the intersection point ofmp andnq, using T2.5 we get

x =
mp(n + q)− nq(m+ p)

mp − nq
.

We have to prove that the pointsx,b,d are colinear, which is according to T1.2 equivalent to saying
that

b − d

b − d
=

b − x

b − x
.
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This follows fromb − d =
2mn

m+ n
− 2pq

p + q
= 2

mn(p + q)− pq(m+ n)

(m+ n)(p + q)
and

b − x =
2mn

m+ n
− mp(n + q)− nq(m+ p)

mp − nq

=
m2np − mn2q − m2pq + n2pq + m2nq − mn2p

(mp − nq)(m+ n)

=
(m− n)(mn(p + q)− pq(m+n))

(m+ n)(mp − nq)
,

by conjugation.

33. Assume that the unit circle is the incumcircle of the triangle abc. Using T7.3 we have that the
circumecenter has the coordinate

o =
2de f (d + e + f )

(d + e)(e + f )( f + d)
.

Let’s calculate the coordinate of the circumcentero1 of the trianglexyz. First, according to T6.1

we have thatx =
e + f

2
, y =

d + f
2

andz =
d + e

2
. Moreover by T1.3 we have that

o1 − x + y
2

o1 − x + y
2

=

− x − y
x − y

=
(e − d)/2

(e − d )/2
= −ed, and simplifying

o1 =

− f
2

+
ed
2 f

+ o1

ed
,

and similarlyo1 =
−d

2
+

e f
2d

+ o1

e f
. By equating we geto1 =

e + f + d
2

. Now by T1.2 it is enough to

prove that
o1− i

o1 − i
=

o − i

o − i
, which can be easily obtained by conjugation of the previousexpressions

for o ando1.

34. Assume that the incircle of the triangleabc is the unit circle. Using T7.1 we getb =
2 f d
f + d

and

c =
2ed

e + d
. From some elemetary geometry we conclude thatk is the midpoint of segmente f hence

by T6.1 we havek =
e + f

2
. Let’s calculate the coordinate of the pointm. Sincem belongs to the

chord f d by T2.2 we havem =
f + d − m

f d
. Similarly we have that the pointsb,m,k are colinear and

by T1.2 we get
k − m

k − m
=

b − k

b − k
, i.e. m = m

b − k
b − k

+
k b − kb

b − k
. Now equating the expressions form

one gets

m =
( f + d)(b − k)+ (kb − kb) f d

(b − k ) f d + b − k
.

Sinceb − k =
3 f d − de − f 2− e f

2( f + d)
andkb − kb =

(e + f )(e − d) f d
e( f + d)

we get

m =
4e f 2d + e f d2 − e2d2 − e2 f 2 −2 f 2d2 − f 3e
6e f d − e2d − ed2− e f 2 − e2 f − d2 f − d f 2
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and symmetrically

n =
4e2 f d + e f d2− f 2d2 − e2 f 2 −2e2d2 − e3 f
6e f d − e2d − ed2− e f 2 − e2 f − d2 f − d f 2 .

By T1.3 it is enough to prove that
m− n
m − n

= − i− d

i − d
= −d2. This however follows from

m− n =
(e − f )(4e f d − ed2− f d2 − f e2 − f 2e)

6e f d − e2d − ed2− e f 2 − e2 f − d2 f − d f 2 ,

by conjugation.

35. Assume that the unit circle is the inrcumcircle of the triangle abc. Assume thatk, l, andm are
the points of tangency of the incircle with the sidesbc, ca, andab, respectively. By T7 we have that

o =
2klm(k + l + m)

(k + l)(l + m)(m+ k)
, h =

2(k2l2 + l2m2 + m2k2 + klm(k + l + m))

(k + l)(l + m)(m+ k)
.

Since the segmentsio and bc are parallel we have thatio ⊥ ik, which is by T1.3 equivalent to
o − i

o − i
= − k − i

k − i
= −k2. After conjugating the last expression foro becomes

klm(k + l + m)+ k2(kl + lm+ mk) = 0. (∗)

Let’s prove that under this condition we haveao ‖ hk. According to T1.1 it is enough to prove that
a − o
a − o

=
h − k

h − k
. According to T7.1 we have thata =

2ml
m+ l

, and

a − o =
2ml

m+ l
− 2klm(k + l + m)

(k + l)(l + m)(m+ k)
=

2m2l2

(k + l)(l + m)(m+ k)
.

Now we get that it is enough to prove that

h − k

h − k
=

l2m2

k2 .

Notice that

h − k =
2(k2l2 + l2m2 + m2k2 + klm(k + l + m))

(k + l)(l + m)(m+ k)
− k

=
k2l2 + k2m2 +2l2m2 + k2lm+ kl2m+ klm2− k2l − k3m− k2lm

(k + l)(l + m)(m+ k)

=
klm(k + l + m)− k2(k + l + m)+ k2l2 +2l2m2 + m2l2

(k + l)(l + m)(m+ k)

=
(

according to (*)
)

=
(kl + lm+ mk)2+ l2m2

(k + l)(l + m)(m+ k)

=
(

according to (*)
)

=
(kl + lm+ mk)2((k + l + m)2 + k2)

(k + l + m)2(k + l)(l + m)(m+ k)
.

After conjugating the last expression forh − k we get

h − k =
(k + l + m)2 + k2

(k + l)(l + m)(m+ k)
,
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and using the last expression forh − k we get

h − k

h − k
=

(kl + lm+ mk)2

(k + l + m)2 =
(

by (*)
)

=
l2m2

k2 ,

which completes the proof.

36. Assume that the incircle of the triangleabc is the unit circle. Then using T7.1 we havec =
2t1t2

t1 + t2
.

Our goal is to first determine the pointh3. Fromh3t3 ⊥ it3 by T1.3 we have

h3 − t3
h3 − t3

= − t3 − i

t3 − i
= −t2

3,

i.e. h3 =
2t3 − h3

t2
3

. Furthermore fromch3 ‖ it3 and T1.1 we have
h3 − c

h3 − c
=

t3 − i

t3 − i
= t2

3. Writing the

similar expression forh3 gives

h3 =
1
2

(
2t3+ c − ct2

3

)
= t3 +

t1t2 − t2
3

t1 + t2
.

Similarly we obtainh2 = t2+
t1t3 − t2

2

t1 + t3
. In order to determine the line symmetric toh2h3 with repsect

to t2t3 it is enough to determine the points symmetric toh2 andh3 with respect tot2t3. Assume that
p2 andp3 are these two points and leth′

2 andh′
3 be the feet of perpendiculars fromh2 andh3 to the

line t2t3 respectively. According to T2.4 we haveh′
2 =

1
2

(
t2 + t3 − t2t3h3

)
hence by T6.1

p2 = 2h′
2− h2 =

t1(t2
2 + t2

3)

t2(t1 + t3)

and symmetricallyp3 =
t1(t2

2 + t2
3)

t3(t1 + t2)
. Furthermore

p2 − p3 =
t2
1(t2

2 + t2
3)(t3 − t2)

t1t3(t1 + t2)(t1 + t3)
,

and if the pointx belongs top2p3 by T1.2 the following must be satisfied:

x − p2

x − p2
=

p2 − p3

p2 − p3
= −t2

1.

Specifically ifx belongs to the unit circle we also havex =
1
x

, hence we get the quadratic equation

t2t3x2 − t1(t
2
2 + t2

3)x + t2
1t2t3 = 0.

Its solutions arex1 =
t1t2
t3

andx2 =
t1t3
t2

and these are the intersection points of the linep2p3 with the

unit circle. Similarly we gety1 =
t1t2
t3

, y2 =
t2t3
t1

, andz1 =
t3t1
t2

,z2 =
t2t3
t1

, which finishes the proof.

37. Assume that the circumcircle of the triangleabc is the unit circle. Letu,v,w be the complex
numbers described in T8. Using this theorem we get thatl = −(uv + vw + wu). By elementary
geometry we know that the intersection of the lineal and the circumcircle of the triangleabc is
the midpoint of the arcbc which doesn’t contain the pointa. That meansa1 = −vw and similarly
b1 = −uw andc1 = −uv.
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(a) The statement follows from the equality

1 =
|l − a1| · |l − c1|

|l − b| =
|u(v + w)| · |w(u + v)|
|uv + uw+ vw+ v2| =

|v + w| · |u + v|
|(u + v)(v + w)| = 1.

(b) If x is the point of the tangency of the incircle with the sidebc then x is the foot of the

perpendicular from the pointl l to the sidebc and T2.4 impliesx =
1
2

(
b + c + l − bcl

)
and

consequentlyr = |l − x| =
1
2

∣∣∣∣
(u + v)(v + w)(w+ u)

u

∣∣∣∣ =
1
2
|(u + v)(v + w)(w + u)|. Now the

required equality follows from

|l − a| · |l − b|
|l − c1|

=
|(u + v)(u + w)| · |(u + v)(v + w)|

|w(u + v)|
= |(u + v)(v + w)(w+ u)|.

(c) By T5 we have that

S(ABC) =
i
4

∣∣∣∣∣∣

u2 1/u2 1
v2 1/v2 1
w2 1/w2 1

∣∣∣∣∣∣
i S(A1B1C1) =

i
4uvw

∣∣∣∣∣∣

vw u 1
uw v 1
uv w 1

∣∣∣∣∣∣
,

hence

S(ABC)

S(A1B1C1)
=

u4w2 + w4v2 + v4u2 − v4w2 − u4v2 − w4u2

uvw(v2w+ uw2+ u2v − uv2− u2w− vw2)

=
(u2 − v2)(uw+ vw− uv − w2)(uw+ vw+ uv + w2)

uvw(u − v)(uv + w2− uw− vw)

= − (u + w)(vw+ uw+ uv + w2)

uvw

= − (u + v)(v + w)(w+ u)

uvw
.

Here we consider the oriented surface areas, and substracting the modulus from the last ex-
pression gives us the desired equality.

38. First solution. Assume that the circumcircle of the triangleabc is the unit circle andu,v,w are
the complex numbers described in T8. Letd,e, f be the points of tangency of the incircle with the

sidesbc,ca,ab respectively. By T2.4 we have thatf =
1
2

(
a+b+z−abz

)
=

1
2

(
u2+v2+w2−uv−

vw− wu +
uv(u + v)

2w

)
. By symmetry we get the expressions fore and f and by T6.1 we get

k =
1
3

(
u2 + v2+ w2 − uv − vw− wu +

uv(u + v)
2w

+
vw(v + w)

2u
− wu(w+ u)

2v

)
=

=
(uv + vw+ wu)(u2v + uv2+ uw2 + u2w+ v2w+ vw2−4uvw)

6uvw
.

Now it is easy to verify
z− o
z − o

=
k − o

k − o
, which is by T1.2 the condition for colinearity of the points

z,k,o. Similarly we also have

|o − z|
|z− k| =

|uv + vw+ wu|∣∣∣∣
(uv + vw+ wu)(u2v + uv2+ uw2 + u2w+ v2w+ vw2+2uvw)

6uvw

∣∣∣∣

=
6

|(u + v)(v + w)(w+ u)| =
6R
2r

=
3R
r

,
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which completes the proof.
Second solution. Assume that the incircle of the triangleabc is the unit circle and letd,e, f

denote its points of tangency with the sidesbc,ca,ab respectively. According to T7.3 we have

that o =
2de f (d + e + f )

(d + e)(e + f )( f + d)
and according to T6.1k =

d + e + f
3

. Now it is easy to verify that

o − z
o − z

=
k − z

k − z
which is by T1.2 enough to establish the colinearity of the pointso,z,k. We also have

that

|o − z|
|z− k| =

∣∣∣∣
d + e + f

(d + e)(e + f )( f + d)

∣∣∣∣
∣∣∣∣
d + e + f

3

∣∣∣∣
=

3
|(d + e)(e + f )( f + d)| =

3R
r

.

39. Assume that the circumcircle of the triangleabc is the unit circle and letu,v,w be the complex
numbers described in T8 (herep = w2). According to this theorem we havei = −uv − vw − wu.
Since|a − c| = |a − b| by T1.4 it holds

c − a = ei∠cab(b − a).

By the same theorem we have

−vw− u2

−vw − u2
= ei2

∠pab
2

v2 − u2

v2 − u2
,

henceei∠pab = −w
v

. Now we have

c =
u2w+ u2v − v2w

v
,

and symmetricallyd =
v2w+ v2u − u2w

u
. By T1.3 it is enough to prove that

c − d

c − d
= − o − i

o − i
= −uv + vw+ wu

u + v + w
uvw.

This follows fromc − d =
(u2 − v2)(uv + vw+ wu)

uv
by conjugation.

40. Assume that the circumcircle of the triangleabc is the unit circle. By T8 there are numbers
u,v,w such thata = u2,b = v2,c = w2 and the incenter isi = −(uv + vw + wu). If o′ denotes the

foot of the perpendicular fromo to bc then by T2.4 we haveo′ =
1
2

(
b+ c

)
, and by T6.1o1 = 2o′ =

b + c = v2 + w2. By T1.2 the pointsa, i,o1 are colinear if and only if

o1− a
o1 − a

=
a − i

a − i
.

Since
o1 − a
o1 − a

=
o1 − a
o1 − a

=
v2 + w2 − u2

u2(v2 + w2)− v2w2 u2v2w2 and

a − i

a − i
=

u(u + v + w)+ vw
vw+ uw+ uv + u2u2vw = u2vw,

we get
v3w+ vw3− u2vw− (u2v2 + u2w2 − v2w2) = (vw− u2)(v2 + w2 + vw) = 0.
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This means that eithervw = u2 or v2 + w2 + vw = 0. If vw = u2 then by T6.1 the pointsu2 and
−vw belong to the same radius henceabc is isosceles contrary to the assumption. This means that
v2+w2+vw = 0. We now want to prove that the triangle with the verticeso,−vw,w2 is equilateral. It

is enough to prove that 1= |w2+vw| = |v+w| which is equivalent to 1= (v+w)(v +w) =
(v + w)2

vw
and this tov2 + w2 + vw = 0. Since∠boc = 120◦ we haveα = 60◦.

41. Assume that the incumcircle of the triangleabc is the unit circle. According to T8 there are
complex numbersu,v,w such thatp = u2,q = v2,r = w2 andp1 = −vw,q1 = −wu,r1 = −uv. Then
p2 = vw,q2 = wu,r2 = uv. By T7.1 we gave

a =
2v2w2

v2 + w2 , b =
2w2u2

w2 + u2 i c =
2u2w2

u2 + w2 ,

hence by T6.1

a1 =
w2u2

w2 + u2 +
u2v2

u2 + v2 , b1 =
u2v2

u2 + v2 +
v2w2

v2 + w2 , c2 =
v2w2

v2 + w2 +
w2u2

w2 + u2 .

If the pointn is the intersection of the linesa1p1 andb1q1 then the triplets of points(n,a1, p1) and
(n,b1,q1) are colinear and using T1.2 we get

n − a1

n − a1
=

a1 − p1

a1 − p1
,

n − b1

n − b1
=

b1 − q1

b1 − q1
.

Solving this system gives us

n =
u4v4 + v4w4 + w4u4

(u2 + v2)(v2 + w2)(w2 + u2)
+

uvw(u3v2 + u2v3 + u3w2 + u2w3 + v3w2 + v2w3)

(u2 + v2)(v2 + w2)(w2 + u2)
+

3u2v2w2(u2 + v2+ w2)

(u2 + v2)(v2 + w2)(w2 + u2)
+

2u2v2w2(uv + vw+ wu)

(u2 + v2)(v2 + w2)(w2 + u2)
.

Since the above expression is symmetric this point belongs to c1r1. The second part of the problem
can be solved similarly.

42. Assume thata is the origin. According to T1.4 we havec′′ − a = eiπ/2(c − a), i.e. c′′ = ic.
Similarly we getb′′ = −ib. Using the same theorem we obtainx − c = eiπ/2(b − c), i.e. x = (1−
i)c+ ib hence by T6.1p =

1+ i
2

b+
1− i

2
c. Denote byq the intersection of the linesbc andap. Then

the pointsa, p,q are colinear as well as the pointsb,c′′,q. Using T1.2 we get

a − p
a − p

=
a − q
a − q

,
b − c′′

b − c′′ =
q − b

q − b
.

From the first equation we conclude thatq = q
(1− i)b +(1+ i)c
(1+ i)b +(1− i)c

, and from the second we get the

formulaq =
q(b + ic)− i(bc + bc)

b − ic
. These two imply

q =
i(bc + bc)((1+ i)b +(1− i)c)

2(ibb −2bc +2bc +2icc)
=

(bc + bc)((1+ i)b +(1− i)c)

(b − ic)(b + ic)
.
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Denote byq′ the intersection ofap andcb′′. Then the pointsa, p,q′ are colinear as well as the points
b′′,c,q′. Hence by T1.2

a − p
a − p

=
a − q′

a − q′ ,
b′′ − c

b′′ − c
=

q − c
q − c

.

The first equation givesq′ = q′ (1− i)b +(1+ i)c
(1+ i)b +(1− i)c

, and the secondq =
q(c − ib)+ i(bc + bc)

c + ib
. By

the equating we get

q′ =
(bc + bc)((1+ i)b +(1− i)c)

(b − ic)(b + ic)
,

henceq = q′, q.e.d.

43. Assume that the origin is the intersection of the diagonals,i.e. o = 0. From the colinearity of

a,o,c andb,o,d using T1.2 we getac = ac andbd = bd. By T6.1 we getm =
a + b

2
andn =

c + d
2

.

Sinceom ⊥ cd andon ⊥ ab by T1.3

c + d
2

− o

c + d
2

− o

= − a − b

a − b
,

a + b
2

− o

a + b
2

− o

= − c − d

c − d
.

From these two equations we get

c =
da(ab −2bb + ab)

b(ab −2aa + ab)
andc =

da(ab +2bb + ab)

b(ab +2aa + ab)
.

The last two expressions give(ab + ab)(aa − bb) = 0. We need to prove that the last condition is
sufficient to guarantee thata,b,c,d belong to a circle. According to T3 the last is equivalent to

c − d

c − d

b − a

b − a
=

b − d

b − d

c − a
c − a

.

Since the pointsb,d,o are colinear, by T1.2
b − d

b − d
=

b − o

b − o
=

b

b
we get

a − c
a − c

=
a − o
a − o

=
a
a

. If

ab + ab = 0 then

c − d = d
2ab(a − b)

b(ab −2aa + ab)
,

and the last can be obtained by conjugation. Ifaa = bb , then

c − d =
d(a − b)(ab + ab)

b(ab −2aa + ab)
,

and in this case we can get the desired statement by conjugation.

44. Let f be the origin and letd = c (this is possible sinceFC = FD). According to T9.2 we have
that

o1 =
ad(a − d )

ad − ad
, o2 =

bc(b − c)

bc − bc
.

Sincecd ‖ a f according to T1.1
a − f

a − f
=

c − d

c − d
= −1, i.e.a = −a and similarlyb = −b. Now we

have

o1 =
c(a + c)

c + c
, o2 =

c(b + c)

c + c
.
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Let’s denote the pointe. From T1.2 using the colinearity ofa,c,e andb,d,e we get the following
two equations

a − c
a − c

=
e − a
e − a

,
b − d

b − d
=

e − b

e − b
.

From these equations we gete =
a(c + c)− e(a + c)

a − c
ande =

b(c + c)− e(b + c)
b − c

. By equating

these two we get

e =
ac − bc

a + c − b − c
.

Using T1.3 the conditionf e ⊥ o1o2 is equivalent to
o1− o2

o1 − o2
= − f − e

f − e
, which trivially follows

from o1 − o2 =
ac − cb

c + c
by conjugation.

45. Assume that the pointp is the origin. Letac be the real axis and let∠cpd = ϕ . Thena = α,b =
β eiϕ ,c = γ,d = δeiϕ , whereα,β ,γ,δ are some real numbers. Leteiϕ = Π. If |a − f | = ε|a − d|,
then|e − c| = ε|b − c| hence by T6.1a − f = ε(a − d) ande − c = ε(b − c). Thus we have

f = α(1− ε)+ εδΠ, e = γ(1− ε)+ εβ Π.

Sinceq belongs topd we have thatq = ρΠ and sinceq also belongs toe f by T1.2 we have that
f − q

f − q
=

e − f

e − f
, hence

α(1− ε)+ (εδ − ρ)Π

α(1− ε)+ (εδ − ρ)
1
Π

=
(1− ε)(α − γ)+ ε(δ − β )Π

(1− ε)(α − γ)+ ε(δ − β )
1
Π

.

After some algebra we get(Π − 1
Π

)(1− ε)
[
(α − γ)(εδ − ρ)− εα(δ − β )

]
= 0. SinceΠ 6= ±1

(because∠CPD < 180◦) and ε 6= 1 we getρ = ε
[
δ − α(δ − β )

α − γ

]
. Similarly we getρ = (1−

ε)
[
α − δ (α − γ)

δ − β

]
, whereρ is the coordinate of the pointr. By T9.2 we have

o1 =
rq(r − q)

r q − q
=

ρρΠ(ρ − ρ
1
Π

)

ρρΠ − ρρ
1
Π

=
ρΠ − ρ
Π2 −1

Π

=

(1− ε)
[
α − δ (α − γ)

δ − β

]
Π − ε

[
δ − α(δ − β )

α − γ

]

Π2 −1
Π.

For any other position of the pointe on the linead such thatae = εad the corresponding center of
the circle has the coordinate

o2 =

(1− ε)
[
α − δ (α − γ)

δ − β

]
Π − ε

[
δ − α(δ − β )

α − γ

]

Π2 −1
Π.

Notice that the direction of the lineo1o2 doesn’t depend onε andε. Namely if we denoteA =

α − δ (α − γ)

δ − β
andB = δ − α(δ − β )

α − γ
we have

o1 − o2

o1 − o2
= −AΠ + B

A + BΠ
Π.
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Thus for every three centerso1,o2,o3 it holdso1o2‖o2o3 hence all the centers are colinear. Since all
the circles have a common point, the circles have another common point.
Remark. We have proved more than we’ve been asked. Namely two conditionsAD = BC and
BE = DF are substituted by oneBE/BC = DF/AD.
Another advantage of this solutions is that we didn’t have toguess what is the other intersection
point.

46. Let o be the origin. According to the property T9.1 we have thath1 =
(a − b)(ab + ab)

ab − ab
,

h2 =
(c − d)(cd + cd )

cd − cd
, and according to the theorem 6t1 =

a + c
3

, t2 = b+d
3 . Since the points

a,c, ando are colinear as well as the pointsb,d, ando by T1.2 we havec =
ca
a

, d =
db
b

, hence

h2 =
(c − d)(ab + ab)

ab − ab
. In order to prove thatt1t2 ⊥ h1h2, by T1.3, it is enough to verify

t1 − t2
t1 − t2

= − h1 − h2

h1 − h2
.

This follows from

h1 − h2 =
ab + ab

ab − ab

(
a + c − b − d

)
,

by conjugation.

47. Let Γ be the unit circle. Using T2.3 we getc =
2ab

a + b
. Let o1 be the center ofΓ1. Theno1b ⊥ ab

(becauseab is a tangent) hence by T1.3
o1− b

o1 − b
= − a − b

a − b
= ab. After simplifyingo1 =

o1 + a − b
ab

.

We have also|o1 − b| = |o1 − c|, and after squaring(o1 − b)(o1 − b) = (o1 − c)(o1 − c), i.e. o1 =
o1

b2 − a − b
b(a + b)

. Now we have

o1 =
ab

a + b
+ b.

Since the pointm belongs to the unit circle it satisfiesm =
1
m

and since it belongs to the circle with

the centero1 it satisfies|o1 − m| = |o1 − b|. Now we have

o1m2 −
(o1

b
+ o1b

)
m+ o1 = 0.

This quadratic equation defines bothm andb, and by Vieta’s formulas we haveb+m =
o1

o1 b
+b, i.e.

m = b
2a + b
a +2b

.

It remains to prove that the pointsa, m, and the midpoint of the segmentbc colinear. The midpoint
of bc is equal to(b + c)/2 by T6.1. According to T1.2 it is enough to prove that

a − b + c
2

a − b + c
2

=
a − m
a − m

= −am,

which is easy to verify.
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48. Assume that the circlek is unit and assume thatb = 1. The a = −1 and sincep ∈ k we

havep =
1
p

. According to T2.4 we have thatq =
1
2

(
p +

1
p

)
, and according to T6.1 we have that

f =

(
p +

1
p

)
−1

2
=

(p −1)2

4p
. Furthermore sincec belongs to the circle with the centerp and radius

|p − q| we have|p − q| = |p − c| and after squaring

(p − q)(p − q) = (p − c)(p − c).

Sincec ∈ k we havec =
1
c

. The relationp − q =
1
2

(
p − 1

p

)
implies

4pc2 − (p4+6p2+1)c +4p3 = 0.

Notice that what we obtained is the quadratic equation forc. Sinced satisfies the same conditions
we used forc, then the pointd is the second solution of this quadratic equation. Now from Vieta’s
formulas we get

c + d =
p4 +6p2+1

4p3 , cd = p2.

Since the pointg belongs to the chordcd by T2.2 we get

g =
c + d − g

cd
=

p4 +6p2+1−4pg
4p3 .

Fromg f ⊥ cd T1.3 gives
g − f

g − f
= − c − d

c − d
= cd = p2. Solving this system gives us

g =
p3 +3p2− p +1

4p
.

The necessair and sufficient condition for colinearity of the pointsa, p,g is (according to T1.2)
a − g
a − g

=
a − p
a − p

= p. This easily follows froma − g =
p3 +3p3+3p +1

4p
and by conjugating

a − g =
1+3p +3p2+ p3

4p2 . Sincee belongs to the chordcd we have by T2.2e =
c + d − g

cd
=

p4 +6p2+1−4pe
4p3 , and sincepe ⊥ ab T1.3 implies

e − p
e − p

= − a − b

a − b
= −1, or equivalentlye =

p + 1
p − e. It follows that e =

3p2 +1
4p

. Since p − q =
p2 −1

2p
= 2

p2 −1
4p

= 2
(

e − q
)
, we get

|e − p| = |e − q|. Furthermore sinceg − e =
p2 −1

4
from |p| = 1, we also have|e − q| = |g − e|,

which finishes the proof.

49. Assume that the circle with the diameterbc is unit and thatb = −1. Now by T6.1 we have that
b + c = 0, i.e. c = 1, and the origin is the midpoint of the segmentbc. Sincep belongs to the unit

circle we havep =
1
p

, and sincepa ⊥ p0, we have according to T1.3
a − p
a − p

= − p −0

p −0
= −p2.

Simplification yields
a p2 −2p + a = 0.

Since this quadratic equation defines bothp andq, according to Vieta’s formulas we have

p + q =
2
a

, pq =
a
a

.
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Let h′ be the intersection of the perpendicular froma to bc with the linepq. Sinceh′ ∈ pq T2.2 gives

h′ =
p + q − h′

pq
=

2− ah
a

. Sinceah ⊥ bc according to T1.3 we have
a − h

a − h
= − b − c

b − c
= −1, i.e.

h = a + a − h. Now we get

h =
aa + a2−2

a − a
.

It is enough to prove thath′ = h, or ch ⊥ ab which is by T1.3 equivalent to
h − c

h − c
= − a − b

a − b
. The

last easily follows from

h −1=
aa + a2−2− a + a

a − a
=

(a +1)(a + a −2)

a − a

anda − b = a +1 by conjugation.

50. Assume that the origin of our coordinate system is the intersection of the diagonals of the
rectangle and that the lineab is parallel to the real axis. We have by T6.1c + a = 0, d + b = 0,

c = b , andd = a . Since the pointsp,a,0 are colinear T1.2 implies
p
p

=
a
a

, i.e. p = −b
a

p. Let

ϕ = ∠d pb = ∠pbc. By T1.4 we have

c − p
c − p

= ei2ϕ b − p

b − p
,

p − b

p − b
= ei2ϕ c − b

c − b
,

and after multiplying these equalities and expressing in terms ofa andb

p + b
bp + a2 =

a(p − b)2

(bp − a2)2 .

In the polynomial form this writes as

(b2 − ab)p3+ p2(b3 −2a2b − a3+2ab2)+ p(a4−2a2b2 − ab3+2a3b)+ a4b − a3b2

= (b − a)(bp3+(a2+3ab + b2)p2 − ap(a2+3ab + b2)− a3b) = 0.

Notice thata is one of those pointsp which satisfy the angle condition. Hencea is one of the
zeroes of the polynomial. That means thatp is the root of the polynomial which is obtained from
the previous one after division byp − a i.e. bp2 +(a2+3ab + b2)p + a2b = 0. Let’s now determine
the ratio|p−b| : |p− c|. From the previous equation we havebp2 +a2b = −(a2+3ab+b2), hence

PB2

PC2 =
(p − b)(p − b)

(p − c)(p − c)
=

bp2 − (a2+ b2)p + a2b
bp2 +2abp + ab =

−2(a2+ b2+2ab)

−(a2+ b2+2ab)
= 2,

and the required ratio is
√

2 : 1.

51. Assume first that the quadrilateralabcd is cyclic and that its cicrumcircle is the unit circle. If
∠abd = ϕ and∠bda = θ by T1.4 after squaring we have

d − b

d − b
= ei2ϕ a − b

a − b
,

c − b

c − b
= ei2ϕ p − b

p − b
,

c − d

c − d
= ei2θ p − d

p − d
,

b − d

b − d
= ei2θ a − d

a − d
.

From the first of these equalities we getei2ϕ a
d

, and from the fourthei2θ =
b
a

. From the second

equality we getp =
ac + bd − pd

abc
, and from the thirdp =

ac + bd − pb
acd

. Now it follows that

p =
ac + bd
b + d

.
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We have to prove that|a − p |2 = (a − p)(a − p) = |c − p |2 = (c − p)(c − p), which follows from

a − p =
ab + ad − ac − bd

b + d
, a − p =

cd + bc − bd − ac
ac(b + d)

,

c − p =
bc + cd − ac − bd

b + d
, c − p =

ad + ab − bd− ac
ac(b + d)

.

Assume that|a− p | = |c− p |. Assume that the circumcircle of the triangleabc is unit. Squaring the

last equality gives us thatap +
p
a

= cp +
p
c

, i.e. (a− c)(p − p
ac

) = 0. This means thatp =
p

ac
. Let

d belong to the chordd′c. Then according to T2.2d =
c + d′ − d

cd′ . By the condition of the problem

we have∠dba = ∠cbp = ϕ and∠adb = ∠pdc = θ , and squaring in T1.4 yields

a − b

a − b
= ei2ϕ d − b

d − b
,

p − b

p − b
= ei2ϕ c − b

c − b
,

b − d

b − d
= ei2θ a − d

a − d
,

c − d

c − d
= ei2θ p − d

p − d
.

Multiplying the first two equalities gives us

a − b

a − b

c − b

c − b
= ab2c =

p − b

p − b

d − b

d − b
.

After some algebra we conclude

p =
ac + bd − b(acd + b)

d − b2d
=

bdd′ + acd′ − abd′ − abc + abd− b2d′

cd′d − b2d′ + b2d − b2c
.

Since the piontsd,c,d′ are colinear, according to T1.2 we get
d − c

d − c
=

c − d′

c − d′ = −cd′, and mylti-

plying the third and fourth equality gives

(−cd′)(d − a)(d − b)(d − p)− (d − a)(d − b)(d − p) = 0.

Substituting values forp gives us a polynomialf in d. It is of the most fourth degree and observing
the coefficient next tod4 of the left and right summand we get that the polynomial is of the degree
at most 3. It is obvious thata andb are two of its roots. We will now prove that its third root isd′

and that would implyd = d′. Ford = d′ we get

p =
bd′d + acd′ − abc − b2d′

c(d′2 − b2)
=

ac + bd′

b + d′ , d − p =
d′2 − ac
b + d′

d − p = −bd′ d′2 − ac
ac(b + d′)

d − a

d − a
= −d′a,

d − b

d − b
= −d′b

and the statement is proved. Thusd = d′ hence the quadrilateralabcd′ is cyclic.

52. Since the rectanglesa1b2a2b1, a2b3a3b2, a3b4a4b3, anda4,b1,a1,b4 are cyclic T3 implies that
the numbers

a1 − a2

b2 − a2
:

a1 − b1

b2 − b1
,

a2 − a3

b3 − a3
:

a2 − b2

b3 − b2
,

a3 − a4

b4 − a4
:

a3 − b3

b4 − b3
,

a4 − a1

b1 − a1
:

a4 − b4

b1 − b4
,
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are real. The product of the first and the third divided by the product of the second and the fourth is
equal to

a1 − a2

a2 − a3
· a3 − a4

a4 − a1
· b2 − b1

b3 − b2
· b4− b3

b1− b4
,

and since the pointsa1,a2,a3,a4 lie on a circle according to the theorem 4 the number
a1 − a2

a2 − a3
·

a3 − a4

a4 − a1
is real, hence the number

b2 − b1

b3 − b2
· b4 − b3

b1 − b4
is real as well. According to T3 the points

b1,b2,b3,b4 are cyclic or colinear.

53. Assume that the origin is the intersection of the diagonals of the parallelogram. Thenc = −a
andd = −b. Since the trianglescde and f bc are similar and equally orientged by T4

c − b
b − f

=
e − d
d − c

,

hencef =
be + c2− bc − cd

e − d
=

be + a2

e + b
. In order for trianglescde and f ae to be similar and equally

oriented (as well as forf bc and f ae), according to T4 it is necessairy and sufficient that the following
relation holds:

c − d
d − e

=
f − a
a − e

.

The last equaliy follows from

f − a =
be + a2− ea − ab

e + b
=

(e − a)(b − a)

e + b
,

andc − d = c + b, d − e = −(b + e), c + b = b − a.

54. Let p = 0 andq = 1. Since∠mpq = α, according to T1.4 we have that
q − p
q − p

= ei2α m− p
m − p

, i.e.

m
m

= ei2α . Since∠pqm = β , the same theorem implies
m− q
m − q

= ei2β p − q
p − q

, i.e. 1= ei2β m−1
m −1

.

Solving this system (with the aid ofei2(α+β+γ) = 1) we getm = ei2(α+γ)−1
ei2γ−1

, and symmetricallyl =

ei2(β+γ)−1
ei2β −1

, k = ei2(α+β)−1
ei2α −1

. According to T4 in order to prove that the trianglesklm andkpq are similar

and equally oriented it is enough to prove thatk−l
l−m = k−p

p−q = −k. The last follows from

k − l
l − m

=

ei(2α+4β ) − ei2β − ei(2α+2β ) + ei(2β+2γ) + ei2α −1

(ei2α −1)(ei2β −1)

ei(2β+4γ) − ei2γ − ei(2β+2γ) + ei(2α+2γ) + ei2β −1

(ei2β −1)(ei2γ −1)

=
ei2(α+β )(ei(2β+4γ) − ei2γ − ei(2β+2γ) + ei(2α+2γ) + ei2β −1)

ei(2β+4γ) − ei2γ − ei(2β+2γ) + ei(2α+2γ) + ei2β −1
·

ei2γ −1
ei2α −1

=
1− ei2(α+β )

ei2α −1
= −k.

Since the triangleskpq,qlp, pqm are mutually similar and equally oriented the same holds forall
four of the triangles.
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55. Assume that the coordinates of the vertices of thei-th polygon are denoted bya(i)
1 ,a(i)

2 , . . . ,a(i)
n ,

respectively in positive direction. smeru. According to T6.1 and the given recurrent relation we have
that for eachi andk:

a(k+1)
i = 2a(k)

i+k − a(k)
i ,

where the indices are modulon. Our goal is to determine the value ofa(n)
i , using the values of

a(1)
1 ,a(1)

2 , . . . ,a(1)
n . The following

a(k+1)
i = 2a(k)

i+k − a(i)
k = 4a(k−1)

i+k+k−1−2a(k−1)
i+k −2a(k−1)

i+k−1+ a(k−1)
i

= 4(2a(k−2)
i+k+k−1+k−2−−a(k−2)

i+k+k−1)−2(2a(k−2)
i+k+k−2− a(k−2)

i+k )−
2(2a(k−2)

i+k−1+k−2− a(k−2)
i+k−1)+2a(k−2)

i+k−2− a(k−2)
i

= 8a(k−2)
i+k+k−1+k−2−4(a(k−2)

i+k+k−1+ a(k−2)
i+k+k−2+ a(k−2)

i+k−1+k−2)+

2(a(k−2)
i+k + a(k−2)

i+k−1+ a(k−2)
i+k−2)− a(k−2)

i ,

yields that

a(k)
i = 2k−1s(k)

k (i)−2k−2s(k)
k−1(i)+ . . .+(−1)ks(k)

0 (i),

wheres(k)
j (i) denotes the sum of all the numbers of the formai+sk( j) andsk( j) is one of the numbers

obtained as the sum of exactlyj different natural numbers not greater thann. Here we assume that

s(k)
0 (i) = ai. The last formula is easy to prove by induction. Particularly, the formula holds fork = n

hence

a(n)
i = 2n−1s(n)

n (i)−2n−2s(n)
n−1(i)+ . . .+(−1)ns(n)

0 (i).

Now it is possible to prove thats(n)
l (i) = s(n)

l ( j), for each 1≤ l ≤ n − 1 which is not very difficult
problem in the number theory. Sincen is prime we have thatn + n − 1+ . . .+ 1 is divisible byn
hence

a(n)
i − a(n)

j = 2n−1a(1)
i+n+n−1+...+1 −2n−1a(1)

j+n+n−1+...+1 +

(−1)na(1)
i − (−1)na(1)

j

= (2n−1+(−1)n)(a(1)
i − a(1)

j ),

which by T4 finishes the proof.

56. Assume that the pentagonabcde is inscribed in the unit circle and thatx,y, andz are feet of
perpendiculars froma to bc,cd, andde respectively. According to T2.4 we have that

x =
1
2

(
a + b + c − bc

a

)
, y =

1
2

(
a + c + d − cd

a

)
, z =

1
2

(
a + d + e − de

a

)
,

and according to T5 we have

S(xyz) =
i
4

∣∣∣∣∣∣

x x 1
y y 1
z z 1

∣∣∣∣∣∣
=

i
8

∣∣∣∣∣∣∣∣

a + b + c − bc
a a + b + c − bc

a
1

a + c + d − cd
a a + c + d − cd

a
1

a + d + e − de
a a + d + e − d e

a
1

∣∣∣∣∣∣∣∣
.
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Since the determinant is unchanged after substracting somecolumns from the others, we can sub-
stract the second column from the third, and the first from thesecond. After that we get

S(xyz) =
i
8

∣∣∣∣∣∣∣∣∣∣

a + b + c − bc
a a + b + c − bc

a
1

(d − b)(a − c)
a

(d − b)(a − c)
bcd

0

(e − c)(a − d)

a
(e − c)(a − d)

a
0

∣∣∣∣∣∣∣∣∣∣

=
i(a − c)(d − b)(a − d)(e − c)

8
·

∣∣∣∣∣∣∣∣∣

a + b + c − bc
a a + b + c − bc

a
1

1
a

1
bcd

0
1
a

1
a

0

∣∣∣∣∣∣∣∣∣
,

and finally

S(xyz) =
i(a − c)(d − b)(a − d)(e − c)

8

( 1
acde

− 1
abcd

)

=
i(a − c)(d − b)(a − d)(e − c)(b − e)

8abcde
.

Since the last expression is symmetric with respet toa,b,c,d, ande the given area doesn’t depend
on the choice of the vertex (in this casea).

57. Assume that the unit circle is the circumcircle of the triangle abc. Since
S(bca1)

S(abc)
= 1−

|a − a1|
|a − a′| = 1− a − a1

a − a′ (wherea′ is the foot of the perpendicular froma to bc), the given equality

becomes

2 =
a − a1

a − a′ +
b − b1

b − b′ +
c − c1

c − c′ .

According to T2.4 we havea′ =
1
2

(
a + b + c − bc

a

)
, hence

a − a′ =
1
2

(
a +

bc
a

− b − c
)

=
(a − b)(a − c)

2a

and after writing the symmetric expressions we get

2 =
2a(a − a1)

(a − b)(a − c)
+

2b(b − b1)

(b − a)(b − c)
+

2c(c − c1)

(c − a)(c − b)

= −2
a(a − a1)(b − c)+ b(b − b1)(c − a)+ c(c − c1)(a − b)

(a − b)(b − c)(c − a)
,

and after simplying

aa1(b − c)+ bb1(c − a)+ cc1(a − b) = 0.

By T4 pointsa1,b1,c1,h lie on a circle if and only if

a1 − c1

a1 − c1

b1 − h

b1 − h
=

a1 − h

a1 − h

b1 − c1

b1 − c1
.
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Sinceh is the orthocenter by T6.3 we haveh = a+b+c, and sinceaa1 ⊥ bc T1.3 implies
a1 − a
a1 − a

=

− b − c

b − c
, i.e. a1 =

bc + aa1− a2

abc
, and symmetricallyb1 =

ac + bb1− b2

abc
andc1 =

ab + cc1− c2

abc
.

Similarly froma1h ⊥ bc andb1h ⊥ ac

a1 − h

a1 − h
= − b − c

b − c
= bc,

b1 − h

b1 − h
= − a − c

a − c
= ac.

It is enough to prove that

a(a1 − c1)

aa1 − cc1+(c − a)(a + b + c)
=

b(b1− c1)

bb1− cc1 +(c − b)(a + b + c)
.

Notice that

a(b − c)a1− a(b − c)c1 = −b1b(c − a)a − cc1(a − b)a − a(b − c)c1 = ab(c − a)(c1− b1),

and the result follows by the conjugation.

58. Assume that the unit circle is the circumcircle of the triangle abc. By T2.4 we have thatd =
1
2

(
a+b+ c− ab

c

)
, e =

1
2

(
a+b+ c− ac

b

)
, and f =

1
2

(
a+b+ c− bc

a

)
. According to T6.1 we get

a1 =
b + c

2
(wherea1 is the midpoint of the sidebc). Sinceq belongs to the chordac T2.2 implies

q =
a + c − q

ac
, and sinceqd ‖ e f T1.1 implies

q − d

q − d
=

e − f

e − f
= −a2. Solving this system gives us

q =
a3 + a2b + abc − b2c

2ab
.

Symmetrically we getr =
a3+ a2c + abc − bc2

2ac
. Since p belongs to the chordbc T2.2 implies

p =
b + c − p

bc
, and from the colinearity of the pointse, f , and p from T1.2 we conclude

p − e
p − e

=

e − f

e − f
= −a2. After solving this system we get

p =
a2b + a2c + ab2+ ac2− b2c − bc2−2abc

2(a2 − bc)
=

b + c
2

+
a(b − c)2

2(a2 − bc)
.

By T4 it is sufficient to prove that

p − a1

p − r
q − r

q − a1
=

p − a1

p − r
q − r

q − a1
.

Since

q − r =
a(c − b)(a2+ bc)

2abc
, p − a1 =

a(b − c)2

2(a2 − bc)
,

p − r =
(a2 − c2)(b2c + abc − a3− a2c)

2ac(a2− bc)
, q − a1 =

a3 + a2b − b2c − ab2

2ab

the required statement follows by conjugation.

59. Let O be the circumcenter of the triangleabc. We will prove thatO is the incenter as well.

Assume that the circumcircle of the triangleabc is unit. According to T6.1 we have thatc1 =
a + b

2
,
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b1 =
a + c

2
, anda1 =

b + c
2

. Assume thatk1,k2,k3 are the given circles with the centersa1,b1, and

c1. Let k1 ∩ k2 = {k,o}, k2 ∩ k3 = {m,o}, andk3 ∩ k1 = {l,o}. Then we have|a1 − k| = |a1 − o|,
|b1 − k| = |b1 − o|. After squaring(a1 − k)(a1 − k ) = a1a1 and(b1 − k)(b1 − k ) = b1b1 . After
solving this system we obtain

k =
(a + c)(b + c)

2c
.

Symmetrically we getl =
(b + c)(a + b)

2b
andm =

(a + c)(a + b)

2a
. Let∠mko = ϕ . According to T1.4

we have that
o − k

o − k
= ei2ϕ m− k

m − k
, and sincek − m =

b(a2 − c2)

2ac
, after conjugationei2ϕ = −a

b
. If

∠okl = ψ , we have by T1.4
o − k

o − k
= ei2ψ l − k

l − k
, henceeiψ = −a

b
. Now we haveϕ = ψ or ϕ = ψ ±π ,

and since the second condition is impossible (why?), we haveϕ = ψ . Now it is clear thato is the
incenter of the triangleklm.
For the second part of the problem assume that the circle is inscribed in the triangleklm is the unit
circle and assume it touches the sideskl,km, lm at u,v,w respectively. According to T7.1 we have
that

k =
2uv

u + v
, l =

2uw
w+ u

, m =
2vw

v + w
.

Let a1 be the circumcenter of the trianglekol. Then according to T9.2 we have

a1 =
kl(k − l )

k l − kl
=

2uvw
k(u + v)(u + w)

and symmetricallyb1 =
2uvw

(u + v)(v + w)
andc1 =

2uvw
(w+ u)(w+ v)

(b1 andc1 are circumcenters of the

triangleskom andmol respectively). Now T6.1 implies

a + b = 2c1, b + c = 2a1, a + c = 2b1,

and after solving this system we geta = b1 + c1 − a1, b = a1 + c1 − b1, andc = a −1+ b1 − c1. In
order to finish the proof it is enough to establishab ⊥ oc1 (the other can be proved symmetrically),

i.e. by T1.3 that
c1 − o
c1 − o

= − a − b

a − b
= − b1 − a1

b1 − a1
. The last easily follows from

b1 − a1 =
2uvw(u − v)

(u + v)(v + w)(w+ u)
,

by conjugation.

60. Let b andc be the centers of the circlesk1 andk2 respectively and assume thatbc is the real axis.
If the pointsm1 andm2 move in the same direction using T1.4 we get thatm1 andm2 satisfy

m1 − b = (a − b)eiϕ , m2 − c = (a − c)eiϕ .

If ω is the requested point, we must have|ω − m1| = |ω − m2|, and after squaring(ω − m1)(ω −
m1 ) = (ω − m2)(ω − m2). From the last equation we get

ω =
m1m1 − m2m2 − ω(m1 − m2)

m1 − m2
.

After simplification (with the usage ofb = b andc = c whereeiϕ = z)

w(1− z) = 2(b + c)− a − a + az+ az − (b + c)(z+ z)− (1− z)ω .
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Sincez =
1
z

, we have

(b + c − a − w)z2 − (2(b + c)− a − a − ω − ω )z+ b + c − a − ω ≡ 0.

The last polynomial has to be identical to 0 hence each of its coefficients is 0, i.e.ω = b + c − a .
From the previous relations we conclude that this point satisfies the conditions of the problem.
The problem is almost identical in the case of the oposite orientition.

61. Let γ be the unit circle and leta = −1. Thenb = 1, c = 1+2i, andd = −1+2i. Since the points
n,b, p are colinear we can use T1.2 to get

a − p
a − p

=
a − m
a − m

= −am = m,

and after some algebrap =
p +1− m

m
(1). Since the pointsc,d, p are colinear using the same

argument we get that
c − n
c − n

=
c − d

c − d
= 1,

hencep = p−4i. Comparing this with (1) one getsp = 4i · m
m−1

−1. Furthermore, since the points

b,n, p are colinear we have
p −1

p −1
=

1− n

1 − n
= n,

i.e.

n =
m(1−2i)−1

2i+1− m
.

Let q′ be the intersection point of the circleγ and the linedm. If we show that the pointsq′,n,c are
colinear we would haveq = q′ andq ∈ γ, which will finish the first part of the problem. Thus our
goal is to find the coordinate of the pointq′. Sinceq′ belongs to the unit circle we haveq′q′ = 1, and
sinced,m,q′ are colinear, we have using T1.2 that

d − m

d − m
=

q′ − m

q′ − m
= −q′m,

and after simplification

q′ = − m+1−2i
m(1+2i)+1

.

In order to prove that the pointsq′,n,c are colinear it suffices to show that
q − c
q − c

=
n − q
n − q

= −nq,

i.e. n =
q −1−2i

(q −1+2i)q
, which is easy to verify. This proves the first part of the problem.

Now we are proving the second part. Notice that the required inequality is equivalent to|q − a| ·
|p − c| = |d − p| · |b − q|. From the previously computed values forp andq, we easily obtain

|q − a| = 2

∣∣∣∣
m+1

m(1+2i)+1

∣∣∣∣ , |p − c| = 2

∣∣∣∣
m(1+ i)+1− i
m(1+2i)+1

∣∣∣∣ ,

|d − p | = 2

∣∣∣∣
m+1
m+1

∣∣∣∣ , |b − q| = 2

∣∣∣∣
m(i−1)+1+1

m−1

∣∣∣∣ ,

and since−i((i−1)m+1+ i)= m(1+ i)+1− i the required equality obviously holds.
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62. In this problem we have plenty of possibilities for choosingthe unit circle. The most convenient
choice is the circumcircle ofbcb′c′ (try if you don’t believe). According T2.5 we have that the
intersection pointx of bb′ andcc′ satisfy

x =
bb′(c + c′)− cc′(b + b′)

bb′ − cc′ .

Sincebh ⊥ cb′ andch ⊥ bc′ T1.3 implies the following two equalities

b − h

b − h
= − b′ − c

b′ − c
= b′c,

c − h

c − h
= − b − c′

b − c′ = bc′.

From the first we geth =
bh − b2+ b′c

bb′c
, and from the secondh =

ch − c2+ bc′

bcc′ . After equating the

two relations we get

h =
b′c′(b − c)+ b2c′ − b′c2

bc′ − b′c
.

Symmetrically we obtainh′ =
bc(b′ − c′)+ b′2c − bc′2

b′c − bc′ . It suffices to prove that the pointsh,h′ and

x are colinear, or after applying T1.2 we have to verify

h − h′

h − h′ =
h − x

h − x
.

The last follwos from

h − h′ =
bc(b′ − c′)+ b′c′(b − c)+ bc′(b − c′)+ b′c(b′ − c)

bc′ − b′c

=
(b + b′ − c − c′)(bc′ + b′c)

bc′ − b′c
,

h − x =
b2b′2c′ + b3b′c′ + b′c2c′2 + b′c3c′

(bc′ − b′c)(bb′ − cc′)
−

b2b′cc′ + b2b′c′2 + bb′c2c′ + b′2c2c′

(bc′ − b′c)(bb′ − cc′)

=
b′c′(b2 − c2)(b′ + b − c − c′)

(bc′ − b′c)(bb′ − cc′)

by conjugation.

63. From elementary geometry we know that∠nca =∠mcb (such pointsm andn are called harmonic
conjugates). Let∠mab = α, ∠abm = β , and∠mca = γ. By T1.4 we have that

a − b
|a − b| = eiα a − m

|a − m| ,
a − n
|a − n| = eiα a − c

|a − c| ,

b − c
|b − c| = eiβ b − n

|b − n|,
b − m
|b − m| = eiβ b − a

|b − a|,

c − a
|c − a| = eiγ c − n

|c − n|,
c − m
|c − m| = eiγ c − b

|c − b| ,

hence

AM ·AN
AB ·AC

+
BM ·BN
BA ·BC

+
CM ·CN
CA ·CB

=
(m− a)(n − a)

(a − b)(a − c)
+

(m− b)(n − b)

(b − a)(b − c)
+

(m− c)(n − c)
(c − a)(c − b)

.
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The last expression is always equal to 1 which finishes our proof.

64. Let∠A = α, ∠B = β , ∠C = γ, ∠D = δ , ∠E = ε, and∠F = ϕ . Applying T1.4 gives us

b − c
|b − c| = eiβ b − a

|b − a| ,
d − e
|d − e| = eiδ d − c

|d − c| ,
f − a

| f − a| = eiϕ f − e
| f − e| .

Multiplying these equalities and using the given conditions (from the conditions of the problem we
readei(β+δ+ϕ) = 1) we get

(b − c)(d − e)( f − a) = (b − a)(d − c)( f − e).

From here we can immediately conclude that

(b − c)(a − e)( f − d) = (c − a)(e − f )(d − b),

and the result follows by placing the modulus in the last expression.

65. We first apply the inversion with repsect to the circleω . The pointsa,b,c,e,z are fixed, and
the pointd is mapped to the intersection of the linesae andbc. Denote that intersection bys. The
circumcircle of the triangleazd is mapped to the circumcircle of the triangleazs, the linebd is
mapped to the linebd, hence it is sufficient to prove thatbd is the tangent to the circle circumscribed
aboutazs. The last is equivalent toaz ⊥ sz.

Let ω be the unit circle and letb = 1. According to T6.1 we havec = −1 ande = a =
1
a

. We also

haves =
a + a

2
=

a2 +1
2a

. Sinceeb ⊥ ax using T1.3 we get

a − x
a − x

= − e − b

e − b
= −1

a
,

and since the pointx belongs to the chordeb by T2.2 it satisfiesx =
1+ a − x

a
. Solving this system

gives sistema dobijamox =
a3 + a2+ a −1

2a2 . Sincey is the midpoint ofax by T6.1

y =
a + x

2
=

3a3 + a2+ a −1
4a2 .

Since the pointsb,y,z are colinear andz belongs to the unit circle according to T1.2 and T2.1 we get

b − y

b − y
=

b − z

b − z
= −z.

After simplifying we getz =
1+3a2

(3+ a2)a
. In order to prove thataz ⊥ zs by T1.3 it is sufficient to prove

that
a − z
a − z

= − s− z
s − z

.

The last follows from

a − z =
a4 −1

a(3+ a2)
, s− z =

a4 −2a2+1
2a(3+ a2)

,

by conjugation.

66. Assume first that the orthocenters of the given triangles coincide. Assume that the circumcircle
of abc is unit. According to T6.3 we haveh = a + b + c. Consider the rotation with respect toh
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for the angleω in the negative direction. The pointa1 goes to the pointa′
1 such thata1, a′

1, andh
are colinear. Assume that the same rotation mapsb1 to b′

1 andc1 to c′
1. Since the trianglesabc and

a1b1c1 are similar and equally oriented we get that the pointsb,b′
1,h are clinear as well asc,c′

1,h.
Moreovera′

1b′
1 ‖ ab (and similarly forb′

1c′
1 andc′

1a′
1). Now according to T1.4eiω (a′

1−h) = (a1−h)
(since the rotation is in the negative direction), and sincethe pointsa,a′

1,h are colinear, according to

T1.2 we have
a′

1 − h
a − h

= λ ∈ R. This means thata1 = h + λ eiω(a − h) and analogously

b1 = h + λ eiω(b − h), c1 = h + λ eiω(c − h).

Since the pointa1 belongs to the chordbc of the unit circle, by T2.2 we geta1 =
b + c − a1

bc
. On the

other hand by conjugation of the previous expression fora1 we geta1 = h +λ
a − h
eiω . Solving forλ

gives

λ =
eiω(a(a + b + c)+ bc)

a(b + c)(eieω +1)
. (1)

Sinceλ has the same role in the formulas forb1 also, we must also have

λ =
eiω(b(a + b + c)+ ac)

b(a + c)(eieω +1)
. (2)

By equating (1) and (2) we get

ab(a + c)(a + b + c)+b2c(a + c)− ab(b + c)(a+b + c)−a2c(b + c)

= (a − b)(ab(a + b + c)− abc−ac2− bc2) = (a2 − b2)(ab − c2).

Sincea2 6= b2 we concludeab = c2. Now we will prove that this is necessair condition for triangle
abc to be equilateral, i.e.|a−b| = |a− c|. After squaring the last expression we get that the triangle

is equilateral if and only if 0=
(a − c)2

ac
− (a − b)2

ab
=

(b − c)(a2− bc)
abc

, and sinceb 6= c, this part of

the problem is solved.
Assume now that the incenters of the given triangles coincide. Assume that the incircle of the
triangleabc is unit and letd,e, f be the points of tangency of the incircle with the sidesab,bc,ca
respectively. Similarly to the previous part of the problemwe prove

a1 = i+ λ eiω(a − i), b1 = i+ λ eiω(b − i), c1 = i+ λ eiω(c − i).

Together with the conditioni = 0 T2.3 and conjugation implya1 =
2λ

eiω (e + f )
. Also, since the

pointsa1,b,c are colinear we havea1d ⊥ di hence according to T1.3
a1 − d

a1 − d
= − d − i

d − i
= −d2.

Solving this system gives

λ =
d(e + f )

d2 + e f eiω .

Sinceλ has the same roles in the formulas fora1 andb1 we must have

λ =
e(d + f )

e2 + d f eiω ,

and equating gives us

ei2ω =
ed(e + d + f )

f (de + e f + f d)
.
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Symmetry impliesei2ω =
e f (e + d + f )

d(de + e f + f d)
and sincef 2 6= d2 we must havee+d + f = 0. It is easy

to prove that the trianglede f is equilateral in this case as well asabc.

67. Since(a−b)(c−d)+(b−c)(a−d)= (a−c)(b−d) the triangle inequality implies|(a−b)(c−
d)|+ |(b − c)(a − d)| ≥ |(a − c)(b − d)|, which is exactly an expression of the required inequality.
The equality holds if and only if the vectors(a − b)(c − d), (b − c)(a − d), and(a − c)(c − d) are
colinear. The first two of them are colinear if and only if

(a − b)(c − d)

(b − c)(a − d)
∈ R,

which is according to T3 precisely the condition thata,c,b,d belong to a circle. Similarly we prove
that the other two vectors are colinear.

68. Since(d−a)(d−b)(a−b)+(d−b)(d−c)(b−c)+(d−c)(d−a)(c−a)= (a−b)(b−c)(c−a),
we have|(d − a)(d − b)(a − b)| + |(d − b)(d − c)(b − c)| + |(d − c)(d − a)(c − a)| ≥ |(a − b)(b −
c)(c − a)| where the equality holds if and only if(d − a)(d − b)(a − b),(d − b)(d − c)(b − c),(d −
c)(d −a)(c−a) and(a−b)(b− c)(c−a) are colinear. The condition for colinearity of the first two
vectors can be expressed as

(d − a)(a − b)

(d − c)(b − c)
=

(d − a)(a − b)

(d − c)(b − c)
.

Assume that the circumcircle ofabc is unit. Now the given expression can be written as

dd a − a2d − da
c

+
a2

c
= dd c − c2d − dc

a
+

c2

a

and after some algebradd (a − c) = (a − c)
(
(a + c)

(
d +

d
ac

− a + c
ac

)
+1

)
or

dd = (a + c)
(

d +
d
ac

− a + c
ac

)
+1.

Similarly, from the colinearity of the first and the third vector we getdd = (b + c)
(

d +
d
bc

−
b + c

bc

)
+1. Substracting the last two expressions yields(a − b)

(
d − d

ab
+

c2 − ab
abc

)
= 0, i.e.

d − d
ab

+
c2 − ab

abc
= 0.

Similarly d − d
ac

+
b2 − ac

abc
= 0 and after substracting and simplifying we getd = a + b + c. It is

easy to verify that ford = a + b + c, i.e. the orthocenter of the triangleabc, all four of the above
mentioned vectors colinear.

13 Problems for Indepent Study

For those who want more, here is the more. Many of the following problems are similar to the
problems that are solved above. There are several quite difficult problems (towards the end of the
list) which require more attention in choosing the known points, and more time. As in the case with
solved problems, I tried to put lot of problems from math competitions from all over the world.

1. (Regional competition 2002, 2nd grade) In the acute-angledtriangleABC, B′ andC′ are feet of
perpendiculars from the verticesB andC respectively. The circle with the diameterAB intersects the



48 Olympiad Training Materials, www.imomath.com

line CC′ at the pointsM andN, and the circle with the diameterAC intersects the lineBB′ at P and
Q. Prove that the quadrilateralMPNQ is cyclic.

2. (Yug TST 2002) LetABCD be a quadrilateral such that∠A = ∠B = ∠C. Prove that the pointD,
the circumcenter, and the orthocenter of△ABC are colinear.

3. (Republic competition 2005, 4th grade) The haxagonABCDEF is inscribed in the circlek. If
the lengths of the segmentsAB,CD, andEF are equal to the radius of the circlek prove that the
midpoints of the remaining three edges form an equilateral trinagle.

4. (USA 1997) Three isosceles trianglesBCD, CAE, andABF with the basesBC, CA, andAB
respectively are constructed in the exterior of the triangle ABC. Prove that the perpendiculars from
A, B, andC to the linesEF , FD, andDE repsectively are concurrent.

5. Prove that the side length of the regular 9-gon is equal to thedifference of the largest and the
smallest diagonal.

6. If h1,h2, . . . ,h2n denote respectively the distances of an arbitrary pointP of the circlek circum-
scribed about the polygonA1A2 . . .A2n from the lines that contain the edgesA1A2, A2A3, . . ., A2nA1,
prove thath1h3 · · ·h2n−1 = h2h4 · · ·h2n.

7. Let d1,d2, . . . ,dn denote the distances of the verticesA1,A2, . . . ,An of the regularn-gonA1A2 . . .An

from an arbitrary pointP of the smaller arcA1An of the circumcircle. Prove that

1
d1d2

+
1

d2d3
+ . . .+

1
dn−1dn

=
1

d1dn
.

8. Let A0A1 . . .A2n be a regular polygon,P a point of the smaller arcA0A2n of the circumcircle and
m an integer such that 0≤ m < n. Prove that

n

∑
k=0

PA2m+1
2k =

n

∑
k=1

PA2m+1
2k−1 .

9. (USA 2000) LetABCD be a cyclic quadrilateral and letE andF be feet of perpendiculars from
the intersection of the diagonals to the linesAB andCD respectively. Prove thatEF if perpendicular
to the line passing through the midpoints ofAD andBC.

10. Prove that the midpoints of the altitudes of the traingle arecolinear if and only if the triangle is
rectangular.

11. (BMO 1990) The feet of preprendiculars of the acute angled triangleABC areA1, B1, andC1. If
A2, B2, andC2 denote the points of tangency of the incircle of△A1B1C1 prove that the Euler lines
of the trianglesABC andA2B2C2 coincide.

12. (USA 1993) LetABCD be a convex quadrilateral whose diagonalsAC andBD are perpendicular.
Assume thatAC∪BD = E. Prove that the points symmetric toE with respect to the linesAB,BC,CD,
andDA form a cyclic quadrilateral.

13. (India 1998) LetAK,BL,CM be the altitudes of the triangleABC, and letH be its orthocenter.
Let P be the midpoint of the segmentAH. If BH andMK intersect at the pointS, andLP andAM in
the pointT , prove thatTS is perpendicular toBC.

14. (Vietnam 1995) LetAD, BE, andCF be the altitudes of the triangle△ABC. For eachk ∈ R,
k 6= 0, letA1, B1, andC1 be such thatAA1 = kAD, BB1 = kBE, andCC1 = kCF . Find allk such that
for every non-isosceles triangleABC the trianglesABC andA1B1C1 are similar.
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15. (Iran 2005) LetABC be a triangle andD,E,F the points on its edgesBC, CA, AB respectively
such that

BD
DC

=
CE
EA

=
AF
FB

=
1− λ

λ
whereλ is a real number. Find the locus of circumcenters of the trianglesDEF asλ ∈ R.

16. Let H1 andH2 be feet of perpendiculars from the orthocenterH of the triangleABC to the
bisectors of external and internal angles at the vertexC. Prove that the lineH1H2 contains the
midpoint of the sideAB.

17. Given an acute-angled triangleABC and the pointD in its interior, such that∠ADB = ∠ACB +
90◦ andAB ·CD = AD ·BC. Find the ratio

AB ·CD
AC ·BD

.

18. The linesAM andAN are tangent to the circlek, and an arbitrary line throughA intersectsk at
K andL. Let l be an arbitrary line parallel toAM. Assume thatKM andLM intersect the linel at P
andQ, respectively. Prove that the lineMN bisects the segmentPQ.

19. The pointsD, E, andF are chosen on the edgesBC, CA, andAB of the triangleABC in such a
way thatBD = CE = AF. Prove that the trianglesABC andDEF have the common incenter if and
only if ABC is equilateral.

20. Given a cyclic quadrilateralABCD, prove that the incircles of the trianglesABC, BCD, CDA,
DAB form an rectangle.

21. (India 1997) LetI be the incenter of the triangleABC and letD andE be the midpoints of the
segmentsAC andAB respectively. Assume that the linesAB andDI intersect at the pointP, and the
linesAC andEI at the pointQ. Prove thatAP ·AQ = AB ·AC if and only if ∠A = 60◦.

22. Let M be an interior point of the squareABCD. Let A1,B1,C1,D1 be the intersection of the lines
AM,BM,CM,DM with the circle circumscribed about the squareABCD respectively. Prove that

A1B1 ·C1D1 = A1D1 ·B1C1.

23. Let ABCD be a cyclic quadrilateral,F = AC ∩ BD and E = AD ∩ BC. If M and N are the
midpoints of the segmentsAB andCD prove that

MN
EF

=
1
2

·
∣∣∣∣

AB
CD

− CD
AB

∣∣∣∣ .

24. (Vietnam 1994) The pointsA′, B′, andC′ are symmetric to the pointsA, B, andC with respect to
the linesBC, CA, andAB respectively. What are the conditions that△ABC has to satisfy in order for
△A′B′C′ to be equilateral?

25. Let O be the circumcenter of the triangleABC and letR be its circumradius. The incircle of the
triangleABC touches the sidesBC,CA,AB, at A1,B1,C1 and its radius isr. Assume that the lines
determined by the midpoints ofAB1 andAC1, BA1 andBC1, CA1 andCB1 intersect at the points
C2, A2, andB2. Prove that the circumcenter of the triangleA2B2C2 coincides withO, and that its

circumradius isR +
r
2

.

26. (India 1994) LetABCD be a nonisosceles trapezoid such thatAB ‖ CD andAB > CD. Assume
thatABCD is circumscribed about the circle with the centerI which tangetsCD in E. Let M be the
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midpoint of the segmentAB and assume thatMI andCD intersect atF . Prove thatDE = FC if and
only if AB = 2CD.

27. (USA 1994) Assume that the hexagonABCDEF is inscribed in the circle,AB = CD = EF , and
that the diagonalsAD, BE, andCF are concurrent. IfP is the intersection of the linesAD andCE,

prove that
CP
PE

=
( AC

CE

)2
.

28. (Vietnam 1999) LetABC be a troiangle. The pointsA′, B′, andC′ are the midpoints of the
arcsBC, CA, andAB, which don’t containA, B, andC, respectively. The linesA′B′, B′C′, andC′A′

partition the sides of the triangle into six parts. Prove that the ”middle” parts are equal if and only if
the triangleABC is equilateral.

29. (IMO 1991 shortlist) Assume that in△ABC we have∠A = 60◦ and thatIF is parallel toAC,
whereI is the incenter andF belongs to the lineAB. The pointP of the segmentBC is such that
3BP = BC. Prove that∠BFP = ∠B/2.

30. (IMO 1997 shortlist) The angleA is the smallest in the triangleABC. The pointsB andC divide
the circumcircle into two arcs. LetU be the interior point of the arc betweenB andC which doesn’t
containA. The medians of the segmentsAB andAC intersect the lineAU respectively at the points
V andW . The linesBV andCW intersect atT . Prove thatAU = TB + TC.

31. (Vietnam 1993) LetABCD be a convex quadrilateral such thatAB is not parallel toCD and
AD is not parallel toBC. The pointsP, Q, R, andS are chosen on the edgesAB, BC, CD, andDA,
respectively such thatPQRS is a parallelogram. Find the locus of centroids of all such quadrilaterals
PQRS.

32. The incircle of the triangleABC touchesBC, CA, AB at E,F,G respectively. LetAA1, BB1,
CC1 the angular bisectors of the triangleABC (A1, B1, C1 belong to the corresponding edges). Let
KA,KB,KC respectively be the points of tangency of the other tangentsto the incircle fromA1, B1,
C1. Let P,Q,R be the midpoints of the segmentsBC, CA, AB. Prove that the linesPKA, QKB, RKC

intersect on the incircle of the triangleABC.

33. Assume thatI andIa are the incenter and the excenter corresponding to the edgeBC of the trian-
gle ABC. Let IIa intersect the segmentBC and the circumcircle of△ABC at A1 andM respectively
(M belongs toIa andI) and letN be the midpoint of the arcMBA which containsC. Assume thatS
andT are intersections of the linesNI andNIa with the circumcircle of△ABC. Prove that the points
S, T , andA1 are colinear.

34. (Vietnam 1995) LetAD,BE,CF be the altitudes of the triangleABC, and letA′,B′,C′ be the
points on the altitudes such that

AA′

AD
=

BB′

BE
=

CC′

CF
= k.

Find all values fork such that△A′B′C′ ∼ △ABC.

35. Given the triangleABC and the pointT , let P andQ be the feet of perpendiculars fromT to the
linesAB andAC, respectively and letR andS be the feet of perpendiculars fromA to the linesTC
andT B, respectively. Prove that the intersection point of the linesPR andQS belongs to the lineBC.

36. (APMO 1995) LetPQRS be a cyclic quadrilateral such that the linesPQ andRS are not parallel.
Consider the set of all the circles passing throughP andQ and all the circles passing throughR and
S. Determine the set of all pointsA of tangency of the circles from these two sets.

37. (YugMO 2003, 3-4 grade) Given a circlek and the pointP outside of it. The variable lines
which contains pointP intersects the circlek at the pointsA andB. Let M andN be the midpoints of
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the arcs determined by the pointsA andB. If C is the point of the segmentAB such that

PC2 = PA ·PB,

prove that the measure of the angle∠MCN doesn’t depend on the choice ofs.

38. (YugMO 2002, 2nd grade) LetA0,A1,...,A2k, respectevly be the points which divide the circle
into 2k + 1 congruent arcs. The pointA0 is connected by the chords to all other points. Those 2k
chords divide the circle into 2k +1 parts. Those parts are colored alternatively in white and black in
such a way that the number of white parts is by 1 bigger than thenumber of black parts. Prove that
the surface area of teh black part is greater than the surfacearea of the white part.

39. (Vietnam 2003) The circlesk1 andk2 touch each other at the pointM. The radius of the circle
k1 is bigger than the radius of the circlek2. Let A be an arbitrary point ofk2 which doesn’t belong
to the line connecting the centers of the circles. LetB andC be the points ofk1 such thatAB andAC
are its tangents. The linesBM andCM intersectk2 again atE andF respectively. The pointD is the
intersection of the tangent atA with the lineEF . Prove that the locus of pointsD (asA moves along
the circle) is a line.

40. (Vietnam 2004) The circlesk1 andk2 are given in the plane and they intersect at the pointsA
andB. The tangents tok1 at those points intersect atK. Let M be an arbitrary point of the circlek1.
Assume thatMA ∪ k2 = {A,P}, MK ∪ k1 = {M,C}, andCA ∪ k1 = {A,Q}. Prove that the midpoint
of the segmentPQ belongs to the lineMC and thatPQ passes through a fixed point asM moves
alongk1.

41. (IMO 2004 shortlist) LetA1A2 . . .An be a regularn-gon. Assume that the pointsB1, B2, . . ., Bn−1

are determined in the following way:

• for i = 1 or i = n −1, Bi is the midpoint of the segmentAiAi+1;

• for i 6= 1, i 6= n−1, andS intersection ofA1Ai+1 andAnAi, Bi is the intersection of the bisectors
of the angleAiSi+1 with AiAi+1.

Prove that∠A1B1An +∠A1B2An + . . .+∠A1Bn−1An = 180◦.

69. (Dezargue’s Theorem) The triangles are perspective with respect to a point if andonly if they
are perspective w.r.t to a line.

42. (IMO 1998 shortlist) LetABC be a triangle such that∠ACB = 2∠ABC. Let D be the point of the
segmentBC such thatCD = 2BD. The segmentAD is extended over the pointD to the pointE for
which AD = DE. Prove that

∠ECB +180◦ = 2∠EBC.

43. Given a triangleA1A2A3 the line p passes through the pointP and intersects the segments
A2A3,A3A1,A1A2 at the pointsX1,X2,X3, respectively. LetAiP intersect the circumcircle ofA1A2A3

atRi, for i = 1,2,3. Prove thatX1R1,X2R2,X3R3 intersect at the point that belongs to the circumcircle
of the triangleA1A2A3.

44. The pointsO1 andO2 are the centers of the circlesk1 andk2 that intersect. LetA be one of the
intersection points of these circles. Two common tangents are constructed to these circles.BC are
EF the chords of these circles with endpoints at the points of tangency of the common chords with
the circles (C andF are further fromA). If M andN are the midpoints of the segmentsBC andEF ,
prove that∠O1AO2 = ∠MAN = 2∠CAF.

45. (BMO 2002) Two circles of different radii intersect at points A andB. The common chords of
these circles areMN andST respectively. Prove that the orthocenters of△AMN, △AST , △BMN,
and△BST form a rectangle.
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46. (IMO 2004 shortlist) Given a cyclic quadrilateralABCD, the linesAD andBC intersect atE
whereC is betweenB andE. The diagonalsAC andBD intersect atF. Let M be the midpoint ofCD
and letN 6= M be the point of the circumcircle of the triangleABM such thatAN/BN = AM/BM.
Prove that the pointsE,F,N are colinear.

47. (IMO 1994 shortlist) The diameter of the semicircleΓ belongs to the linel. LetC andD be the
points onΓ. The tangents toΓ atC andD intersect the linel respectively atB andA such that the
center of the semi-circle is betweenA andB. Let E be the intersection of the linesAC andBD, and
F the foot of perpendicular fromE to l. Prove thatEF is the bisector of the angle∠CFD.
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Combinatorial Nullstellensatz

Noga Alon ∗

Abstract

We present a general algebraic technique and discuss some of its numerous applications in

Combinatorial Number Theory, in Graph Theory and in Combinatorics. These applications in-

clude results in additive number theory and in the study of graph coloring problems. Many of

these are known results, to which we present unified proofs, and some results are new.

1 Introduction

Hilbert’s Nullstellensatz (see, e.g., [58]) is the fundamental theorem that asserts that if F is an

algebraically closed field, and f, g1, . . . , gm are polynomials in the ring of polynomials F [x1, . . . , xn],

where f vanishes over all common zeros of g1, . . . , gm, then there is an integer k and polynomials

h1, . . . , hm in F [x1, . . . , xn] so that

fk =
n∑

i=1

higi.

In the special case m = n, where each gi is a univariate polynomial of the form
∏
s∈Si(xi − s), a

stronger conclusion holds, as follows.

Theorem 1.1 Let F be an arbitrary field, and let f = f(x1, . . . , xn) be a polynomial in F [x1, . . . , xn].

Let S1, . . . , Sn be nonempty subsets of F and define gi(xi) =
∏
s∈Si(xi− s). If f vanishes over all the

common zeros of g1, . . . , gn (that is; if f(s1, . . . , sn) = 0 for all si ∈ Si), then there are polynomials

h1, . . . , hn ∈ F [x1, . . . , xn] satisfying deg(hi) ≤ deg(f)− deg(gi) so that

f =
n∑

i=1

higi.

Moreover, if f, g1, . . . gn lie in R[x1, . . . , xn] for some subring R of F then there are polynomials

hi ∈ R[x1, . . . , xn] as above.
∗Department of Mathematics, Raymond and Beverly Sackler Faculty of Exact Sciences, Tel Aviv University, Tel

Aviv, Israel and Institute for Advanced Study, Princeton, NJ 08540, USA. Research supported in part by a grant from

the Israel Science Foundation, by a Sloan Foundation grant No. 96-6-2, by an NEC Research Institute grant and by
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As a consequence of the above one can prove the following,

Theorem 1.2 Let F be an arbitrary field, and let f = f(x1, . . . , xn) be a polynomial in F [x1, . . . , xn].

Suppose the degree deg(f) of f is
∑n
i=1 ti, where each ti is a nonnegative integer, and suppose the

coefficient of
∏n
i=1 x

ti
i in f is nonzero. Then, if S1, . . . , Sn are subsets of F with |Si| > ti, there are

s1 ∈ S1, s2 ∈ S2, . . . , sn ∈ Sn so that

f(s1, . . . , sn) 6= 0.

In this paper we prove these two theorems, which may be called Combinatorial Nullstellensatz, and

describe several combinatorial applications of them. After presenting the (simple) proofs of the above

theorems in Section 2, we show, in Section 3 that the classical theorem of Chevalley and Warning on

roots of systems of polynomials as well as the basic theorem of Cauchy and Davenport on the addition

of residue classes follow as simple consequences. We proceed to describe additional applications in

Additive Number Theory and in Graph Theory and Combinatorics in Sections 4,5,6,7 and 8. Many

of these applications are known results, proved here in a unified way, and some are new. There

are several known results that assert that a combinatorial structure satisfies certain combinatorial

property if and only if an appropriate polynomial associated with it lies in a properly defined ideal.

In Section 9 we apply our technique and obtain several new results of this form. The final Section

10 contains some concluding remarks and open problems.

2 The proofs of the two basic theorems

To prove Theorem 1.1 we need the following simple lemma proved, for example, in [13]. For the sake

of completeness we include the short proof.

Lemma 2.1 Let P = P (x1, x2, . . . , xn) be a polynomial in n variables over an arbitrary field F .

Suppose that the degree of P as a polynomial in xi is at most ti for 1 ≤ i ≤ n, and let Si ⊂ F be a

set of at least ti + 1 distinct members of F . If P (x1, x2, . . . , xn) = 0 for all n-tuples (x1, . . . , xn) ∈
S1 × S2 × . . .× Sn, then P ≡ 0.

Proof. We apply induction on n. For n = 1, the lemma is simply the assertion that a non-zero

polynomial of degree t1 in one variable can have at most t1 distinct zeros. Assuming that the lemma

holds for n − 1, we prove it for n (n ≥ 2). Given a polynomial P = P (x1, . . . , xn) and sets Si

satisfying the hypotheses of the lemma, let us write P as a polynomial in xn- that is,

P =
tn∑

i=0

Pi(x1, . . . , xn−1)xin,

2



where each Pi is a polynomial with xj-degree bounded by tj . For each fixed (n− 1)-tuple

(x1, . . . , xn−1) ∈ S1 × S2 × . . .× Sn−1,

the polynomial in xn obtained from P by substituting the values of x1, . . . , xn−1 vanishes for all

xn ∈ Sn, and is thus identically 0. Thus Pi(x1, . . . , xn−1) = 0 for all (x1, . . . , xn−1) ∈ S1× . . .×Sn−1.

Hence, by the induction hypothesis, Pi ≡ 0 for all i, implying that P ≡ 0. This completes the

induction and the proof of the lemma. 2

Proof of Theorem 1.1. Define ti = |Si| − 1 for all i. By assumption,

f(x1, . . . , xn) = 0 for every n-tuple (x1, . . . , xn) ∈ S1 × S2 × . . .× Sn. (1)

For each i, 1 ≤ i ≤ n, let

gi(xi) =
∏

s∈Si
(xi − s) = xti+1

i −
ti∑

j=0

gijx
j
i .

Observe that,

if xi ∈ Si then gi(xi) = 0- that is, xti+1
i =

∑ti
j=0 gijx

j
i . (2)

Let f be the polynomial obtained by writing f as a linear combination of monomials and replacing,

repeatedly, each occurrence of xfii (1 ≤ i ≤ n), where fi > ti, by a linear combination of smaller

powers of xi, using the relations (2). The resulting polynomial f is clearly of degree at most ti in xi,

for each 1 ≤ i ≤ n, and is obtained from f by subtracting from it products of the form higi, where

the degree of each polynomial hi ∈ F [x1, . . . , xn] does not exceed deg(f) − deg(gi) (and where the

coefficients of each hi are in the smallest ring containing all coefficients of f and g1, . . . , gn.) Moreover,

f(x1, . . . , xn) = f(x1, . . . , xn), for all (x1, . . . , xn) ∈ S1×. . .×Sn, since the relations (2) hold for these

values of x1, . . . , xn. Therefore, by (1), f(x1, . . . , xn) = 0 for every n-tuple (x1, . . . , xn) ∈ S1×. . .×Sn
and hence, by Lemma 2.1, f ≡ 0. This implies that f =

∑n
i=1 higi, and completes the proof. 2

Proof of Theorem 1.2. Clearly we may assume that |Si| = ti+1 for all i. Suppose the result is false,

and define gi(xi) =
∏
s∈Si(xi − s). By Theorem 1.1 there are polynomials h1, . . . , hn ∈ F [x1, . . . , xn]

satisfying deg(hj) ≤
∑n
i=1 ti − deg(gj) so that

f =
n∑

i=1

higi.

By assumption, the coefficient of
∏n
i=1 x

ti
i in the left hand side is nonzero, and hence so is the

coefficient of this monomial in the right hand side. However, the degree of higi = hi
∏
s∈Si(xi − s) is

at most deg(f), and if there are any monomials of degree deg(f) in it they are divisible by xti+1
i . It

follows that the coefficient of
∏n
i=1 x

ti
i in the right hand side is zero, and this contradiction completes

the proof. 2
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3 Two classical applications

The following theorem, conjectured by Artin in 1934, was proved by Chevalley in 1935 and extended

by Warning in 1935. Here we present a very short proof using our Theorem 1.2 above. For simplicity,

we restrict ourselves to the case of finite prime fields, though the proof easily extends to arbitrary

finite fields.

Theorem 3.1 (cf., e.g., [52]) Let p be a prime, and let

P1 = P1(x1, . . . , xn), P2 = P2(x1, . . . , xn), . . . , Pm = Pm(x1, . . . , xn)

be m polynomials in the ring Zp[x1, . . . , xn]. If n >
∑m
i=1 deg(Pi) and the polynomials Pi have a

common zero (c1, . . . , cn), then they have another common zero.

Proof. Suppose this is false, and define

f = f(x1, . . . , xn) =
m∏

i=1

(1− Pi(x1, . . . , xn)p−1)− δ
n∏

j=1

∏

c∈Zp,c 6=cj
(xj − c),

where δ is chosen so that

f(c1, . . . , cn) = 0. (3)

Note that this determines the value of δ, and this value is nonzero. Note also that

f(s1, . . . , sn) = 0 (4)

for all si ∈ Zp. Indeed, this is certainly true, by (3), if (s1, . . . , sn) = (c1, . . . , cn). For other values of

(s1, . . . , sn), there is, by assumption, a polynomial Pj that does not vanish on (s1, . . . , sn), implying

that 1 − Pj(s1, . . . , sn)p−1 = 0. Similarly, since si 6= ci for some i, the product
∏
c∈Zp,c 6=ci(si − c) is

zero and hence so is the value of f(s1, . . . , sn).

Define ti = p− 1 for all i and note that the coefficient of
∏n
i=1 x

ti
i in f is −δ 6= 0, since the total

degree of
m∏

i=1

(1− Pi(x1, . . . , xn)p−1)

is (p−1)
∑m
i=1 deg(Pi) < (p−1)n. Therefore, by Theorem 1.2 with Si = Zp for all i we conclude that

there are s1, . . . , sn ∈ Zp for which f(s1, . . . , sn) 6= 0, contradicting (4) and completing the proof. 2

The Cauchy-Davenport Theorem, which has numerous applications in Additive Number Theory,

is the following.

Theorem 3.2 ([20]) If p is a prime, and A,B are two nonempty subsets of Zp, then

|A+B| ≥ min{p, |A|+ |B| − 1}.
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Cauchy proved this theorem in 1813, and applied it to give a new proof to a lemma of Lagrange in his

well known 1770 paper that shows that any integer is a sum of four squares. Davenport formulated

the theorem as a discrete analogue of a conjecture of Khintchine (which was proved a few years

later by H. Mann) about the Schnirelman density of the sum of two sequences of integers. There

are numerous extensions of this result, see, e.g., [45]. The proofs of Theorem 3.2 given by Cauchy

and Davenport are based on the same combinatorial idea, and apply induction on |B|. A different,

algebraic proof has recently been found by the authors of [10], [11], and its main advantage is that

it extends easily and gives several related results. As shown below, this proof can be described as a

simple application of Theorem 1.2.

Proof of Theorem 3.2. If |A|+ |B| > p the result is trivial, since in this case for every g ∈ Zp the

two sets A and g−B intersect, implying that A+B = Zp. Assume, therefore, that |A|+ |B| ≤ p and

suppose the result is false and |A+B| ≤ |A|+ |B|− 2. Let C be a subset of Zp satisfying A+B ⊂ C
and |C| = |A|+ |B| − 2. Define f = f(x, y) =

∏
c∈C(x+ y − c) and observe that by the definition of

C

f(a, b) = 0 for all a ∈ A, b ∈ B. (5)

Put t1 = |A| − 1, t2 = |B| − 1 and note that the coefficient of xt1yt2 in f is the binomial coefficient
(|A|+|B|−2
|A|−1

)
which is nonzero in Zp, since |A| + |B| − 2 < p. Therefore, by Theorem 1.2 (with

n = 2, S1 = A,S2 = B), there is an a ∈ A and a b ∈ B so that f(a, b) 6= 0, contradicting (5) and

completing the proof. 2

4 Restricted sums

The first theorem in this section is a general result, first proved in [11]. Here we observe that it is a

simple consequence of Theorem 1.2 above. We also describe some of its applications, proved in [11],

which are extensions of the Cauchy Davenport Theorem.

Let p be a prime. For a polynomial h = h(x0, x1, . . . , xk) over Zp and for subsets A0, A1, . . . , Ak

of Zp, define

⊕h
k∑

i=0

Ai = {a0 + a1 + . . .+ ak : ai ∈ Ai, h(a0, a1, . . . , ak) 6= 0}.

Theorem 4.1 ([11]) Let p be a prime and let h = h(x0, . . . , xk) be a polynomial over Zp. Let

A0, A1, . . . , Ak be nonempty subsets of Zp, where |Ai| = ci + 1 and define m =
∑k
i=0 ci − deg(h). If

the coefficient of
∏k
i=0 x

ci
i in

(x0 + x1 + · · ·+ xk)
mh(x0, x1, . . . , xk)
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is nonzero (in Zp) then

| ⊕h
k∑

i=0

Ai| ≥ m+ 1

(and hence m < p).

Proof Suppose the assertion is false, and let E be a (multi-) set of m (not necessarily distinct)

elements of Zp that contains the set ⊕h
∑k
i=0Ai. Let Q = Q(x0, . . . , xk) be the polynomial defined

as follows:

Q(x0, . . . , xk) = h(x0, x1, . . . xk) ·
∏

e∈E
(x0 + . . .+ xk − e).

Note that

Q(x0, . . . , xk) = 0 for all (x0, . . . , xk) ∈ (A0, . . . , Ak). (6)

This is because for each such (x0, . . . , xk) either h(x0, . . . , xk) = 0 or x0 + . . .+xk ∈ ⊕h
∑k
i=0Ai ⊂ E.

Note also that deg(Q) = m+ deg(h) =
∑k
i=0 ci and hence the coefficient of the monomial xc00 · · ·xckk

in Q is the same as that of this monomial in the polynomial (x0 + . . .+ xk)
mh(x0, . . . , xk), which is

nonzero, by assumption.

By Theorem 1.2 there are x0 ∈ A0, x1 ∈ A1, . . . , xk ∈ Ak such that Q(x0, x1, . . . , xk) 6= 0,

contradicting (6) and completing the proof. 2

One of the applications of the last theorem is the following.

Proposition 4.2 Let p be a prime, and let A0, A1, . . . , Ak be nonempty subsets of the cyclic group

Zp. If |Ai| 6= |Aj | for all 0 ≤ i < j ≤ k and
∑k
i=0 |Ai| ≤ p+

(k+2
2

)− 1 then

|{a0 + a1 + . . .+ ak : ai ∈ Ai, ai 6= aj for all i 6= j}| ≥
k∑

i=0

|Ai| −
(
k + 2

2

)
+ 1.

Note that the very special case of this proposition in which k = 1, A0 = A and A1 = A−{a} for

an arbitrary element a ∈ A implies that if A ⊂ Zp and 2|A| − 1 ≤ p + 2 then the number of sums

a1 + a2 with a1, a2 ∈ A and a1 6= a2 is at least 2|A| − 3. This easily implies the following theorem,

conjectured by Erdős and Heilbronn in 1964 (cf., e.g., [25]). Special cases of this conjecture have been

proved by various researchers ([49], [43], [50], [29]) and the full conjecture has recently been proved

by Dias Da Silva and Hamidoune [21], using some tools from linear algebra and the representation

theory of the symmetric group.

Theorem 4.3 ([21]) If p is a prime, and A is a nonempty subset of Zp, then

|{a+ a′ : a, a′ ∈ A, a 6= a′}| ≥ min{p, 2|A| − 3}.
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In order to deduce Proposition 4.2 from Theorem 4.1 we need the following Lemma which can be

easily deduced from the known results about the Ballot problem (see, e.g., [44]), as well as from the

known connection between this problem and the hook formula for the number of Young tableaux of

a given shape. A simple, direct proof is given in [11].

Lemma 4.4 Let c0, . . . , ck be nonnegative integers and suppose that
∑k
i=0 ci = m+

(k+1
2

)
, where m

is a nonnegative integer. Then the coefficient of
∏k
i=0 x

ci
i in the polynomial

(x0 + x1 + . . .+ xk)
m

∏

k≥i>j≥0

(xi − xj)

is
m!

c0!c1! . . . ck!

∏

k≥i>j≥0

(ci − cj).

2

Let p be a prime, and let A0, A1, . . . , Ak be nonempty subsets of the cyclic group Zp. Define

⊕ki=0Ai = {a0 + a1 + . . .+ ak : ai ∈ Ai, ai 6= aj for all i 6= j}.

In this notation, the assertion of Proposition 4.2 is that if |Ai| 6= |Aj | for all 0 ≤ i < j ≤ k and
∑k
i=0 |Ai| ≤ p+

(k+2
2

)− 1 then

| ⊕ki=0 Ai| ≥
k∑

i=0

|Ai| −
(
k + 2

2

)
+ 1.

Proof of Proposition 4.2. Define

h(x0, . . . , xk) =
∏

k≥i>j≥0

(xi − xj),

and note that for this h, the sum ⊕ki=0Ai is precisely the sum ⊕h
∑k
i=0Ai. Suppose |Ai| = ci + 1 and

put

m =
k∑

i=0

ci −
(
k + 1

2

)
(=

k∑

i=0

|Ai| −
(
k + 2

2

)
).

By assumption m < p and by Lemma 4.4 the coefficient of
∏k
i=0 x

ci
i in

h · (x0 + . . .+ xk)
m

is
m!

c0!c1! . . . ck!

∏

k≥i>j≥0

(ci − cj),

which is nonzero modulo p, since m < p and the numbers ci are pairwise distinct. Since m =
∑k
i=0 ci + deg(h), the desired result follows from Theorem 4.1. 2

An easy consequence of Proposition 4.2 is the following. See [11] for the detailed proof.
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Theorem 4.5 Let p be a prime, and let A0, . . . , Ak be nonempty subsets of Zp, where |Ai| = bi, and

suppose b0 ≥ b1 . . . ≥ bk. Define b′0, . . . , b
′
k by

b′0 = b0 and b′i = min{b′i−1 − 1, bi}, for 1 ≤ i ≤ k. (7)

If b′k > 0 then

| ⊕ki=0 Ai| ≥ min{p,
k∑

i=0

b′i −
(
k + 2

2

)
+ 1}.

Moreover, the above estimate is sharp for all possible values of p ≥ b0 ≥ . . . ≥ bk.

The following result of Dias da Silva and Hamidoune [21] is a simple consequence of (a special

case of) the above theorem.

Theorem 4.6 ([21]) Let p be a prime and let A be a nonempty subset of Zp. Let s∧A denote the

set of all sums of s distinct elements of A. Then |s∧A| ≥ min{p, s|A| − s2 + 1}.

Proof. If |A| < s there is nothing to prove. Otherwise put s = k + 1 and apply Theorem 4.5 with

Ai = A for all i. Here b′i = |A| − i for all 0 ≤ i ≤ k and hence

|(k + 1)∧A| = | ⊕ki=0 Ai| ≥ min{p,
k∑

i=0

(|A| − i)−
(
k + 2

2

)
+ 1}

= min{p, (k + 1)|A| −
(
k + 1

2

)
−
(
k + 2

2

)
+ 1} = min{p, (k + 1)|A| − (k + 1)2 + 1}.

2

Another easy application of Theorem 4.1 is the following result, proved in [10].

Proposition 4.7 If p is a prime and A,B are two nonempty subsets of Zp, then

|{a+ b : a ∈ A, b ∈ B, ab 6= 1}| ≥ min{p, |A|+ |B| − 3}.

The proof is by applying Theorem 4.1 with k = 1, h = x0x1 − 1, A0 = A, A1 = B, and m =

|A| + |B| − 4. It is also shown in [10] that the above estimate is tight in all nontrivial cases.

Additional extensions of the above proposition appear in [11].

5 Set addition in vector spaces over prime fields

A triple (r, s, n) of positive integers satisfies the Hopf-Stiefel condition if

(
n

k

)
is even for every integer k satisfying n− r < k < s.
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This condition arises in Topology. However, studying the combinatorial aspects of the well known

Hurwitz problem, Yuzvinsky [59] showed that it has an interesting relation to a natural additive

problem. he proved that in a vector space of infinite dimension over GF (2), there exist two subsets

A,B ⊂ V satisfying |A| = r, |B| = s and |A + B| ≤ n if and only if the triple (r, s, n) satisfies the

Hopf-Stiefel condition.

Eliahou and Kervaire [23] have shown very recently that this can be proved using the algebraic

technique of [10], [11], and generalized this result to an arbitrary prime p, thus obtaining a common

generalization of Yuzvinsky’s result and the Cauchy Davenport Theorem. Here is a description

of their result, and a quick derivation of it from Theorem 1.2. It is worth noting that the same

result also follows from the main result of Bollobás and Leader in [18], proved by a different, more

combinatorial, approach.

Let us say that a triple (r, s, n) of positive integers satisfies the Hopf-Stiefel condition with respect

to a prime p if

(
n

k

)
is divisible by p for every integer k satisfying n− r < k < s. (8)

Let βp(r, s) denote the smallest integer n for which the triple (r, s, n) satisfies (8). We note that it is

not difficult to give a recursive formula for βp(r, s), which enables one to compute it quickly, given

the representation of r and s in basis p.

Theorem 5.1 ([23], see also [18]) If A and B are two finite nonempty subsets of a vector space

V over GF (p), and |A| = r, |B| = s, then |A+B| ≥ βp(r, s).

Proof. We may assume that V is finite, and identify it with the finite field Fq of the same cardinality

over GF (p). Viewing A and B as subsets of Fq, define C = A+B, and assume the assertion is false

and |C| = n < βp(r, s). As in the previous section, define

Q(x, y) =
∏

c∈C
(x+ y − c),

where Q is a polynomial over Fq, and observe that Q(a, b) = 0 for all a ∈ A, b ∈ B. By the definition

of βp(r, s) there is some k satisfying n − r < k < s such that
(n
k

)
is not divisible by p. Therefore,

the coefficient of xn−kyk in the above polynomial is not zero, and since |A| = r > n− k, |B| = s > k

there are, by Theorem 1.2, a ∈ A and b ∈ B such that Q(a, b) 6= 0, contradiction. This completes

the proof. 2

The authors of [23] have also shown that the estimate in Theorem 5.1 is sharp for all possible r

and s. In fact, if A is the set of r vectors whose coordinates correspond to the p-adic representation
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of the integers 0, 1, . . . , r−1, and B is the set of s vectors whose coordinates correspond to the p-adic

representation of the integers 0, 1, . . . , s−1, it is not too difficult to check that A+B is the set of of all

vectors whose coordinates correspond to the p-adic representation of the integers 0, 1, . . . , βp(r, s)−1.

For more details and several extensions, see [23].

6 Graphs, subgraphs and cubes

A well known conjecture of Berge and Sauer, proved by Taśkinov [53], asserts that any simple 4-

regular graph contains a 3-regular subgraph. This assertion is easily seen to be false for graphs with

multiple edges, but as shown in [6] one extra edge suffices to ensure a 3-regular subgraph in this

more general case as well. This follows from the case p = 3 in the following result, which, as shown

below, can be derived quickly from Theorem 1.2.

Theorem 6.1 ([6]) For any prime p, any loopless graph G = (V,E) with average degree bigger than

2p− 2 and maximum degree at most 2p− 1 contains a p-regular subgraph.

Proof. Let (av,e)v∈V,e∈E denote the incidence matrix of G defined by av,e = 1 if v ∈ e and av,e = 0

otherwise. Associate each edge e of G with a variable xe and consider the polynomial

F =
∏

v∈V
[1− (

∑

e∈E
av,exe)

p−1]−
∏

e∈E
(1− xe),

over GF (p). Notice that the degree of F is |E|, since the degree of the first product is at most

(p − 1)|V | < |E|, by the assumption on the average degree of G. Moreover, the coefficient of
∏
e∈E xe in F is (−1)|E|+1 6= 0. Therefore, by Theorem 1.2, there are values xe ∈ {0, 1} such that

F (xe : e ∈ E) 6= 0. By the definition of F , the above vector (xe : e ∈ E) is not the zero vector, since

for this vector F = 0. In addition, for this vector,
∑
e∈E av,exe is zero modulo p for every v, since

otherwise F would vanish at this point. Therefore, in the subgraph consisting of all edges e ∈ E for

which xe = 1 all degrees are divisible by p, and since the maximum degree is smaller than 2p all

positive degrees are precisely p, as needed. 2

The assertion of Theorem 6.1 is proved in [6] for prime powers p as well, but it is not known if it

holds for every integer p. Combining this result with some additional combinatorial arguments, one

can show that for every k ≥ 4r, every loopless k-regular graph contains an r-regular subgraph. For

more details and additional results, see [6].

Erdös and Sauer (c.f., e.g., [16], page 399) raised the problem of estimating the maximum number

of edges in a simple graph on n vertices that contains no 3-regular subgraph. They conjectured that

for every positive ε this number does not exceed n1+ε, provided n is sufficiently large as a function
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of ε. This has been proved by Pyber [47], using Theorem 6.1. He proved that any simple graph on

n vertices with at least 200n log n edges contains a subgraph with maximum degree 5 and average

degree more than 4. This subgraph contains, by Theorem 6.1, a 3-regular subgraph. On the other

hand, Pyber, Rödl and Szemerédi [48] proved, by probabilistic arguments, that there are simple

graphs on n vertices with at least Ω(n log log n) edges that contain no 3-regular subgraphs. Thus

Pyber’s estimate is not far from being best possible.

Here is another application of Theorem 1.2, which is not very natural, but demonstrates its

versatility.

Proposition 6.2 Let p be a prime, and let G = (V,E) be a graph on a set of |V | > d(p−1) vertices.

Then there is a nonempty subset U of vertices of G such that the number of cliques of d vertices of

G that intersect U is 0 modulo p.

Proof. For each subset I of vertices of G, let K(I) denote the number of copies of Kd in G that

contain I. Associate each vertex v ∈ V with a variable xv, and consider the polynomial

F =
∏

v∈V
(1− xv)− 1 +G,

where

G = [
∑

∅6=I⊂V
(−1)|I|+1K(I)

∏

i∈I
xi]

p−1

over GF (p). Since K(I) is obviously zero for all I of cardinality bigger than d, the degree of this

polynomial is |V |, as the degree of G is at most d(p− 1) < |V |. Moreover, the coefficient of
∏
v∈V xv

in F is (−1)|V | 6= 0. Therefore, by Theorem 1.2, there are xv ∈ {0, 1} for which F (xv : v ∈ V ) 6= 0.

Since F vanishes on the all 0 vector, it follows that not all numbers xv are zero, and hence that

G(xv : v ∈ V ) 6= 1, implying, by Fermat’s little Theorem that

∑

∅6=I⊂V
(−1)|I|+1K(I)

∏

i∈I
xi ≡ 0( mod p).

However, the left hand side of the last congruence is precisely the number of copies of Kd that

intersect the set U = {v : xv = 1}, by the Inclusion-Exclusion formula. Since U is nonempty, the

desired result follows. 2

The assertion of the last proposition can be proved for prime powers p as well. See also [8], [4]

for some related results. Some versions of these results arise in the study of the minimum possible

degree of a polynomial that represents the OR function of n variables in the sense discussed in [54]

and its references.

We close this section with a simple geometric result, proved in [7] answering a question of

Komjáth. As shown below, this result is also a simple consequence of Theorem 1.2.
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Theorem 6.3 ([7]) Let H1,H2, . . . ,Hm be a family of hyperplanes in Rn that cover all vertices of

the unit cube {0, 1}n but one. Then m ≥ n.

Proof. Clearly we may assume that the uncovered vertex is the all zero vector. Let (ai, x) = bi

be the equation defining Hi, where x = (x1, x2, . . . , xn), and (a, b) is the inner product between the

two vectors a and b. Note that for every i, bi 6= 0, since Hi does not cover the origin. Assume the

assertion is false and m < n, and consider the polynomial

P (x) = (−1)n+m+1
m∏

j=1

bj

n∏

i=1

(xi − 1)−
m∏

i=1

[(ai, x)− bi].

The degree of this polynomial is clearly n, and the coefficient of
∏n
i=1 xi in it is (−1)n+m+1∏m

j=1 bj 6=
0. Therefore, by Theorem 1.2 there is a point x ∈ {0, 1}n for which P (x) 6= 0. This point is not the

all zero vector, as P vanishes on it, and therefore it is some other vertex of the cube. But in this

case (ai, x) − bi = 0 for some i (as the vertex is covered by some Hi), implying that P does vanish

on this point, a contradiction. 2

The above result is clearly tight. Several extensions are proved in [7].

7 Graph Coloring

Graph coloring is arguably the most popular subject in graph theory. An interesting variant of the

classical problem of coloring properly the vertices of a graph with the minimum possible number of

colors arises when one imposes some restrictions on the colors available for every vertex. This variant

received a considerable amount of attention that led to several fascinating conjectures and results,

and its study combines interesting combinatorial techniques with powerful algebraic and probabilistic

ideas. The subject, initiated independently by Vizing [57] and by Erdős, Rubin and Taylor [27], is

usually known as the study of the choosability properties of a graph. Tarsi and the author developed

in [13] an algebraic technique that has already been applied by various researchers to solve several

problems in this area as well as problems dealing with traditional graph coloring. In this section

we observe that the basic results of this technique can be derived from Theorem 1.2, and describe

various applications. More details on some of these applications can be found in the survey [2].

We start with some notation and background. A vertex coloring of a graph G is an assignment

of a color to each vertex of G. The coloring is proper if adjacent vertices receive distinct colors. The

chromatic number χ(G) of G is the minimum number of colors used in a proper vertex coloring of

G. An edge coloring of G is, similarly, an assignment of a color to each edge of G. It is proper if

adjacent edges receive distinct colors. The minimum number of colors in a proper edge-coloring of
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G is the chromatic index χ′(G) of G. This is clearly equal to the chromatic number of the line graph

of G.

If G = (V,E) is a (finite, directed or undirected) graph, and f is a function that assigns to each

vertex v of G a positive integer f(v), we say that G is f-choosable if, for every assignment of sets of

integers S(v) ⊂ Z to all the vertices v ∈ V , where |S(v)| = f(v) for all v, there is a proper vertex

coloring c : V 7→ Z so that c(v) ∈ S(v) for all v ∈ V . The graph G is k-choosable if it is f -choosable

for the constant function f(v) ≡ k. The choice number of G, denoted ch(G), is the minimum integer

k so that G is k-choosable. Obviously, this number is at least the classical chromatic number χ(G)

of G. The choice number of the line graph of G, which we denote here by ch′(G), is usually called

the list chromatic index of G, and it is clearly at least the chromatic index χ′(G) of G.

As observed by various researchers, there are many graphs G for which the choice number ch(G)

is strictly larger than the chromatic number χ(G). A simple example demonstrating this fact is

the complete bipartite graph K3,3. If {u1, u2, u3} and {v1, v2, v3} are its two vertex-classes and

S(ui) = S(vi) = {1, 2, 3} \ {i}, then there is no proper vertex coloring assigning to each vertex w a

color from its class S(w). Therefore, the choice number of this graph exceeds its chromatic number.

In fact, it is not difficult to show that, for any k ≥ 2, there are bipartite graphs whose choice number

exceeds k. Moreover, in [2] it is proved, using probabilistic arguments, that for every k there is

some finite c(k) so that the choice number of every simple graph with minimum degree at least c(k)

exceeds k.

In view of this, the following conjecture, suggested independently by various researchers including

Vizing, Albertson, Collins, Tucker and Gupta, which apparently appeared first in print in the paper

of Bollobás and Harris ([17]), is somewhat surprising.

Conjecture 7.1 (The list coloring conjecture) For every graph G, ch′(G) = χ′(G).

This conjecture asserts that for line graphs there is no gap at all between the choice number and the

chromatic number. Many of the most interesting results in the area are proofs of special cases of this

conjecture, which is still wide open. An asymptotic version of it, however, has been proven by Kahn

[38] using probabilistic arguments: for simple graphs of maximum degree d, ch′(G) = (1 + o(1))d,

where the o(1)-term tends to zero as d tends to infinity. Since in this case χ′(G) is either d or d+ 1,

by Vizing’s theorem [56], this shows that the list coloring conjecture is asymptotically nearly correct.

The graph polynomial fG = fG(x1, x2, . . . , xn) of a directed or undirected graph G = (V,E) on a

set V = {v1, . . . , vn} of n vertices is defined by fG(x1, x2, . . . , xn) = Π{(xi−xj) : i < j , {vi, vj} ∈ E}.
This polynomial has been studied by various researchers, starting already with Petersen [46] in 1891.

See also, for example, [51], [40].
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A subdigraph H of a directed graph D is called Eulerian if the indegree d−H(v) of every vertex v

of H is equal to its outdegree d+
H(v). Note that we do not assume that H is connected. H is even

if it has an even number of edges, otherwise, it is odd . Let EE(D) and EO(D) denote the numbers

of even and odd Eulerian subgraphs of D, respectively. (For convenience we agree that the empty

subgraph is an even Eulerian subgraph.) The following result is proved in [13].

Theorem 7.2 Let D = (V,E) be an orientation of an undirected graph G, denote V = {1, 2, , . . . , n}
and define f : V 7→ Z by f(i) = di + 1, where di is the outdegree of i in D. If EE(D) 6= EO(D),

then D is f-choosable.

Proof (sketch): For 1 ≤ i ≤ n, let Si ⊂ Z be a set of di + 1 distinct integers. The existence of a

proper coloring of D assigning to each vertex i a color from its list Si is equivalent to the existence

of colors ci ∈ Si such that fG(c1, c2, . . . , cn) 6= 0.

Since the degree of fG is
∑n
i=1 di, it suffices to show that the coefficient of

∏n
i=1 x

di
i in fG is

nonzero in order to deduce the existence of such colors ci from Theorem 1.2. This can be done by

interpreting this coefficient combinatorially.

It is not too difficult to see that the coefficients of the monomials that appear in the standard

representation of fG as a linear combination of monomials can be expressed in terms of the orien-

tations of G as follows. Call an orientation D of G even if the number of its directed edges (i, j)

with i > j is even, otherwise call it odd. For non-negative integers d1, d2, . . . , dn, let DE(d1, . . . , dn)

and DO(d1, . . . , dn) denote, respectively, the sets of all even and odd orientations of G in which the

outdegree of the vertex vi is di, for 1 ≤ i ≤ n. In this notation, one can check that

fG(x1, . . . , xn) =
∑

d1,...,dn≥0

(|DE(d1, . . . , dn)| − |DO(d1, . . . , dn)|)Πn
i=1x

di
i .

Consider, now, the given orientation D which lies in DE(d1, . . . , dn) ∪DO(d1, . . . , dn). For any

orientation D2 ∈ DE(d1, . . . , dn)∪DO(d1, . . . , dn), let D⊕D2 denote the set of all oriented edges of

D whose orientation in D2 is in the opposite direction. Since the outdegree of every vertex in D is

equal to its outdegree in D2, it follows that D⊕D2 is an Eulerian subgraph of D. Moreover, D⊕D2

is even as an Eulerian subgraph if and only if D and D2 are both even or both odd. The mapping

D2 −→ D ⊕ D2 is clearly a bijection between DE(d1, . . . , dn) ∪ DO(d1, . . . , dn) and the set of all

Eulerian subgraphs of D. In case D is even, it maps even orientations to even (Eulerian) subgraphs,

and odd orientations to odd subgraphs. Otherwise, it maps even orientations to odd subgraphs, and

odd orientations to even subgraphs. In any case,

∣∣∣∣|DE(d1, . . . , dn)| − |DO(d1, . . . , dn)|
∣∣∣∣ = |EE(D)− EO(D)|.
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Therefore, the absolute value of the coefficient of the monomial Πn
i=1x

di
i in the standard representation

of fG = fG(x1, . . . , xn) as a linear combination of monomials, is |EE(D)−EO(D)|. In particular, if

EE(D) 6= EO(D), then this coefficient is not zero and the desired result follows from Theorem 1.2.

2

An interesting application of Theorem 7.2 has been obtained by Fleischner and Stiebitz in [28],

solving a problem raised by Du, Hsu and Hwang in [22], as well as a strengthening of it suggested

by Erdős.

Theorem 7.3 ([28]) Let G be a graph on 3n vertices, whose set of edges is the disjoint union of a

Hamilton cycle and n pairwise vertex-disjoint triangles. Then the choice number and the chromatic

number of G are both 3.

The proof is based on a subtle parity argument that shows that, if D is the digraph obtained from G

by directing the Hamilton cycle as well as each of the triangles cyclically, then EE(D)− EO(D) ≡
2(mod 4 ). The result thus follows from Theorem 7.2.

Another application of Theorem 7.2 together with some additional combinatorial arguments is

the following result, that solves an open problem from [27].

Theorem 7.4 ([13]) The choice number of every planar bipartite graph is at most 3.

This is tight, since ch(K2,4) = 3.

Recall that the list coloring conjecture (Conjecture 7.1) asserts that ch′(G) = χ′(G) for every

graph G. In order to try to apply Theorem 7.2 for tackling this problem, it is useful to find a more

convenient expression for the difference EE(D) − EO(D), where D is the appropriate orientation

of a given line graph. Such an expression is described in [2] for line graphs of d-regular graphs of

chromatic index d. This expression is the sum, over all proper d-edge colorings of the graph, of an

appropriately defined sign of the coloring. See [2] for more details, and [35] for a related discussion.

Combining this with a known result of [55] (which asserts that for planar cubic graphs of chromatic

index 3 all proper 3-edge colorings have the same sign), and with the Four Color Theorem, the

following result, observed by F. Jaeger and M. Tarsi, follows immediately:

Corollary 7.5 For every 2-connected cubic planar graph G, ch′(G) = 3.

Note that the above result is a strengthening of the Four Color Theorem, which is well known to

be equivalent to the fact that the chromatic index of any such graph is 3.

As shown in [24], it is possible to extend this proof to any d-regular planar multigraph with

chromatic index d.
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Another interesting application of the algebraic method described above appears in [33], where

the authors apply it to show that the list coloring conjecture holds for complete graphs with an

odd number of vertices, and to improve the error term in the asymptotic estimate of Kahn for

the maximum possible list chromatic index of a simple graph with maximum degree d. Finally we

mention that Galvin [30] proved recently that the list coloring conjecture holds for any bipartite

multigraph, by an elementary, non-algebraic method.

8 The permanent lemma

The following lemma is a slight extension of a lemma proved in [12]. As shown below, it is an

immediate corollary of Theorem 1.2 and has several interesting applications.

Lemma 8.1 (The permanent lemma) Let A = (aij) be an n by n matrix over a field F , and

suppose its permanent Per(A) is nonzero (over F ). Then for any vector b = (b1, b2, . . . , bn) ∈ Fn and

for any family of sets S1, S2, . . . , Sn of F , each of cardinality 2, there is a vector x ∈ S1×S2× . . .×Sn
such that for every i the ith coordinate of Ax differs from bi.

Proof. The polynomial

P (x1, x2, . . . , xn) =
n∏

i=1

[
n∑

j=1

aijxj − bj ]

is of degree n and the coefficient of
∏n
i=1 xi in it is Per(A) 6= 0. The result thus follows from Theorem

1.2. 2

Note that in the special case Si = {0, 1} for every i the above lemma asserts that if the permanent

of A is non-zero, then for any vector b, there is a subset of the column-vectors of A whose sum differs

from b in all coordinates.

A conjecture of Jaeger asserts that for any field with more than 3 elements and for any nonsingular

n by n matrix A over the field, there is a vector x so that both x and Ax have non-zero coordinates.

Note that for the special case of fields of characteristic 2 this follows immediately from the Permanent

Lemma. Simply take b to be the zero vector, let each Si be an arbitrary subset of size 2 of the field

that does not contain zero, and observe that in characteristic 2 the permanent and the determinant

coincide, implying that Per(A) 6= 0. With slightly more work relying on some simple properties of

the permanent function, the conjecture is proved in [12] for every non-prime field. It is still open for

prime fields and, in particular, for p = 5.

Let f(n, d) denote the minimum possible number f so that every set of f lattice points in the d-

dimensional Euclidean space contains a subset of cardinality n whose centroid is also a lattice point.
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The problem of determining or estimating f(n, d) was suggested by Harborth [34], and studied by

various authors.

It is convenient to reformulate the definition of f(n, d) in terms of sequences of elements of the

abelian group Zdn. In these terms, f(n, d) is the minimum possible f so that every sequence of f

members of Zdn contains a subsequence of size n the sum of whose elements (in the group) is 0.

By an old result of Erdős, Ginzburg and Ziv [26], f(n, 1) = 2n − 1 for all n. The main part in

the proof of this statement is its proof for prime values of n = p, as the general case can then be

easily proved by induction.

Proposition 8.2 ([26]) For any prime p, any sequence of 2p− 1 members of Zp contains a subse-

quence of cardinality p the sum of whose members is 0 (in Zp).

There are many proofs of this result. Here is one using the permanent lemma. Given 2p−1 members

of Zp, renumber them a1, a2, . . . , a2p−1 such that 0 ≤ a1 ≤ . . . ≤ a2p−1. If there is an i ≤ p− 1 such

that ai = ai+p−1 then ai + ai+1 + . . .+ ai+p−1 = 0, as needed. Otherwise, let A denote the p− 1 by

p− 1 all 1 matrix, and define Si = {ai, ai+p−1} for all 1 ≤ i ≤ p− 1. Let b1, . . . , bp−1 be the set of all

elements of Zp besides −a2p−1. Since Per(A) = (p− 1)! 6= 0, by Lemma 8.1, there are si ∈ Si such

that the sum
∑p−1
j=1 si differs from each bj and is thus equal to −a2p−1. Hence, in Zp,

a2p−1 +
p−1∑

i=1

si = 0,

completing the proof. 2

Kemnitz [39] conjectured that f(n, 2) = 4n − 3, observed that f(n, 2) ≥ 4n − 3 for all n and

proved his conjecture for n = 2, 3, 5 and 7. As in the one dimensional case, it suffices to prove this

conjecture for prime values p. In [5] it is shown that f(p, 2) ≤ 6p− 5 for every prime p. The details

are somewhat complicated, but the main tool is again the Permanent Lemma mentioned above.

An additive basis in a vector space Znp is a collection C of (not necessarily distinct) vectors, so that

for every vector u in Znp there is a subset of C the sum of whose elements is u. Motivated by the study

of universal flows in graphs, Jaeger, Linial, Payan and Tarsi [36] conjectured that for every prime

p there exists a constant c(p), such that any union of c(p) linear bases of Znp contains an additive

basis. This conjecture is still open, but in [9] it is shown that any union of d(p − 1) loge ne + p − 2

linear bases of Znp contains such an additive basis. Here, too, the permanent lemma plays a crucial

role in the proof. The main idea is to observe how it can be applied to give equalities rather than

inequalities (extending the very simple application described in the proof of Proposition 8.2 above.)

Here is the basic approach. For a vector v of length n over Zp, let v∗ denote the tensor product

of v with the all one vector of length p − 1. Thus v∗ is a vector of length (p − 1)n obtained by
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concatenating (p− 1) copies of v. In this notation, the following result follows from the permanent

lemma.

Lemma 8.3 Let S = (v1, v2, . . . , v(p−1)n) be a sequence of (p − 1)n vectors of length n over Zp,

and let A be the (p − 1)n by (p − 1)n matrix whose columns are the vectors v∗1, v
∗
2, . . . , v

∗
(p−1)n. If

Per(A) 6= 0 (over Zp), then the sequence S is an additive basis of Znp .

Proof. For any vector b = (b1, b2, . . . , bn), let ub be the concatenation of the (p − 1) vectors

b + j, b + 2j, . . . , b + (p − 1)j, where j is the all one vector of length n. By the Permanent Lemma

with all sets Si = {0, 1}, there is a subset I ⊂ {1, 2, . . . , (p− 1)n} such that the sum
∑
i∈I v

∗
i differs

from ub in all coordinates. This supplies (p − 1) forbidden values for every coordinate of the sum
∑
i∈I vi, and hence implies that

∑
i∈I vi = b. Since b was arbitrary, this completes the proof. 2

In [9] it is shown that from any set consisting of all elements in the union of an appropriate

number of linear bases of Znp it is possible to choose (p − 1)n vectors satisfying the assumptions of

the lemma. This is done by applying some properties of the permanent function. The details can be

found in [9]. The following conjecture seems plausible, and would imply, if true, that the union of

any set of p bases of Znp is an additive basis.

Conjecture 8.4 For any p nonsingular n by n matrices A1, A2, . . . , Ap over Zp, there is an n by pn

matrix C such that the pn by pn matrix

M ′ =




A1 A2 . . . Ap−1 Ap

A1 A2 . . . Ap−1 Ap

. . . . .

. . . . .

A1 A2 . . . Ap−1 Ap

C




has a nonzero permanent over Zp.

We close this section with a simple result about directed graphs. A one-regular subgraph of a

digraph is a subgraph of it in which all outdegrees and all indegrees are precisely 1 (that is: a

spanning subgraph which is a union of directed cycles.)

Proposition 8.5 Let D = (V,E) be a digraph containing a one-regular subgraph. Then, for any

assignment of a set Sv of two reals for each vertex v of V , there is a choice c(v) ∈ Sv for every v, so

that for every vertex u the sum
∑
v: (u,v)∈E c(v) 6= 0.

Proof. Let A = (au,v) be the adjacency matrix of D defined by au,v = 1 iff (u, v) ∈ E and au,v = 0

otherwise. By the assumption, the permanent of A over the reals is strictly positive. The result thus

follows from the permanent lemma. 2
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9 Ideals of polynomials and combinatorial properties

There are several known results that assert that a combinatorial structure satisfies a certain combi-

natorial property if and only if an appropriate polynomial associated with it lies in a properly defined

ideal. Here are three known results of this type, all applying the graph polynomial defined in Section

7.

Theorem 9.1 (Li and Li, [40]) A graph G does not contain an independent set of k + 1 vertices

if and only if the graph polynomial fG lies in the ideal generated by all graph polynomials of unions

of k pairwise vertex disjoint complete graphs that span its set of vertices.

Theorem 9.2 (Kleitman and Lovász, [41], [42]) A graph G is not k colorable if and only if the

graph polynomial fG lies in the ideal generated by all graph polynomials of complete graphs on k + 1

vertices.

Theorem 9.3 (Alon and Tarsi, [13]) A graph G on the n vertices {1, 2, . . . , n} is not k colorable

if and only if the graph polynomial fG lies in the ideal generated by the polynomials xki −1, (1 ≤ i ≤ n).

Here is a quick proof of the last theorem, using Theorem 1.1.

Proof of Theorem 9.3. If fG lies in the ideal generated by the polynomials xki −1 then it vanishes

whenever each xi attains a value which is a kth root of unity. This means that in any coloring of the

vertices of G by the kth roots of unity, there is a pair of adjacent vertices that get the same color,

implying that G is not k-colorable.

Conversely, suppose G is not k-colorable. Then fG vanishes whenever each of the polynomials

gi(xi) = xki−1 vanishes, and thus, by Theorem 1.1, fG lies in the ideal generated by these polynomials.

2

As described in Section 7, there are several interesting combinatorial consequences that can be

derived from (some versions of) Theorem 9.3, but even without any consequences, such theorems

are interesting in their own. One reason for this is that these theorems characterize coNP -complete

properties, which, according to the common belief that the complexity classes NP and coNP differ,

cannot be checked by a polynomial time algorithm.

Using Theorem 1.1 it is not difficult to generate results of this type. We illustrate this with two

examples, described below. Many other results can be formulated and proved in a similar manner. It

would be nice to deduce any interesting combinatorial consequences of these results or their relatives.

The bandwidth of a graph G = (V,E) on n vertices is the minimum integer k such that there is

a bijection f : V 7→ {1, 2, . . . , n} satisfying |f(u) − f(v)| ≤ k for every edge uv ∈ E. This invariant

has been studied extensively by various researchers. See, e.g., [19] for a survey.
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Proposition 9.4 The bandwidth of a graph G = (V,E) on a set V = {1, 2, . . . , n} of n vertices is

at least k + 1 if and only if the polynomial

QG,k(x1, . . . , xn) =
∏

1≤i<j≤n
(xi − xj)

∏

ij∈E,i<j

∏

k<|l|<n
(xi − xj − l)

lies in the ideal generated by the polynomials

{gi(xi) =
n∏

j=1

(xi − j), 1 ≤ i ≤ n}.

Proof. If QG,k lies in the above mentioned ideal, then it vanishes whenever we substitute a value

in {1, 2, . . . , n} for each xi. In particular, it vanishes when we substitute distinct values for these

variables, implying that there is some edge ij ∈ E for which |xi− xj | > k, and hence the bandwidth

of G exceeds k.

Conversely, assume the bandwidth of G exceeds k. We claim that in this case QG,k(x1, . . . , xn)

vanishes whenever each xi attains a value in {1, 2, . . . , n}. Indeed, if two of the variables attain

the same value, the first product (
∏

1≤i<j≤n(xi − xj)) in the definition of QG,k vanishes. Else, the

numbers xi form a permutation of the members of {1, 2, . . . , n} and thus, by the assumption on the

bandwidth, there is some edge ij ∈ E for which |xi−xj | > k, implying that the polynomial vanishes

in this case as well. Therefore, QG,k vanishes whenever each xi lies in {1, 2, . . . , n} and thus, by

Theorem 1.1, it lies in the ideal generated by the polynomials gi(xi), completing the proof. 2

A hypergraph H is a pair (V,E), where V is a finite set, whose elements are called vertices, and E

is a collection of subsets of V , called edges. It is k-uniform if each edge contains precisely k vertices.

Thus, a 2-uniform hypergraph is simply a graph. H is 2-colorable if there is a vertex coloring of H

with two colors so that no edge is monochromatic.

Proposition 9.5 The 3-uniform hypergraph H = (V,E) is not 2-colorable if and only if the polyno-

mial
∏

e∈E
[(
∑

v∈e
xv)

2 − 9]

lies in the ideal generated by the polynomials {x2
v − 1 : v ∈ V }.

Proof. The proof is similar to the previous one. If the polynomial lies in that ideal, then it

vanishes whenever each xv attains a value in {−1, 1}, implying that some edge is monochromatic in

each vertex coloring by {−1, 1}, and hence implying that H is not 2-colorable. Conversely, if H is not

2-colorable, then in every vertex coloring by the numbers −1 and +1 some edge is monochromatic,

implying that the polynomial vanishes in each such point, and thus showing, by Theorem 1.1, that

it lies in the above ideal. 2
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Note that since the properties characterized in any of the theorems in this section are coNP -

complete, it is possible to use the usual reductions and obtain, for each coNP -complete problem, a

characterization in terms of some ideals of polynomials. In most cases, however, the known reductions

are somewhat complicated, and would thus lead to cumbersome polynomials which are not likely

to imply any interesting consequences. The results mentioned here are in terms of relatively simple

polynomials, and are therefore more likely to be useful.

10 Concluding remarks

The discussion in Section 7 as well as that in Section 9 raises the hope that the polynomial approach

might be helpful in the study of the Four Color Theorem. This certainly deserves more attention.

Further results in the study of the List Coloring Conjecture (Conjecture 7.1) using the algebraic

technique are also desirable.

Most proofs presented in this paper are based on the two basic theorems, proved in Section 2,

whose proofs are algebraic, and hence non-constructive in the sense that they supply no efficient

algorithm for solving the corresponding algorithmic problems.

In the classification of algorithmic problems according to their complexity, it is customary to try

and identify the problems that can be solved efficiently, and those that probably cannot be solved

efficiently. A class of problems that can be solved efficiently is the class P of all problems for which

there are deterministic algorithms whose running time is polynomial in the length of the input. A

class of problems that probably cannot be solved efficiently are all the NP -complete problems. An

extensive list of such problems appears in [31]. It is well known that if any of them can be solved

efficiently, then so can all of them, since this would imply that the two complexity classes P and NP

are equal.

Is it possible to modify the algebraic proofs given here so that they yield efficient ways of solving

the corresponding algorithmic problems? It seems likely that such algorithms do exists. This is

related to questions regarding the complexity of search problems that have been studied by several

researchers. See, e.g., [37].

In the study of complexity classes like P and NP one usually considers only decision problems,

i.e., problems for which the only two possible answers are ”yes” or ”no.” However, the definitions

extend easily to the so called ”search” problems, which are problems where a more elaborate output

is sought. The search problems corresponding to the complexity classes P and NP are sometimes

denoted by FP and FNP .

Consider, for example, the obvious algorithmic problem suggested by Theorem 6.1 (for p = 3,
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say). Given a simple graph with average degree that exceeds 4 and maximum degree 5, it contains,

by this theorem, a 3-regular subgraph. Can we find such a subgraph in polynomial time ?

It seems plausible that finding such a subgraph should not be a very difficult task. However, our

proof provides no efficient algorithm for accomplishing this task. The situation is similar with many

other algorithmic problems corresponding to the various results presented here. Can we, given an

input graph satisfying the assumptions of Theorem 7.3 and given a list of three colors for each of

its vertices, find, in polynomial time, a proper vertex coloring assigning each vertex a color from its

class ? Similarly, can we color properly the edges of any given planar cubic 2-connected graph using

given lists of three colors per edge, in polynomial time ?

These problems remain open. Note, however, that any efficient procedure that finds, for a given

input polynomial that satisfies the assumptions of Theorem 1.2, a point (s1, s2, . . . , sn) satisfying

its conclusion, would provide efficient algorithms for most of these algorithmic problems. It would

thus be interesting to find such an efficient procedure. See also [1] for a related discussion for other

algorithmic problems.

Another computational aspect suggested by the results in Section 9 is the complexity of the

representation of polynomials in the form that shows they lie in certain ideals. Thus, for example,

by Proposition 9.5, a 3-uniform hypergraph is not 2-colorable iff the polynomial associated with it in

that proposition is a linear combination with polynomial coefficients of the polynomials x2
v−1. Since

the problem of deciding whether such a given input hypergraph is not 2-colorable is coNP -complete,

the existence of a representation like this that can be checked in polynomial time would imply that

the complexity classes NP and coNP coincide, and this is believed not to be the case by most

researchers.

In this paper we developed and discussed a technique in which polynomials are applied for deriving

combinatorial consequences. There are several other known proof-techniques in Combinatorics which

are based on properties of polynomials. The most common and successful one is based on a dimension

argument. This is the method of proving an upper bound for the size of a collection of combinatorial

structures satisfying certain prescribed properties by associating each structure with a polynomial

in some space of polynomials, showing that these polynomials are linearly independent, and then

deducing the required bound from the dimension of the corresponding space. There are many

interesting results proved in this manner; see, e.g., [32], [14], [15] and [3] for surveys of results of this

type.
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1 Introduction

This section will start with some basic facts and exercises.Frequent users of this discipline can just
skim over the notation and take a look at formulas that talk about generalities in which the theorems
will be shown.

The reason for starting with basic principles is the intention to show that the theory is simple
enough to be completely derived on 20 pages without using anyhigh-level mathematics. If you take
a look at the first theorem and compare it with some scary inequality already mentioned in the table
of contents, you will see how huge is the path that we will bridge in so few pages. And that will
happen on a level accessible to a beginning high-school student. Well, maybe I exaggerated in the
previous sentence, but the beginning high-school student should read the previous sentence again
and forget about this one.

Theorem 1. If x is a real number, then x2 ≥ 0. The equality holds if and only if x= 0.

No proofs will be omitted in this text. Except for this one. Wehave to acknowledge that this
is very important inequality, everything relies on it, ...,but the proof is so easy that it makes more
sense wasting the space and time talking about its triviality than actually proving it. Do you know
how to prove it? Hint: ”A friend of my friend is my friend”; ”Anenemy of my enemy is my friend”.
It might be useful to notice that ”An enemy of my friend is my enemy” and ”A friend of my enemy
is my enemy”, but the last two facts are not that useful for proving theorem 1.

I should also write about the difference between ”≥” and ”>”; that something weird happens
when both sides of an inequality are multiplied by a negativenumber, but I can’t imagine myself
doing that. People would hate me for real.
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Theorem 2. If a,b ∈ R then:

a2 +b2 ≥ 2ab. (1)

The equality holds if and only if a= b.

Proof. After subtracting 2ab from both sides the inequality becomes equivalent to(a−b)2 ≥ 0,
which is true according to theorem 1.2

Problem 1. Prove the inequality a2 +b2+c2 ≥ ab+bc+ca, if a,b,c are real numbers.

Solution. If we add the inequalitiesa2 + b2 ≥ 2ab, b2 + c2 ≥ 2bc, andc2 + a2 ≥ 2ca we get
2a2 +2b2+2c2 ≥ 2ab+2bc+2ca, which is equivalent to what we are asked to prove.△

Problem 2. Find all real numbers a,b,c, and d such that

a2 +b2+c2+d2 = a(b+c+d).

Solution. Recall thatx2 +y2 ≥ 2xy, where the equality holds if and only ifx = y. Applying this
inequality to the pairs of numbers(a/2,b), (a/2,c), and(a/2,d) yields:

a2

4
+b2 ≥ ab,

a2

4
+c2 ≥ ac,

a2

4
+d2 ≥ ad.

Note also thata2/4 > 0. Adding these four inequalities gives usa2 + b2 + c2 + d2 ≥ a(b+ c+ d).
Equality can hold only if all the inequalities were equalities, i.e.a2 = 0, a/2 = b, a/2 = c, a/2 = d.
Hencea = b = c = d = 0 is the only solution of the given equation.△

Problem 3. If a,b,c are positive real numbers that satisfy a2 +b2 +c2 = 1, find the minimal value
of

S=
a2b2

c2 +
b2c2

a2 +
c2a2

b2 .

Solution. If we apply the inequalityx2 +y2 ≥ 2xy to the numbersx =
ab
c

andy =
bc
a

we get

a2b2

c2 +
b2c2

a2 ≥ 2b2. (2)

Similarly we get

b2c2

a2 +
c2a2

b2 ≥ 2c2, and (3)

c2a2

b2 +
a2b2

c2 ≥ 2a2. (4)

Summing up (2), (3), and (4) gives 2
(

a2b2

c2 + b2c2

a2 + c2a2

b2

)
≥ 2(a2 +b2 +c2) = 2, henceS≥ 1. The

equality holds if and only if
ab
c

=
bc
a

=
ca
b

, i.e. a = b = c =
1√
3

. △
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Problem 4. If x and y are two positive numbers less than1, prove that

1
1−x2 +

1
1−y2 ≥ 2

1−xy
.

Solution. Using the inequalitya+b≥ 2
√

abwe get 1
1−x2 + 1

1−y2 ≥ 2√
(1−x2)(1−y2)

. Now we notice

that(1−x2)(1−y2) = 1+x2y2−x2−y2 ≤ 1+x2y2−2xy= (1−xy)2 which implies 2√
(1−x2)(1−y2)

≥
2

1−xy and this completes the proof.△
Since the main focus of this text is to present some more advanced material, the remaining

problems will be harder then the ones already solved. For those who want more of the introductory-
type problems, there is a real hope that this website will soon get some text of that sort. However,
nobody should give up from reading the rest, things are getting very interesting.

Let us return to the inequality (1) and study some of its generalizations. Fora,b ≥ 0, the con-
sequencea+b

2 ≥
√

ab of (1) is called the Arithmetic-Geometric mean inequality.Its left-hand side
is called the arithmetic mean of the numbersa andb, and its right-hand side is called the geometric
mean ofa andb. This inequality has its analogue:

a+b+c
3

≥ 3
√

abc, a,b,c≥ 0.

More generally, for a sequencex1, . . . ,xn of positive real numbers, the Arithmetic-Geometric mean
inequality holds:

x1 +x2+ · · ·+xn

n
≥ n

√
x1 ·x2 · · ·xn. (5)

These two inequalities are highly non-trivial, and there are variety of proofs to them. We did (5) for
n = 2. If you try to prove it forn = 3, you would see the real trouble. What a person tortured with
the casen= 3 would never suspect is thatn= 4 is much easier to handle. It has to do something with
4 being equal 2·2 and 36= 2 ·2. I believe you are not satisfied by the previous explanationbut you
have to accept that the casen = 3 comes after the casen = 4. The induction argument follows these
lines, but (un)fortunately we won’t do it here because that method doesn’t allow generalizations that
we need.

Besides (5) we have the inequality between quadratic and arithmetic mean, namely
√

x2
1 +x2

2+ · · ·+x2
n

n
≥ x1 +x2+ · · ·+xn

n
. (6)

The case of equality in (5) and (6) occurs if and only if all thenumbersx1, . . . ,xn are equal.
Arithmetic, geometric, and quadratic means are not the onlymeans that we will consider. There

are infinitely many of them, and there are infinitely many inequalities that generalize (5) and (6). The
beautiful thing is that we will consider all of them at once. For appropriately defined means, a very
general inequality will hold, and the above two inequalities will ended up just being consequences.

Definition 1. Given a sequence x1,x2, . . . ,xn of positive real numbers, the mean of order r, denoted
by Mr(x) is defined as

Mr(x) =

(
xr

1 +xr
2 + · · ·+xr

n

n

) 1
r

. (7)
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Example 1. M1(x1, . . . ,xn) is the arithmetic mean, while M2(x1, . . . ,xn) is the geometric mean of the
numbers x1, . . . ,xn.

M0 can’t be defined using the expression (7) but we will show later that asr approaches 0,Mr

will approach the geometric mean. The famous mean inequality can be now stated as

Mr(x1, . . . ,xn) ≤ Ms(x1, . . . ,xn), for 0 ≤ r ≤ s.

However we will treat this in slightly greater generality.

Definition 2. Let m= (m1, . . . ,mn) be a fixed sequence of non-negative real numbers such that
m1 + m2 + · · ·+ mn = 1. Then the weighted mean of order r of the sequence of positivereals x=
(x1, . . . ,xn) is defined as:

Mm
r (x) = (xr

1m1 +xr
2m2 + · · ·+xr

nmn)
1
r . (8)

Remark.Sequencem is sometimes called a sequence of masses, but more often it iscalled a
measure, andMm

r (x) is theLr norm with repsect to the Lebesgue integral defined bym. I didn’t want
to scare anybody. I just wanted to emphasize that this hard-core math and not something coming
from physics.

We will prove later that asr tends to 0, the weighted meanMm
r (x) will tend to the weighted

geometric mean of the sequencex defined byGm(x) = xm1
1 ·xm2

2 · · ·xmn
n .

Example 2. If m1 = m2 = · · · = 1
n then Mm

r (x) = Mr(x) where Mr(x) is previously defined by the
equation (7).

Theorem 3 (General Mean Inequality). If x = (x1, . . . ,xn) is a sequence of positive real numbers
and m= (m1, . . . ,mn) another sequence of positive real numbers satisfying m1 + · · ·+mn = 1, then
for 0 ≤ r ≤ s we have Mmr (x) ≤ Mm

s (x).

The proof will follow from the Hölders inequality.

2 Convex Funtions

To prove some of the fundamental results we will need to use convexity of certain functions. Proofs
of the theorems of Young, Minkowski, and Hölder will require us to use very basic facts – you
should be fine if you just read the definition 3 and example 3. However, the section on Karamata’s
inequality will require some deeper knowledge which you canfind here.

Definition 3. The function f: [a,b] → R is convex if for any x1,x2 ∈ [a,b] and anyλ ∈ (0,1) the
following inequality holds:

f (λx1 +(1− λ )x2) ≤ λ f (x1)+ (1− λ ) f (x2). (9)

Function is called concave if− f is convex. If the inequality in (9) is strict then the function is called
strictly convex.
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Now we will give a geometrical interpretation
of convexity. Take anyx3 ∈ (x1,x2). There is
λ ∈ (0,1) such thatx2 = λx1 +(1− λ )x3. Let’s
paint in green the line passing throughx3 and
parallel to they axis. Let’s paint in red the chord
connecting the points(x1, f (x1)) and(x2, f (x2)).
Assume that the green line and the red chord in-
tersect at the yellow point. They coordinate (also
called the height) of the yellow point is:

λ f (x1)+ (1− λ ) f (x2).

O x1 x2x3

f (x1)

f (x2)

f (x3)

x

y

The inequality (9) means exactly that the the green line willintersect the graph of a function below
the red chord. Iff is strictly convex then the equality can hold in (9) if and only if x1 = x2.

Example 3. The following functions are convex: ex, xp (for p ≥ 1, x > 0), 1
x (x 6= 0), while the

functionslogx (x> 0), sinx (0 ≤ x ≤ π) , cosx (−π/2≤ x ≤ π/2) are concave.

All functions mentioned in the previous example are elementary functions, and proving the con-
vexity/concavity for them would require us to go to the very basics of their foundation, and we will
not do that. In many of the examples and problems respective functions are slight modifications of
elementary functions. Their convexity (or concavity) is something we don’t have to verify. How-
ever, we will develop some criteria for verifying the convexity of more complex combinations of
functions.

Let us take another look at our picture above and compare the slopes of the three drawn lines.
The line connecting(x1, f (x1)) with (x3, f (x3)) has the smallest slope, while the line connecting
(x3, f (x3)) with (x2, f (x2)) has the largest slope. In the following theorem we will stateand prove
that the convex function has always an ”increasing slope”.

Theorem 4. Let f : [a,b] → R be a convex function and a≤ x1 < x3 < x2 ≤ b. Then

f (x3)− f (x1)

x3 −x1
≤ f (x2)− f (x1)

x2 −x1
≤ f (x2)− f (x3)

x2 −x3
. (10)

Proof. We can writex3 = λx1 +(1− λ )x2 for someλ ∈ (0,1). More preciselyλ = x2−x3
x2−x1

, and

1− λ = x3−x1
x2−x1

. From (9) we get

f (x3) ≤ x2 −x3

x2 −x1
f (x1)+

x3 −x1

x2 −x1
f (x2).

Subtracting f (x1) from both sides of the last inequality yieldsf (x3) − f (x1) = − x3−x1
x2−x1

f (x1) +
x3−x1
x2−x1

f (x2) giving immediately the first inequality of (10). The second inequality of (10) is obtained
in an analogous way.2

The rest of this chapter is using some of the properties of limits, continuity and differentiability.
If you are not familiar with basic calculus, you may skip thatpart, and you will be able to understand
most of what follows. The theorem 6 is the tool for verifying the convexity for differentiable func-
tions that we mentioned before. The theorem 5 will be used it in the proof of Karamata’s inequality.

Theorem 5. If f : (a,b) → R is a convex function, then f is continuous and at every point x∈ (a,b)
it has both left and right derivative f′

−(x) and f′+(x). Both f′− and f′+ are increasing functions on
(a,b) and f′−(x) ≤ f ′

+(x).
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Solution. The theorem 10 implies that for fixedx the functionϕ(t) = f (t)− f (x)
t−x , t 6= x is an

increasing function bounded both by below and above. More precisely, if t0 and t1 are any two
numbers from(a,b) such thatt0 < x < t1 we have:

f (x)− f (t0)
x− t0

≤ ϕ(t) ≤ f (t1)− f (x)
t1 −x

.

This specially means that there are limt→x− ϕ(t) and limt→x+ ϕ(t). The first one is precisely the
left, and the second one – the right derivative ofϕ at x. Since the existence of both left and right
derivatives implies the continuity, the statement is proved. 2

Theorem 6. If f : (a,b) → R is a twice differentiable function. Then f is convex on(a,b) if and
only if f ′′(x) ≥ 0 for every x∈ (a,b). Moreover, if f′′(x) > 0 then f is strictly convex.

Proof. This theorem is the immediate consequence of the previous one. 2

3 Inequalities of Minkowski and Hölder

Inequalities presented here are sometimes called weightedinequalities of Minkowski, Hölder, and
Cauchy-Schwartz. The standard inequalities are easily obtained by placingmi = 1 whenever some
m appears in the text below. Assuming that the summ1 + · · · + mn = 1 one easily get the gener-
alized (weighted) mean inequalities, and additional assumption mi = 1/n gives the standard mean
inequalities.

Lemma 1. If x,y > 0, p> 1 andα ∈ (0,1) are real numbers, then

(x+y)p ≤ α1−pxp +(1− α)1−pyp. (11)

The equality holds if and only ifxα = y
1−α .

Proof. For p > 1, the functionϕ(x) = xp is strictly convex hence(αa+ (1− α)b)p ≤ αap +
(1− α)bp. The equality holds if and only ifa = b. Settingx = αa andy = (1− α)b we get (11)
immediately.2

Lemma 2. If x1,x2, . . . ,xn,y1,y2, . . . ,yn and m1,m2, . . . ,mn are three sequences of positive real num-
bers and p> 1, α ∈ (0,1), then

n

∑
i=1

(xi +yi)
pmi ≤ α1−p

n

∑
i=1

xp
i mi +(1− α)1−p

n

∑
i=1

yp
i mi . (12)

The equality holds if and only ifxi
yi

= α
1−α for every i,1 ≤ i ≤ n.

Proof. From (11) we get(xi +yi)
p ≤ α1−pxp

i +(1− α)1−pyp
i . Multiplying by mi and adding as

1 ≤ i ≤ n we get (12). The equality holds if and only ifxi
yi

= α
1−α . 2

Theorem 7(Minkowski). If x1, x2, . . . , xn, y1, y2, . . . ,yn, and m1, m2, . . . ,mn are three sequences of
positive real numbers and p> 1, then

(
n

∑
i=1

(xi +yi)
pmi

)1/p

≤
(

n

∑
i=1

xp
i mi

)1/p

+

(
n

∑
i=1

yp
i mi

)1/p

. (13)

The equality holds if and only if the sequences(xi) and(yi) are proportional, i.e. if and only if there
is a constantλ such that xi = λyi for 1 ≤ i ≤ n.
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Proof. For anyα ∈ (0,1) we have inequality (12). Let us write

A =

(
n

∑
i=1

xp
i mi

)1/p

, B =

(
n

∑
i=1

yp
i mi

)1/p

.

In new terminology (12) reads as

n

∑
i=1

(xi +yi)
pmi ≤ α1−pAp +(1− α)1−pBp. (14)

If we chooseα such thatAα = B
1−α , then (11) impliesα1−pAp +(1− α)1−pBp = (A+B)p and (14)

now becomes
n

∑
i=1

(xi +yi)
pmi =



(

n

∑
i=1

xp
i mi

)1/p

+

(
n

∑
i=1

yp
i mi

)1/p



p

which is equivalent to (13).2

Problem 5 (SL70). If u1, . . . ,un,v1, . . . ,vn are real numbers, prove that

1+
n

∑
i=1

(ui +vi)
2 ≤ 4

3

(
1+

n

∑
i=1

u2
i

)(
1+

n

∑
i=1

v2
i

)
.

When does equality hold?

Solution. Let us seta =

√
n

∑
i=1

u2
i and b =

√
n

∑
i=1

v2
i . By Minkowski’s inequality (forp = 2)

we have∑n
i=1(ui + vi)

2 ≤ (a+ b)2. Hence the LHS of the desired inequality is not greater than
1+(a+b)2, while the RHS is equal to 4(1+a2)(1+b2)/3. Now it is sufficient to prove that

3+3(a+b)2 ≤ 4(1+a2)(1+b2).

The last inequality can be reduced to the trivial 0≤ (a−b)2+(2ab−1)2. The equality in the initial
inequality holds if and only ifui/vi = c for somec ∈ R anda = b = 1/

√
2. △

Theorem 8(Young). If a,b > 0 and p,q > 1 satisfy 1
p + 1

q = 1, then

ab≤ ap

p
+

bq

q
. (15)

Equality holds if and only if ap = bq.

Proof. Sinceϕ(x) = ex is a convex function we have thate
1
px+ 1

qy ≤ 1
pex + 1

qey. The equality

holds if and only ifx = y, and the inequality (15) is immediately obtained by placinga = ex/p and
b = ey/q. The equality holds if and only ifap = bq. 2

Lemma 3. If x1,x2, . . . ,xn,y1,y2, . . . ,yn,m1,m2, . . . ,mn are three sequences of positive real numbers
and p,q > 1 such that1p + 1

q = 1, andα > 0, then

n

∑
i=1

xiyimi ≤ 1
p

·α p ·
n

∑
i=1

xp
i mi +

1
q

· 1
αq ·

n

∑
i=1

yq
i mi . (16)

The equality holds if and only if
α pxp

i
p =

yq
i

qαq for 1 ≤ i ≤ n.
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Proof. From (15) we immediately getxiyi = (αxi)
yi
α ≤ 1

p · α pxp
i + 1

q · 1
αq yq

i . Multiplying by mi

and adding asi = 1,2, . . . ,n we get (16). The inequality holds if and only if
α pxp

i
p =

yq
i

qαq for 1≤ i ≤ n.
2

Theorem 9 (Hölder). If x1,x2, . . . ,xn,y1,y2, . . . ,yn,m1,m2, . . . ,mn are three sequences of positive
real numbers and p,q > 1 such that1p + 1

q = 1, then

n

∑
i=1

xiyimi ≤
(

n

∑
i=1

xp
i mi

)1/p

·
(

n

∑
i=1

yq
i mi

)1/q

. (17)

The equality holds if and only if the sequences(xp
i ) and(yq

i ) are proportional.

Proof. The idea is very similar to the one used in the proof of Minkowski’s inequality. The
inequality (16) holds for any positive constantα. Let

A =

(
α p

n

∑
i=1

xp
i mi

)1/p

, B =

(
1

αq

n

∑
i=1

yq
i mi

)1/q

.

By Young’s inequality we have that1pAp + 1
qBq = AB if Ap = Bq. Equivalentlyα p ∑n

i=1xp
i mi =

1
αq ∑n

i=1yq
i mi . Choosing such anα we get

n

∑
i=1

xiyimi ≤ 1
p

Ap +
1
q

Bq = AB=

(
n

∑
i=1

xp
i mi

)1/p

·
(

n

∑
i=1

yq
i mi

)1/q

. 2

Problem 6. If a1, . . . ,an and m1, . . . ,mn are two sequences of positive numbers such that a1m1 +

· · ·+anmn = α and a2
1m1 + · · ·+a2

nmn = β 2, prove that
√

a1m1 + · · ·+√
anmn ≥ α3/2

β .

Solution. We will apply Hölder’s inequality onxi = a1/3
i , yi = a2/3

i , p = 3
2, q = 3:

α =
n

∑
i=1

aimi ≤
(

n

∑
i=1

a1/2
i mi

)2/3

·
(

n

∑
i=1

a2
i mi

)1/3

=

(
n

∑
i=1

√
aimi

)2/3

·β 2/3.

Hence∑n
i=1

√
aimi ≥ α3/2

β . △
Proof of the theorem 3. Mm

r = (∑n
i=1xr

i ·mi)
1/r . We will use the Hölders inequality foryi = 1,

p = s
r , andq = p

1−p. Then we get

Mm
r ≤

(
n

∑
i=1

xrp
i ·mi

) 1
pr

·
(

n

∑
i=1

1q ·mi

)p/(1−p)

= Ms. 2

Problem 7. (SL98) Let x, y, and z be positive real numbers such that xyz= 1. Prove that

x3

(1+y)(1+z)
+

y3

(1+z)(1+x)
+

z3

(1+x)(1+y)
≥ 3

4
.
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Solution. The given inequality is equivalent to

x3(x+1)+y3(y+1)+z3(z+1) ≥ 3
4
(1+x+y+z+xy+yz+zx+xyz).

The left-hand side can be written asx4 +y4 +z4 +x3 +y3 +z3 = 3M4
4 +3M3

3. Usingxy+yz+zx≤
x2 +y2+z2 = 3M2

2 we see that the right-hand side is less than or equal to3
4(2+3M1+3M2

2). Since
M1 ≥ 3 3

√
xyz= 1, we can further say that the right-hand side of the requiredinequality is less than or

equal to3
4(5M1 +3M2

2). SinceM4 ≥ M3, andM1 ≤ M2 ≤ M3, the following inequality would imply
the required statement:

3M4
3 +3M3

3 ≥ 3
4
(5M3 +3M2

3).

However the last inequality is equivalent to(M3 − 1)(4M2
3 + 8M3 + 5) ≥ 0 which is true because

M3 ≥ 1. The equality holds if and only ifx = y = z= 1. △
Theorem 10(Weighted Cauchy-Schwartz). If xi , yi are real numbers, and mi positive real numbers,
then

n

∑
i=1

xiyimi ≤
√

n

∑
i=1

x2
i mi ·

√
n

∑
i=1

y2
i mi . (18)

Proof. After noticing that∑n
i=1xiyimi ≤ ∑n

i=1 |xi | · |yi |mi , the rest is just a special case (p= q= 2)
of the Hölder’s inequality.2

Problem 8. If a, b, and c are positive numbers, prove that

a
b

+
b
c

+
c
a

≥ (a+b+c)2

ab+bc+ca
.

Solution. We will apply the Cauchy-Schwartz inequality withx1 =
√a

b, x2 =
√

b
c , x3 =

√ c
a,

y1 =
√

ab, y2 =
√

bc, andy3 =
√

ca. Then

a+b+c = x1y1 +x2y2 +x3y3 ≤
√

x2
1 +x2

2+x2
3 ·
√

y2
1 +y2

2+y2
3

=

√
a
b

+
b
c

+
c
a

·
√

ab+bc+ca.

Theorem 11. If a1, . . . ,an are positive real numbers, then

lim
r→0

Mr(a1, . . . ,an) = am1
1 ·am2

2 · · ·amn
n .

Proof. This theorem is given here for completeness. It states that as r → 0 the mean of orderr
approaches the geometric mean of the sequence. Its proof involves some elementary calculus, and
the reader can omit the proof.

Mr(a1, . . . ,an) = e
1
r log(ar

1m1+···+ar
nmn).

Using the L’Hospitale’s theorem we get

lim
r→0

1
r

log(ar
1m1 + · · ·+ar

nmn) = lim
r→0

m1ar
1 loga1 + · · ·+mnar

n logan

ar
1m1 + · · ·+ar

nmn

= m1 loga1 + · · ·+mn logan

= log
(
am1

1 · · ·amn
n

)
.

The result immediately follows.2
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4 Inequalities of Schur and Muirhead

Definition 4. Let ∑!F(a1, . . . ,an) be the sum of n! summands which are obtained from the function
F(a1, . . . ,an) making all permutations of the array(a).

We will consider the special cases of the functioF, i.e. whenF(a1, . . . ,an) = aα1
1 · · · · · aαn

n ,
αi ≥ 0.

If (α) is an array of exponents andF(a1, . . . ,an) = aα1
1 · · · · ·aαn

n we will useT[α1, . . . ,αn] instead
of ∑!F(a1, . . . ,an), if it is clear what is the sequence(a).

Example 4. T[1,0, . . . ,0] = (n−1)! · (a1+a2+ · · ·+an), and T[1
n, 1

n, . . . , 1
n] = n! · n

√
a1 · · · · ·an. The

AM-GM inequality is now expressed as:

T[1,0, . . . ,0] ≥ T

[
1
n
, . . . ,

1
n

]
.

Theorem 12(Schur). For α ∈ R andβ > 0 the following inequality holds:

T[α +2β ,0,0]+T[α,β ,β ] ≥ 2T[α + β ,β ,0]. (19)

Proof. Let (x,y,z) be the sequence of positive reals for which we are proving (19). Using some
elementary algebra we get

1
2

T[α +2β ,0,0]+
1
2

T[α,β ,β ]−T[α + β ,β ,0]

= xα(xβ −yβ )(xβ −zβ )+yα(yβ −xβ )(yβ −zβ )+zα(zβ −xβ )(zβ −yβ ).

Without loss of generality we may assume thatx ≥ y ≥ z. Then in the last expression only the
second summand may be negative. Ifα ≥ 0 then the sum of the first two summands is≥ 0 because
xα(xβ − yβ )(xβ − zβ ) ≥ xα(xβ − yβ )(yβ − zβ ) ≥ yα(xβ − yβ )(yβ − zβ ) = −yα(xβ − yβ )(yβ − zβ ).
Similarly for α < 0 the sum of the last two terms is≥ 0. 2

Example 5. If we setα = β = 1, we get

x3 +y3 +z3+3xyz≥ x2y+xy2+y2z+yz2 +z2x+zx2.

Definition 5. We say that the array(α) majorizes array(α ′), and we write that in the following way
(α ′) ≺ (α), if we can arrange the elements of arrays(α) and(α ′) in such a way that the following
three conditions are satisfied:

1. α ′
1 + α ′

2+ · · ·+ α ′
n = α1 + α2 + · · ·+ αn;

2. α ′
1 ≥ α ′

2 ≥ ·· · ≥ α ′
n i α1 ≥ α2 ≥ ·· · ≥ αn.

3. α ′
1 + α ′

2+ · · ·+ α ′
ν ≤ α1 + α2 + · · ·+ αν , for all 1 ≤ ν < n.

Clearly,(α) ≺ (α).

Theorem 13 (Muirhead). The necessairy and sufficient condition for comparability of T[α] and
T[α ′], for all positive arrays(a), is that one of the arrays(α) and (α ′) majorizes the other. If
(α ′) ≺ (α) then

T[α ′] ≤ T[α].

Equality holds if and only if(α) and(α ′) are identical, or when all ais are equal.
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Proof. First, we prove the necessity of the condition. Setting thatall elements of the arraya are
equal tox, we get that

x∑α ′
i ≤ x∑αi .

This can be satisfied for both large and smallxs only if the condition 1 from the definition is satisfied.
Now we puta1 = · · · ,aν = x and aν+1 = · · · = an = 1. Comparing the highest powers ofx in
expressionsT[α] andT[α ′], knowing that for sufficiently largex we must haveT[α ′] ≤ T[α], we
conclude thatα ′

1 + · · ·+ α ′
ν ≤ α1 + · · ·+ αν .

Now we will proof the sufficiency of the condition. The statement will follow from the following
two lemmas. We will define one linear operationL on the set of the exponents(α). Suppose thatαk

andαl are two different exponents of(α) such thatαk > αl . We can write

αk = ρ + τ, αl = ρ − τ (0 < τ ≤ ρ).

If 0 ≤ σ < τ ≤ ρ , define the array(α ′) = L(α) in the following way:




α ′
k = ρ + σ = τ+σ

2τ αk + τ−σ
2τ αl ,

α ′
l = ρ − σ = τ−σ

2τ αk + τ+σ
2τ αl ,

α ′
ν = αν , (ν 6= k,ν 6= l).

The definition of this mapping doesn’t require that some of the arrays(α) and (α ′) is in non-
decreasing order.

Lemma 4. If (α ′) = L(α), then T[α ′] ≤ T[α], and equality holds if and only if all the elements of
(a) are equal.

Proof. We may rearrange the elements of the sequence such thatk = 1 i l = 2. Then we have

T[α]−T[α ′]

= ∑!aα3
3 · · ·aαn

n · (aρ+τ
1 aρ−τ

2 +aρ−τ
1 aρ+τ

2 −aρ+σ
1 aρ−σ

2 −aρ−σ
1 aρ+σ

2 )

= ∑!(a1a2)
ρ−τaα3

3 · · ·aαn
n (aτ+σ

1 −aτ+σ
2 )(aτ−σ

1 −aτ−σ
2 ) ≥ 0.

Eaquality holds if and only ifais are equal.2

Lemma 5. If (α ′) ≺ (α), but (α ′) and (α) are different, then(α ′) can be obtained from(α) by
succesive application of the transformation L.

Proof. Denote bym the number of differencesαν − α ′
ν that are6= 0. m is a positive integer and

we will prove that we can apply operationL in such a way that after each of applications, number
m decreases (this would imply that the procedure will end up after finite number of steps). Since
∑(αν − α ′

ν) = 0, and not all of differences are 0, there are positive and negative differences, but the
first one is positive. We can find suchk andl for which:

α ′
k < αk, α ′

k+1 = αk+1, . . . ,α ′
l−1 = αl−1, α ′

l > αl .

(αl −α ′
l is the first negative difference, andαk −α ′

k is the last positive difference before this negative
one). Letαk = ρ + τ andαl = ρ − τ, defineσ by

σ = max{|α ′
k − ρ |, |α ′

l − ρ |}.

At least one of the following two equalities is satisfied:

α ′
l − ρ = −σ , α ′

k − ρ = σ ,
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becauseα ′
k > α ′

l . We also haveσ < τ, becauseα ′
k < αk i α ′

l > αl . Let

α ′′
k = ρ + σ , α ′′

l = ρ − σ , α ′′
ν = αν (ν 6= k,ν 6= l).

Now instead of the sequence(α) we will consider the sequence(α ′′). Numberm has decreased by
at least 1. It is easy to prove that the sequence(α ′′) is increasing and majorizes(α ′). Repeating this
procedure, we will get the sequence(α ′) which completes the proof of the second lemma, and hence
the Muirhead’s theorem.2 2

Example 6. AM-GM is now the consequence of the Muirhead’s inequality.

Problem 9. Prove that for positive numbers a,b and c the following equality holds:

1
a3 +b3+abc

+
1

b3 +c3 +abc
+

1
c3 +a3+abc

≤ 1
abc

.

Solution. After multiplying both left and right-hand side of the required inequality withabc(a3+
b3 +abc)(b3+c3 +abc)(c3+a3+abc) we get that the original inequality is equivalent to

3
2T[4,4,1]+2T[5,2,2]+ 1

2T[7,1,1]+ 1
2T[3,3,3] ≤

≤ 1
2T[3,3,3]+T[6,3,0]+ 3

2T[4,4,1]+ 1
2T[7,1,1]+T[5,2,2]

which is true because Muirhead’s theorem imply thatT[5,2,2] ≤ T[6,3,0]. △
More problems with solutions using Muirhead’s inequality can be found in the section ”Prob-

lems”.

5 Inequalities of Jensen and Karamata

Theorem 14(Jensen’s Inequality). If f is convex function andα1, . . . ,αn sequence of real numbers
such thatα1+ · · ·+αn = 1, than for any sequence x1, . . . ,xn of real numbers, the following inequality
holds:

f (α1x1 + · · ·+ αnxn) ≤ α1 f (x1)+ · · ·+ αn f (xn).

Remark.If f is concave, thenf (α1x1 + · · ·+ αnxn) ≥ α1 f (x1)+ · · ·+ αn f (xn).

Example 7. Using Jensen’s inequality prove the generalized mean inequality, i.e. that for every
two sequences of positive real numbers x1, . . . ,xn and m1, . . . ,mn such that m1 + · · · + mn = 1 the
following inequality holds:

m1x1 +m2x2 + · · ·+mnxn ≥ xm1
1 ·xm2

2 · · ·xmn
n .

Theorem 15(Karamata’s inequalities). Let f be a convex function and x1, . . . ,xn, y1,y2, . . . ,yn two
non-increasing sequences of real numbers. If one of the following two conditions is satisfied:

(a) (y) ≺ (x);

(b) x1 ≥ y1, x1 + x2 ≥ y1 + y2, x1 + x2 + x3 ≥ y1 + y2 + y3, . . . , x1 + · · ·+ xn−1 ≥ y1 + · · ·+ yn−1,
x1 + · · ·+xn ≥ y1 + · · ·+yn and f is increasing;

then

n

∑
i=1

f (xi) ≥
n

∑
i=1

f (yi). (20)
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Proof. Let ci = f (yi)− f (xi)
yi−xi

, for yi 6= xi , andci = f ′
+(xi), for xi = yi . Since f is convex, andxi , yi

are decreasing sequences,ci is non-increasing (because is represents the ”slope” off on the interval
betweenxi andyi). We now have

n

∑
i=1

f (xi)−
n

∑
i=1

f (yi) =
n

∑
i=1

ci(xi −yi) =
n

∑
i=1

cixi −
n

∑
i=1

ciyi

=
n

∑
i=1

(ci −ci+1)(x1 + · · ·+xi)

−
n

∑
i=1

(ci −ci+1)(y1 + · · ·+yi), (21)

here we definecn+1 to be 0. Now, denotingAi = x1 + · · · + xi andBi = y1 + · · · + yi (21) can be
rearranged to

n

∑
i=1

f (xi)−
n

∑
i=1

f (yi) =
n−1

∑
i=1

(ci −ci+1)(Ai −Bi)+cn · (An −Bn).

The sum on the right-hand side of the last inequality is non-negative becauseci is decreasing and
Ai ≥ Bi . The last termcn(An − Bn) is zero under the assumption (a). Under the assumption (b) we
have thatcn ≥ 0 ( f is increasing) andAn ≥ Bn and this implies (20).2

Problem 10. If a1 ≥ a2 ≥ ·· · ≥ an and b1 ≥ b2 ≥ ·· · ≥ bn are two sequences of positive real numbers
which satisfy the following conditions:

a1 ≥ b2, a1a2 ≥ b1b2, a1a2a3 ≥ b1b2b3, · · · ≥ a1a2 · · ·an ≥ b1b2 · · ·bn,

prove that
a1 +a2+ · · ·+an ≥ b1 +b2+ · · ·+bn.

Solution. Let ai = exi andbi = eyi . We easily verify that the conditions (b) of the Karamata’s
theorem are satisfied. Thus∑n

i=1eyi ≥ ∑n
i=1exi and the result immediately follows.△

Problem 11. If x1, . . . ,xn ∈ [−π/6,π/6], prove that

cos(2x1 −x2)+cos(2x2 −x3)+ · · ·+cos(2xn −x1) ≤ cosx1 + · · ·+cosxn.

Solution. Rearrange(2x1 − x2,2x2 − x3, . . . ,2xn − x1) and (x1, . . . ,xn) in two non-increasing
sequences(2xm1 −xm1+1,2xm2 −xm2+1, . . . ,2xmn −xmn+1) and(xk1,xk2, . . . ,xkn) (here we assume that
xn+1 = x1. We will verify that condition (a) of the Karamata’s inequality is satisfied. This follows
from

(2xm1 −xm1+1 + · · ·+2xml −xml +1)− (xk1 + · · ·+xkl )

≥ (2xk1 −xk1+1 + · · ·+2xkl −xkl +1)− (xk1 + · · ·+xkl )

= (xk1 + · · ·xkl )− (xk1+1 + · · ·+xkl +1) ≥ 0.

The functionf (x) = −cosx is convex on[−π/2,π/2] hence Karamata’s inequality holds and we get

−cos(2x1 −x2)−·· ·−cos(2xn −x1) ≥ −cosx1 −·· ·−cosxn,

which is obviously equivalent to the required inequality.△
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6 Chebyshev’s inequalities

Theorem 16 (Chebyshev’s inequalities). Let a1 ≥ a2 ≥ ·· · ≥ an and b1 ≥ b2 ≥ ·· · ≥ bn be real
numbers. Then

n
n

∑
i=1

aibi ≥
(

n

∑
i=1

ai

)(
n

∑
i=1

bi

)
≥ n

n

∑
i=1

aibn+1−i. (22)

The two inequalities become equalities at the same time whena1 = a2 = · · · = an or b1 = b2 = · · · =
bn.

The Chebyshev’s inequality will follow from the following generalization (placingmi = 1
n for

the left part, and the right inequality follows by applying the left onai andci = −bn+1−i).

Theorem 17(Generalized Chebyshev’s Inequality). Let a1 ≥ a2 ≥ ·· · ≥ an and b1 ≥ b2 ≥ ·· · ≥ bn

be any real numbers, and m1, . . . ,mn non-negative real numbers whose sum is1. Then

n

∑
i=1

aibimi ≥
(

n

∑
i=1

aimi

)(
n

∑
i=1

bimi

)
. (23)

The inequality become an equality if and only if a1 = a2 = · · · = an or b1 = b2 = · · · = bn.

Proof. From(ai −a j)(bi −b j) ≥ 0 we get:

∑
i, j

(ai −a j)(bi −b j)mimj ≥ 0. (24)

Since(∑n
i=1aimi) · (∑n

i=1bimi) = ∑i, j aib jmimj , (24) implies that

0 ≤ ∑
i, j

aibimimj −∑
i, j

aib jmimj −∑
i, j

a jbimjmi +∑
i, j

a jb jmimj

= 2

[
∑
i

aibimi −
(

∑
i

aimi

)(
∑
i

bimi

)]
. 2

Problem 12. Prove that the sum of distances of the orthocenter from the sides of an acute triangle
is less than or equal to3r, where the r is the inradius.

Solution. Denotea = BC, b = CA, c = ABand letSABC denote the area of the triangleABC. Let
dA, dB, dC be the distances fromH to BC, CA, AB, andA′, B′, C′ the feet of perpendiculars from
A, B, C. Then we haveada + bdb + cdc = 2(SBCH + SACH + SABH) = 2P. On the other hand if we
assume thata ≥ b ≥ c, it is easy to prove thatdA ≥ dB ≥ dC. Indeed,a ≥ b implies∠A ≥ ∠B hence
∠HCB′ ≤ ∠HCA′ andHB′ ≤ HA′. The Chebyshev’s inequality implies

(a+b+c)r = 2P= ada +bdb+cdc >
1
3
(a+b+c)(da+db+dc). △

7 Problems

1. If a,b,c,d > 0, prove that

a
b+c

+
b

c+d
+

c
d+a

+
d

a+b
≥ 2.
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2. Prove that
a3

a2 +ab+b2 +
b3

b2 +bc+c2 +
c3

c2 +ca+a2 ≥ a+b+c
3

,

for a,b,c > 0.

3. If a,b,c,d,e, f > 0, prove that

ab
a+b

+
cd

c+d
+

e f
e+ f

≤ (a+c+e)(b+d+ f )
a+b+c+d+e+ f

.

4. If a,b,c ≥ 1, prove that
√

a−1+
√

b−1+
√

c−1≤
√

c(ab+1).

5. Leta1,a2, . . . ,an,b1,b2, . . . ,bn be positive real numbers. Prove that

(
∑
i 6= j

aib j

)2

≥
(

∑
i 6= j

aia j

)(
∑
i 6= j

bib j

)
.

6. If 1
x + 1

y + 1
z = 1 for x,y,z> 0, prove that

(x−1)(y−1)(z−1)≥ 8.

7. Leta,b,c > 0 satisfyabc= 1. Prove that

1√
b+ 1

a + 1
2

+
1√

c+ 1
b + 1

2

+
1√

a+ 1
c + 1

2

≥
√

2.

8. Given positive numbersa,b,c,x,y,z such thata+x = b+y = c+z= S, prove thatay+bz+
cx< S2.

9. Leta,b,c be positive real numbers. Prove the inequality

a2

b
+

b2

c
+

c2

a
≥ a+b+c+

4(a−b)2

a+b+c
.

10. Determine the maximal real numbera for which the inequality

x2
1 +x2

2 +x2
3+x2

4 +x2
5 ≥ a(x1x2 +x2x3 +x3x4 +x4x5)

holds for any five real numbersx1,x2,x3,x4,x5.

11. If x,y,z≥ 0 andx+y+z= 1, prove that

0 ≤ xy+yz+zx−2xyz≤ 7
27

.

12. Leta,b andc be positive real numbers such thatabc= 1. Prove that

1
a3(b+c)

+
1

b3(c+a)
+

1
c3(a+b)

≥ 3
2
.
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13. If a,b andc are positive real numbers, prove that:

a3

b2−bc+c2 +
b3

c2 −ca+a2 +
c3

a2 −ab+b2 ≥ 3 · ab+bc+ca
a+b+c

.

14. (IMO05) Letx,y andzbe positive real numbers such thatxyz≥ 1. Prove that

x5 −x2

x5 +y2+z2 +
y5 −y2

y5 +z2 +x2 +
z5 −z2

z5 +x2+y2 ≥ 0.

15. Leta1, . . . ,an be positive real numbers. Prove that

a3
1

a2
+

a3
2

a3
+ · · ·+ a3

n

a1
≥ a2

1 +a2
2+ · · ·+a2

n.

16. Leta1, . . . ,an be positive real numbers. Prove that

(1+a1)(1+a2) · · · (1+an) ≤
(

1+
a2

1

a2

)
·
(

1+
a2

2

a3

)
· · · · ·

(
1+

a2
n

a1

)
.

17. If a,b, andc are the lengths of the sides of a triangle,s its semiperimeter, andn≥ 1 an integer,
prove that

an

b+c
+

bn

c+a
+

cn

a+b
≥
(

2
3

)n−2

·sn−1.

18. Let 0< x1 ≤ x2 ≤ ·· · ≤ xn (n ≥ 2) and

1
1+x1

+
1

1+x2
+ · · ·+ 1

1+xn
= 1.

Prove that

√
x1 +

√
x2 + · · ·+√

xn ≥ (n−1)

(
1√
x1

+
1√
x2

+ · · ·+ 1√
xn

)
.

19. Suppose that any two members of certain society are either friendsor enemies. Suppose that
there is total ofn members, that there is total ofq pairs of friends, and that in any set of
three persons there are two who are enemies to each other. Prove that there exists at least one

member among whose enemies we can find at mostq ·
(

1− 4q
n2

)
pairs of friends.

20. Given a set of unit circles in the plane whose total area isS. Prove that among those circles
there exist certain number of non-intersecting circles whose total area is≥ 2

9S.

8 Solutions

1. Denote byL the left-hand side of the required inequality. If we add the first and the third
summand ofL we get

a
b+c

+
c

d+a
=

a2 +c2+ad+bc
(b+c)(a+d)

.
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We will bound the denominator of the last fraction using the inequalityxy ≤ (x+ y)2/4 for
appropriatex andy. Forx = b+c andy = a+d we get(b+c)(a+d) ≤ (a+b+c+d)2/4.
The equality holds if and only ifa+d = b+c. Therefore

a
b+c

+
c

d+a
≥ 4

a2+c2 +ad+bc
(a+b+c+d)2 .

Similarly b
c+d + d

a+b ≥ 4b2+d2+ab+cd
(a+b+c+d)2 (with the equality if and only ifa+b= c+d) implying

a
b+c

+
b

c+d
+

c
d+a

+
d

a+b

≥ 4
a2 +b2+c2+d2+ad+bc+ab+cd

(a+b+c+d)2

= 4
a2 +b2+c2+d2+(a+c)(b+d)

[(a+c)+ (b+d)]2
.

In order to solve the problem it is now enough to prove that

2
a2 +b2+c2+d2+(a+c)(b+d)

[(a+c)+ (b+d)]2
≥ 1. (25)

After multiplying both sides of (25) by[(a+ c)+ (b+ d)]2 = (a+ c)2 +(b+ d)2 it becomes
equivalent to 2(a2 + b2 + c2 + d2) ≥ (a+ c)2 +(b+ d)2 = a2 + b2 + c2 + d2 + 2ac+ 2bd. It
is easy to see that the last inequality holds because many terms will cancel and the remaining
inequality is the consequence ofa2 + c2 ≥ 2ac andb2 + d2 ≥ 2bc. The equality holds if and
only if a = c andb = d.

2. We first notice that

a3 −b3

a2 +ab+b2 +
b3 −c3

b2 +bc+c2 +
c3 −a3

c2 +ca+a2 = 0.

Hence it is enough to prove that

a3 +b3

a2 +ab+b2 +
b3 +c3

b2 +bc+c2 +
c3 +a3

c2 +ca+a2 ≥ 2(a+b+c)
3

.

However since 3(a2−ab+b2) ≥ a2 +ab+b2,

a3 +b3

a2 +ab+b2 = (a+b)
a2−ab+b2

a2+ab+b2 ≥ a+b
3

.

The equality holds if and only ifa = b = c.

Second solution.First we prove that

a3

a2 +ab+b2 ≥ 2a−b
3

. (26)

Indeed after multiplying we get that the inequality is equivalent toa3 + b3 ≥ ab(a+ b), or
(a+b)(a−b)2 ≥ 0 which is true. After adding (26) with two similar inequalities we get the
result.
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3. We will first prove that

ab
a+b

+
cd

c+d
≤ (a+c)(b+d)

a+b+c+d
. (27)

As is the case with many similar inequalities, a first look at (27) suggests to multiply out both
sides by(a+b)(c+d)(a+b+c+d). That looks scary. But we will do that now. In fact you
will do, I will not. I will just encourage you and give moral support (try to imagine me doing
that). After you multiply out everything (do it twice, to make sure you don’t make a mistake in
calculation), the result will be rewarding. Many things cancel out and what remains is to verify
the inequality 4abcd≤ a2d2 + b2c2 which is true because it is equivalent to 0≤ (ad− bc)2.
The equality holds if and only ifad= bc, or a

b = c
d .

Applying (27) with the numbersA = a+c, B = b+d, C = e, andD = f yields:

(a+c)(b+d)

a+b+c+d
+

e f
e+ f

≤ (A+C)(B+D)

A+B+C+D
=

(a+c+e)(b+d+ f )
a+b+c+d+e+ f

,

and the required inequality is proved because (27) can be applied to the first term of the left-
hand side. The equality holds if and only ifa

b = c
d = e

f .

4. To prove the required inequality we will use the similar approach as in the previous problem.
First we prove that

√
a−1+

√
b−1≤

√
ab. (28)

Squaring both sides gives us that the original inequality isequivalent to

a+b−2+2
√

(a−1)(b−1)≤ ab

⇔ 2
√

(a−1)(b−1)≤ ab−a−b+2= (a−1)(b−1)+1. (29)

The inequality (29) is true because it is of the formx+1 ≥ 2
√

x for x = (a−1)(b−1).

Now we will apply (28) on numbersA = ab+1 andB = c to get
√

ab+
√

c−1 =
√

A−1+
√

B−1≤
√

AB=
√

(ab+1)c.

The first term of the left-hand side is greater than or equal to
√

a−1+
√

b−1 which proves
the statement. The equality holds if and only if(a−1)(b−1) = 1 andab(c−1) = 1.

5. Let us denotep = ∑n
i=1ai,q = ∑n

i=1bi ,k = ∑n
i=1a2

i , l = ∑n
i=1b2

i , andm= ∑n
i=1aibi . The fol-

lowing equalities are easy to verify:

∑
i 6= j

aib j = pq−m, ∑
i 6= j

aia j = p2 −k, and∑
i 6= j

bib j = q2 − l ,

so the required inequality is equivalent to

(pq−m)2 ≥ (p2 −k)(q2 − l) ⇔ l p2 −2qm· p+m2+q2k−kl ≥ 0.

Consider the last expression as a quadratic equation inp, i.e. ϕ(p) = l p2−2qm· p+q2k−kl.
If we prove that its discriminant is less than or equal to 0, weare done. That condition can be
written as:

q2m2 − l(m2+q2k−kl) ≤ 0 ⇔ (lk −m2)(q2 − l) ≥ 0.
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The last inequality is true becauseq2 − l = ∑i 6= j bib j > 0 (bi are positive), andlk − m2 ≥
0 (Cauchy-Schwartz inequality). The equality holds if and only if lk − m2 = 0, i.e. if the
sequences(a) and(b) are proportional.

6. This is an example of a problem where we have some conditions onx, y, andz. Since there are
many reciprocals in those conditions it is natural to divideboth sides of the original inequality
by xyz. Then it becomes

(
1− 1

x

)
·
(

1− 1
y

)
·
(

1− 1
z

)
≥ 8

xyz
. (30)

However 1− 1
x = 1

y + 1
z and similar relations hold for the other two terms of the left-hand side

of (30). Hence the original inequality is now equivalent to
(

1
y

+
1
z

)
·
(

1
z

+
1
x

)
·
(

1
x

+
1
y

)
≥ 8

xyz
,

and this follows from1
x + 1

y ≥ 2 1√
xy, 1

y + 1
z ≥ 2 1√

yz, and 1
z + 1

x ≥ 2 1√
zx. The equality holds if

and only ifx = y = z= 3.

7. Notice that
1
2

+b+
1
a

+
1
2

> 2

√
1
2

·
(

b+
1
a

+
1
2

)
.

This inequality is strict for any two positive numbersa andb. Using the similar inequalities
for the other two denominators on the left-hand side of the required inequality we get:

1√
b+ 1

a + 1
2

+
1√

c+ 1
b + 1

2

+
1√

a+ 1
c + 1

2

>
√

2

(
1

1+ 1
a +b

+
1

1+ 1
b +c

+
1

1+ 1
c +a

)
. (31)

The last expression in (31) can be transformed using1
1+ 1

a+b
= a

1+a+ab = a
1+ 1

c +a
and 1

1+ 1
b+c

=

1
c(ab+a+1)

=
1
c

1+ 1
c +a

. Thus

√
2

(
1

1+ 1
a +b

+
1

1+ 1
b +c

+
1

1+ 1
c +a

)

=
√

2· 1+ 1
c +a

1+ 1
c +a

=
√

2.

The equality can never hold.

8. DenoteT = S/2. One of the triples(a,b,c) and (x,y,z) has the property that at least two
of its members are greater than or equal toT. Assume that(a,b,c) is the one, and choose
α = a− T, β = b− T, andγ = c− T. We then havex = T − α, y = T − β , andz= T − γ.
Now the required inequality is equivalent to

(T + α)(T − β )+ (T + β )(T − γ)+ (T + γ)(T − α) < 4T2.
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After simplifying we get that what we need to prove is

− (αβ + β γ + γα) < T2. (32)

We also know that at most one of the numbersα, β , γ is negative. If all are positive, there is
nothing to prove. Assume thatγ < 0. Now (32) can be rewritten as−αβ − γ(α + β ) < T2.
Since−γ < T we have that−αβ −γ(α +β ) < −αβ +T(α +β ) and the last term is less than
T since(T − α)(T − β ) > 0.

9. Starting from(a−b)2

b = a2

b −2a+b and similar equalitites for(b−c)2/c and(c−a)2/a we get
the required inequality is equivalent to

(a+b+c)

(
(a−b)2

b
+

(b−c)2

a
+

(c−a)2

b

)
≥ 4(a−b)2. (33)

By the Cauchy-Schwartz inequality we have that the left-hand side of (33) is greater than or
equal to(|a−b|+ |b−c|+ |c−a|)2. (33) now follows from|b−c|+ |c−a|≥ |a−b|.

10. Note that

x2
1 +x2

2 +x2
3+x2

4 +x2
5

=

(
x2

1 +
x2

2

3

)
+

(
2x2

2

3
+

x2
3

2

)
+

(
x2

3

2
+

2x2
4

3

)
+

(
x2

4

3
+x2

5

)
.

Now applying the inequalitya2 +b2 ≥ 2abwe get

x2
1 +x2

2 +x2
3+x2

4 +x2
5 ≥ 2√

3
(x1x2 +x2x3 +x3x4 +x4x5).

This proves thata ≥ 2√
3
. In order to prove the other inequality it is sufficient to notice that for

(x1,x2,x3,x4,x5) = (1,
√

3,2,
√

3,1) we have

x2
1 +x2

2 +x2
3+x2

4 +x2
5 =

2√
3
(x1x2 +x2x3 +x3x4 +x4x5).

11. Sincexy+ yz+ zx− 2xyz= (x+ y+ z)(xy+ yz+ zx)− 2xyz= T[2,1,0]+ 1
6T[1,1,1] the left

part of the inequality follows immediately. In order to prove the other part notice that

7
27

=
7
27

(x+y+z)3 =
7
27

(
1
2

T[3,0,0]+3T[2,1,0]+T[1,1,1]

)
.

After multiplying both sides by 54 and cancel as many things as possible we get that the
required inequality is equivalent to:

12T[2,1,0] ≤ 7T[3,0,0]+5T[1,1,1].

This inequality is true because it follows by adding up the inequalities 2T[2,1,0] ≤ 2T[3,0,0]
and 10T[2,1,0] ≤ 5T[3,0,0]+5T[1,1,1] (the first one is a consequence of the Muirhead’s and
the second one of the Schur’s theorem forα = β = 1).
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12. The expressions have to be homogenous in order to apply the Muirhead’s theorem. First we
divide both left and right-hand side by(abc)

4
3 = 1 and after that we multiply both sides by

a3b3c3(a+b)(b+c)(c+a)(abc)
4
3 . The inequality becomes equivalent to

2T

[
16
3

,
13
3

,
7
3

]
+T

[
16
3

,
16
3

,
4
3

]
+T

[
13
3

,
13
3

,
10
3

]
≥ 3T[5,4,3]+T[4,4,4].

The last inequality follows by adding the following three which are immediate consequences
of the Muirhead’s theorem:

1. 2T
[

16
3 , 13

3 , 7
3

]
≥ 2T[5,4,3],

2. T
[

16
3 , 16

3 , 4
3

]
≥ T[5,4,3],

3. T
[

13
3 , 13

3 , 10
3

]
≥ T[4,4,4].

The equality holds if and only ifa = b = c = 1.

13. The left-hand side can be easily transformed intoa3(b+c)
b3+c3 + b3(c+a)

c3+a3 + c3(a+b)

a3+b3 . We now multiply

both sides by(a+ b+ c)(a3 + b3)(b3 + c3)(c3 + a3). After some algebra the left-hand side
becomes

L = T[9,2,0]+T[10,1,0]+T[9,1,1]+T[5,3,3]+2T[4,4,3]
+T[6,5,0]+2T[6,4,1]+T[6,3,2]+T[7,4,0]+T[7,3,1],

while the right-hand side transforms into

D = 3(T[4,4,3]+T[7,4,0]+T[6,4,1]+T[7,3,1]).

According to Muirhead’s theorem we have:

1. T[9,2,0] ≥ T[7,4,0],

2. T[10,1,0] ≥ T[7,4,0],

3. T[6,5,0] ≥ T[6,4,1],

4. T[6,3,2] ≥ T[4,4,3].

The Schur’s inequality gives usT[4,2,2]+ T[8,0,0] ≥ 2T[6,2,0]. After multiplying by abc,
we get:

5. T[5,3,3]+T[9,1,1] ≥ T[7,3,1].

Adding up 1,2,3,4, 5, and adding 2T[4,4,3]+T[7,4,0]+2T[6,4,1]+T[7,3,1] to both sides
we getL ≥ D. The equality holds if and only ifa = b = c.

14. Multiplying the both sides with the common denominator we get

T5,5,5 +4T7,5,0+T5,2,2+T9,0,0 ≥ T5,5,2 +T6,0,0+2T5,4,0+2T4,2,0+T2,2,2.

By Schur’s and Muirhead’s inequalities we have thatT9,0,0 + T5,2,2 ≥ 2T7,2,0 ≥ 2T7,1,1. Since
xyz≥ 1 we have thatT7,1,1 ≥ T6,0,0. Therefore

T9,0,0+T5,2,2 ≥ 2T6,0,0 ≥ T6,0,0 +T4,2,0.

Moreover, Muirhead’s inequality combined withxyz≥ 1 gives usT7,5,0 ≥ T5,5,2, 2T7,5,0 ≥
2T6,5,1 ≥ 2T5,4,0, T7,5,0 ≥ T6,4,2 ≥ T4,2,0, andT5,5,5 ≥ T2,2,2. Adding these four inequalities to
(1) yields the desired result.
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15. Let ai = exi and let(m1, . . . ,mn), (k1, . . . ,kn) be two permutations of(1, . . . , n) for which
the sequences(3xm1 − xm1+1, . . . ,3xmn − xmn+1) and(2xk1, . . . , 2xkn) are non-increasing. As
above we assume thatxn+1 = xn. Similarly as in the problem 11 from the section 5 we prove
that(2xki ) ≺ (3xmi −xmi+1). The functionf (x) = ex is convex so the Karamata’s implies the
required result.

16. Hint: Choosexi such thatai = exi . Sort the sequences(2x1 −x2, . . . ,2xn −x1) and(x1, . . . ,xn)
in non-increasing order, prove that the first majorizes the second, and apply Karamata’s in-
equality with the convex functionf (x) = 1+ex.

17. Applying the Chebyshev’s inequality first we get

an

b+c
+

bn

c+a
+

cn

a+b
≥ an +bn+cn

3
·
(

1
a+b

+
1

b+c
+

1
c+a

)
.

The Cauchy-Schwartz inequality gives:

2(a+b+c)

(
1

a+b
+

1
b+c

+
1

c+a

)
≥ 9,

and the inequalityMn ≥ M2 gives

an +bn+cn

3
≥
(

a+b+c
3

)n

.

In summary

an

b+c
+

bn

c+a
+

cn

a+b
≥

(
a+b+c

3

)n( 1
a+b

+
1

b+c
+

1
c+a

)

≥ 1
3

· 1
2

·
(

2
3

s

)n−1

·9 =

(
2
3

)n−2

sn−1.

18. It is enough to prove that

(√
x1 +

1√
x1

)
+

(√
x2 +

1√
x2

)
+ · · ·+

(√
xn +

1√
xn

)

≥ n

(
1√
x1

+
1√
x2

+ · · ·+ 1√
xn

)
,

or equivalently

(
1+x1√

x1
+ · · ·+ 1+xn√

xn

)(
1

1+x1
+

1
1+x2

+ · · ·+ 1
1+xn

)

≥ n ·
(

1√
x1

+
1√
x2

+ · · ·+ 1√
xn

)
.

Consider the functionf (x) =
√

x+ 1√
x

= x+1√
x
,x ∈ (0,+∞). It is easy to verify thatf is non-

decreasing on(1,+∞) and that f (x) = f
(

1
x

)
for everyx > 0. Furthermore from the given
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conditions it follows that onlyx1 can be less than 1 and that11+x2
≤ 1− 1

1+x1
= x1

1+x1
. Hence

x2 ≥ 1
x1

. Now it is clear that (in both of the casesx1 ≥ 1 andx1 < 1):

f (x1) = f

(
1
x1

)
≤ f (x1) ≤ ·· · ≤ f (xn).

This means that the sequence
(

1+xk
xk

)n

k=1
is non-decreasing. Thus according to the Cheby-

shev’s inequality we have:
(

1+x1√
x1

+ · · ·+ 1+xn√
xn

)(
1

1+x1
+

1
1+x2

+ · · ·+ 1
1+xn

)

≥ n ·
(

1√
x1

+
1√
x2

+ · · ·+ 1√
xn

)
.

The equality holds if and only if 1
1+x1

= · · · = 1
1+xn

, or 1+x1√
x1

= · · · = 1+xn√
xn

, which implies that
x1 = x2 = · · · = xn. Thus the equality holds if and only ifx1 = · · · = xn = n−1.

19. Denote bySthe set of all members of the society, byA the set of all pairs of friends, and byN
the set of all pairs of enemies. For everyx ∈ S, denote byf (x) number of friends ofx and by
F(x) number of pairs of friends among enemies ofx. It is easy to prove:

q = |A| = 1
2 ∑

x∈S

f (x);

∑
{a,b}∈A

( f (a)+ f (b)) = ∑
x∈S

f 2(x).

If a andb are friends, then the number of their common enemies is equalto (n−2)− ( f (a)−
1)− ( f (b)−1) = n− f (a)− f (b). Thus

1
n ∑

x∈S

F(x) =
1
n ∑

{a,b}∈A

(n− f (a)− f (b)) = q− 1
n ∑

x∈S

f 2(x).

Using the inequality between arithmetic and quadratic meanon the last expression, we get

1
n ∑

x∈S

F(x) ≤ q− 4q2

n2

and the statement of the problem follows immediately.

20. Consider the partition of planeπ into regular hexagons, each having inradius 2. Fix one of
these hexagons, denoted byγ. For any other hexagonx in the partition, there exists a unique
translationτx taking it ontoγ. Define the mappingϕ : π → γ as follows: IfA belongs to the
interior of a hexagonx, thenϕ(A) = τx(A) (if A is on the border of some hexagon, it does not
actually matter where its image is).

The total area of the images of the union of the given circles equalsS, while the area of the

hexagonγ is 8
√

3. Thus there exists a pointB of γ that is covered at least
S

8
√

3
times, i.e.,



24 Olympiad Training Materials, www.imomath.com

such thatϕ−1(B) consists of at least
S

8
√

3
distinct points of the plane that belong to some of

the circles. For any of these points, take a circle that contains it. All these circles are disjoint,

with total area not less than
π

8
√

3
S≥ 2S/9.
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